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Unit 5
In this unit, students are introduced to the concept of a function as a relationship between “inputs”
and “outputs” in which each allowable input determines exactly one output. In the first three
sections of the unit, students work with relationships that are familiar from previous grades or units
(perimeter formulas, proportional relationships, linear relationships), expressing them as functions.
In the remaining three sections of the unit, students build on their knowledge of the formula for the
volume of a right rectangular prism from grade 7, learning formulas for volumes of cylinders, cones,
and spheres. Students express functional relationships described by these formulas as equations.
They use these relationships to reason about how the volume of a figure changes as another of its
measurements changes, transforming algebraic expressions to get the information they need
(MP1).

The first section begins with examples of “input–output rules” such as “divide by 3” or “if even, then .
. . ; if odd, then . . . ” In these examples, the inputs are (implicitly) numbers, but students note that
some inputs are not allowable for some rules, e.g., is not even or odd. Next, students work with

tables that list pairs of inputs and outputs for rules specified by “input–output diagrams,” noting
that a finite list of pairs does not necessarily determine a unique input–output rule (MP6). Students
are then introduced to the term “function” as describing a relationship that assigns exactly one
output to each allowable input.

In the second section, students connect the terms “independent variable” and “dependent variable”
(which they learned in grade 6) with the inputs and outputs of a function. They use equations to
express a dependent variable as a function of an independent variable, viewing formulas from
earlier grades (e.g., ), as determining functions. They work with tables, graphs, and
equations for functions, learning the convention that the independent variable is generally shown
on the horizontal axis. They work with verbal descriptions of a function arising from a real-world
situation, identifying tables, equations, and graphs that represent the function (MP1), and
interpreting information from these representations in terms of the real-world situation (MP2).

The third section of the unit focuses on linear and piecewise linear functions. Students use linear
and piecewise linear functions to model relationships between quantities in real-world situations
(MP4), interpreting information from graphs and other representations in terms of the situations
(MP2). The lessons on linear functions provide an opportunity for students to coordinate and
synthesize their understanding of new and old terms that describe aspects of linear and piecewise
functions. In working with proportional relationships in grade 7, students learned the term
“constant of proportionality,” and that any proportional relationship can be represented by an
equation of the form where is the constant of proportionality, that its graph lies on a line
through the origin that passes through Quadrant I, and that the constant of proportionality
indicates the steepness of the line. In an earlier grade 8 unit, students were introduced to “rate of
change” as a way to describe the rate per 1 in a linear relationship and noted that its numerical
value is the same as that of the slope of the line that represents the relationship. In this section,
students connect their understanding of “increasing” and “decreasing” from the previous section
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with their understanding of linear functions, noting, for example, that if a linear function is
increasing, then its graph has positive slope, and that its rate of change is positive. Similarly, they
connect their understanding of -intercept (learned in an earlier unit) with the new term “initial
value,” noting, for example, when the numerical part of an initial value of a function is given by the

-intercept of its graph (MP1).

In the remaining three sections of the unit, students work with volume, using abilities developed in
earlier work with geometry and geometric measurement.

Students^ work with geometry began in kindergarten, where they identified and described two- and
three-dimensional shapes that included cones, cylinders, and spheres. They continued this work in
grades 1 and 2, composing, decomposing, and identifying two- and three-dimensional shapes.

Students^ work with geometric measurement began with length and continued with area and
volume. Students learned to “structure two-dimensional space,” that is, to see a rectangle with
whole-number side lengths as composed of an array of unit squares or composed of iterated rows
or iterated columns of unit squares. In grade 3, students connected rectangle area with
multiplication, understanding why (for whole-number side lengths) multiplying the side lengths of a
rectangle yields the number of unit squares that tile the rectangle. They used area models to
represent instances of the distributive property. In grade 4, students used area and perimeter
formulas for rectangles to solve real-world and mathematical problems. In grade �, students
extended the formula for the area of rectangles to rectangles with fractional side lengths. They
found volumes of right rectangular prisms by viewing them as layers of arrays of cubes and used
formulas to calculate these volumes as products of edge lengths or as products of base area and
height. In grade 6, students extended the formula for the volume of a right rectangular prism to
right rectangular prisms with fractional side lengths and used it to solve problems. They extended
their reasoning about area to include shapes not composed of rectangles and combined their
knowledge of geometry and geometric measurement to produce formulas for the areas of
parallelograms and triangles, using these formulas to find surface areas of polyhedra. In grade 7,
students analyzed and described cross-sections of prisms (including prisms with polygonal but
non-rectangular bases), pyramids, and polyhedra, and used the formula for the volume of a right
rectangular prism (volume is area of base times height of prism) to solve problems involving area,
surface area, and volume.

In this grade 8 unit, students extend their understanding of volume from right rectangular prisms to
right cylinders, right cones, and spheres. They begin by investigating the volume of water in a
graduated cylinder as a function of the height of the water, and vice versa. They examine depictions
of of a cylinder, prism, sphere, and cone, in order to develop their abilities to identify radii, bases,
and heights of these obBects. They estimate volumes of prisms, cylinders, cones, and spheres, in
order to reinforce the idea that a measurement of volume indicates the amount of space within an
obBect. Students use their abilities to identify radii, bases, and heights, together with the geometric
abilities developed in earlier grades, to perceive similar structure (MP7) in formulas for the volume
of a rectangular prism and the volume of a cylinder\both are the product of base and height. �fter
gaining familiarity with a formula for the volume of a cylinder by using it to solve problems,
students perceive similar structure (MP7) in a formula for the volume of a cone.
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The fifth section of the unit begins with an examination of functional relationships between two
quantities that are illustrated by changes in scale for three-dimensional figures. "or example, if the
radius of a cylinder triples, its volume becomes nine times larger. This work combines grade 7 work
on scale and proportional relationships. In grade 7, students studied scaled copies of
two-dimensional figures, recognizing lengths are scaled by a scale factor and areas by the square of
the scale factor, and applied their knowledge to scale drawings, e.g., maps and door plans. In their
study of proportional relationships, grade 7 students solved problems set in contexts commonly
associated with proportional relationships such as constant speed, unit pricing, and measurement
conversions, and learned that any proportional relationship can be represented by an equation of
the form where is the constant of proportionality. In this section, students use their
knowledge of scale, proportional relationships, and volume to reason about how the volume of a
prism, cone, or cylinder changes as another measurement changes.

In the last section of the unit, students reason about how the volume of a sphere changes as its
radius changes. They consider a situation in which water dows into a cylinder, cone, and sphere at
the same constant rate. Information about the height of the water in each container is shown in an
equation, graph, or table, allowing students to use it strategically (MP�) to compare water heights
and capacities for the containers.

Progression of Disciplinary Language

In this unit, teachers can anticipate students using language for mathematical purposes such as
generalizing, Bustifying, and comparing. Throughout the unit, students will benefit from routines
designed to grow robust disciplinary language, both for their own sense-making and for building
shared understanding with peers. Teachers can formatively assess how students are using
language in these ways, particularly when students are using language to�

Generalize

about what happens to inputs for each rule ((esson 1)

about dimensions of cylinders ((esson 14)

about the relationship between the volumes of cylinders and cones ((esson 1�)

about dimensions of cones ((esson 16)

about volumes of spheres, cones, and cylinders as functions of their radii ((esson 21)

Justify

claims about what can be determined from given information ((esson 2)

claims about volumes of cubes and spheres based on graphs ((esson 7)

claims about approximately linear relationships ((esson 1�)

reasoning about the volumes of spheres and cones ((esson 21)

Compare

diberent representations of functions ((esson 3)

•
•
•
•
•

•
•
•
•

•
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features of graphs, equations, and situations ((esson 4)

features of a situation with features of a graph ((esson 6)

temperatures shown on a graph with diberent temperatures given in a table ((esson 7)

the volumes of cones with the volumes of cylinders ((esson 16)

methods for finding and approximating the volume of a sphere as function of its radius
((esson 2�)

In addition, students are expected to interpret representations of volume functions of cylinders,
cones, and spheres; describe quantities in a situation; describe volume measurements and features
of three dimensional figures; describe the ebects of varying dimensions of rectangular prisms and
cones on their volumes; and describe and represent approximately linear relationships. Students
are also expected to use language to represent relationships between volume and variable side
length of a rectangular prism and relationships between volume and variable height of a cylinder;
explain and represent how height and volume of cylinders are related; and explain reasoning about
finding the volume of a cylinder and about the relationship between volumes of hemispheres and
volumes of boxes, cylinders, and cones.

The table shows lessons where new terminology is first introduced, including when students are
expected to understand the word or phrase receptively and when students are expected to
produce the word or phrase in their own speaking or writing. Terms from the glossary appear
bolded. Teachers should continue to support students^ use of a new term in the lessons that follow
the one in which it was first introduced.

•
•
•
•
•
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Learning Targets
Functions and Volume
Lesson 1: Inputs and Outputs

I can write rules when I know input-output pairs.

I know how an input-output diagram represents a rule.

Lesson 2: Introduction to Functions

I know that a function is a rule with exactly one output for each allowable input.

I know that if a rule has exactly one output for each allowable input, then the output
depends on the input.

Lesson 3: Equations for Functions

I can find the output of a function when I know the input.

I can name the independent and dependent variables for a given function and
represent the function with an equation.

Lesson 4: Tables, Equations, and Graphs of Functions

I can identify graphs that do, and do not, represent functions.

I can use a graph of a function to find the output for a given input and to find the
input(s) for a given output.

Lesson 5: More Graphs of Functions

I can explain the story told by the graph of a function.

Lesson 6: Even More Graphs of Functions

I can draw the graph of a function that represents a real-world situation.

Lesson 7: Connecting Representations of Functions

I can compare inputs and outputs of functions that are represented in different ways.

•
•

•
•

•
•

•
•

•

•

•

Grade 8 Unit 5 Functions and Volume
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Lesson �: Linear Functions

I can determine whether a function is increasing or decreasing based on whether its
rate of change is positive or negative.

I can explain in my own words how the graph of a linear function relates to its rate of
change and initial value.

Lesson 
: Linear Models

I can decide when a linear function is a good model for data and when it is not.

I can use data points to model a linear function.

Lesson 1�: �iece4ise Linear Functions

I can create graphs of non-linear functions with pieces of linear functions.

Lesson 11: Filling containers

I can collect data about a function and represent it as a graph.

I can describe the graph of a function in words.

Lesson 12: �o4 Much �ill Fit�

I know that volume is the amount of space contained inside a three-dimensional
figure.

I recogni-e the 	
 shapes cylinder, cone, rectangular prism, and sphere.

Lesson 13: The Volume of a C5linder

I can find the volume of a cylinder in mathematical and real-world situations.

I know the formula for volume of a cylinder.

Lesson 14: Finding C5linder �imensions

I can find missing information about a cylinder if I know its volume and some other
information.

Lesson 15: The Volume of a Cone

I can find the volume of a cone in mathematical and real-world situations.

I know the formula for the volume of a cone.

•

•

•
•

•

•
•

•

•

•
•

•

•
•

Grade 8 Unit 5 Functions and Volume
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Lesson 16: Finding Cone �imensions

I can find missing information of about a cone if I know its volume and some other
information.

Lesson 17: �caling One �imension

I can create a graph the relationship between volume and height for all cylinders (or
cones) with a fixed radius.

I can explain in my own words why changing the height by a scale factor changes the
volume by the same scale factor.

Lesson 1�: �caling T4o �imensions

I can create a graph representing the relationship between volume and radius for all
cylinders (or cones) with a fixed height.

I can explain in my own words why changing the radius by a scale factor changes the
volume by the scale factor squared.

Lesson 1
: Estimating a �emisphere

I can estimate the volume of a hemisphere by calculating the volume of shape I know
is larger and the volume of a shape I know is smaller.

Lesson 2�: The Volume of a �phere

I can find the volume of a sphere when I know the radius.

Lesson 21: C5linders, Cones, and �pheres

I can find the radius of a sphere if I know its volume.

I can solve mathematical and real-world problems about the volume of cylinders,
cones, and spheres.

Lesson 22: Volume �s a Function of � � �

I can compare functions about volume represented in different ways.

•

•

•

•

•

•

•

•
•

•

Grade 8 Unit 5 Functions and Volume
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lesson
ne. terminology

recepti-e pro�ucti-e

8.�.1
input

output

8.�.2 function
input

output
depends on

8.�.3
in�epen�ent -aria�le
�epen�ent -aria�le

ra�ius

8.�.� prediction

8.�.7
-olume

cube

8.�.8
functional relationship

linear function
function

8.�.� mathematical model prediction

8.�.1� piecewise linear function
linear function
constant rate

8.�.11
cylin�er

three-dimensional

8.�.12
cone

sp ere
dimension

cylin�er
cube

cubic centimeter
rectangular prism

8.�.13
base (of a cylinder or cone)

approximation for

8.�.14
ra�ius

base (of a cylinder or cone)

8.�.16 cone

8.�.1� hemisphere

Unit 5
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8.�.2� sp ere

8.�.21 spherical -olume

8.�.22 approximate range

$/;?i</. �+t/<i+6=
�969</. :/n-i6=
�<+.?+t/. -C6in./<=
"</�:<int/. =6i:=� -?t 0<97 -9:i/= 90 t2/ 
Instructional 7+=t/<
%:2/<i-+6 9,4/-t=
%t<+i12t/.1/=
� rigid edge that can be used for drawing line 
segments. Sometimes a ruler is okay to use as a 
straightedge, but sometimes it is preferable to

use an unruled straightedge, like a blank index
card.

&996= 09< -</+tin1 + @i=?+6 .i=:6+C
�ny way for students to create work that can be
easily displayed to the class. !xamples� chart
paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.



10

8.�.2� sp ere

8.�.21 spherical -olume

8.�.22 approximate range

$/;?i</. �+t/<i+6=
�969</. :/n-i6=
�<+.?+t/. -C6in./<=
"</�:<int/. =6i:=� -?t 0<97 -9:i/= 90 t2/ 
Instructional 7+=t/<
%:2/<i-+6 9,4/-t=
%t<+i12t/.1/=
� rigid edge that can be used for drawing line 
segments. Sometimes a ruler is okay to use as a 
straightedge, but sometimes it is preferable to

use an unruled straightedge, like a blank index
card.

&996= 09< -</+tin1 + @i=?+6 .i=:6+C
�ny way for students to create work that can be
easily displayed to the class. !xamples� chart
paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.



11

%/-ti9n� �n:?t= +n. !?t:?t=

�/==9n 	� �n:?t= +n. !?t:?t=

�9+6=
 escribe (orally) how input-output diagrams represent rules.

Identify a rule that describes the relationship between input-output pairs and explain (orally) a
strategy used for figuring out the rule.

�/+<nin1 &+<1/t=
I can write rules when I know input-output pairs.

I know how an input-output diagram represents a rule.

�/==9n  +<<+ti@/
This is the first of two lessons introducing students to functions, developing the idea of a function
as a rule that assigns to each allowable input exactly one output. The word function is not
introduced until the second lesson. In future lessons, students will expand on this definition as they
work with diberent representations of functions.

In the first classroom activity students take turns guessing each other�s rules from input-output
pairs. In the second activity students use rules represented by input-output diagrams to fill out a
table with inputs and associated outputs. In each table, the first input-output pair is identical,
illustrating that a single pair is insuecient for determining a rule. The last table returns to the topic
of the warm-up and introduces the idea that not all inputs are possible for a rule.

�6i1n7/nt=

�..</==in1

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

�?i6.in1 &9A+<.=

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

•
•

•
•

•

•

•
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M(.3� �larify, �ritique, �orrect

M(.7� �ompare and �onnect

Think Pair Share

$/;?i</. �+t/<i+6=

"</�:<int/. =6i:=� -?t 0<97 -9:i/= 90 t2/ Instructional 7+=t/<

$/;?i</. "</:+<+ti9n
Print and cut up slips from the #uess my .ule Instructional master. Prepare 1 copy for every 4 
students.  uring the activity, you will want students to place the slips in a pile, face down, with rule 
� on top and rule   on the bottom.

%t?./nt �/+<nin1 �9+6=

(et^s make some rules.

	�	 �i@i.in1 ,C �
�arm �p
 	 minutes
The purpose of this activity is for students to see why an expression that contains dividing by zero
can�t be evaluated. They use their understanding of related multiplication and division equations to
make sense of this.

�?i6.in1 &9A+<.=

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

Think Pair Share

�+?n-2

�rrange students in groups of 2. Tell students to consider the statements and try to find a value for
that makes the second statement true.

#ive students 1 minute of quiet think time followed by 1 minute to share their thinking with their
partner. "inish with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

Study the statements carefully.

because

because

3hat value can be used in place of to create true statements� !xplain your reasoning.

•
•
•

•

•

•
•

Unit 5 �/==9n 	
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%t?./nt $/=:9n=/

None. !xplanations vary. Sample explanation� There is no number that can be multiplied by zero to
get something other than zero. Therefore, is never a true statement for any .

�-ti@itC %Cnt2/=i=

Select 2–3 groups to share their conclusions about .

�s a result of this discussion, we want students to understand that any expression where a number
is divided by zero can�t be evaluated. Therefore, we can state that there is no value for that makes
both equations true.

	�
 �?/== �C $?6/
�	 minutes �t ere is a �igital -ersion of t is acti-ity�
The purpose of this activity is to introduce the idea of input-output rules. +ne student chooses inputs
to tell a partner who uses a rule written on a card only they can see to respond with the
corresponding output. The first student then guesses the rule on the card once they think they have
enough input-output pairs to know what it is. Partners then reverse roles.

Monitor for students who�

�ppear to have a strategy for choosing which numbers to give, such as always starting with �
or 1, or choosing a sequence of consecutive whole numbers.

Notice the diberence between the result for odd numbers and the result for even numbers for
the card with a diberent rule for each.

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.7� �ompare and �onnect

�+?n-2

�rrange students in groups of 2.

"or students using the print version� $ave a student act as your partner and demonstrate the game
using a simple rule that does not match one of the cards (like “divide by 2” or “subtract 4”).

�sk groups to decide who will be Player 1 and who will be Player 2. #ive each group the four rule
cards, making sure that the simplest rules are at the top of the deck when face down. Tell students
to be careful not to let their partner see what the rule is as they pick up the rule cards. If necessary,
tell students that all numbers are allowed, including negative numbers.

•

•

•

•
•
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"or students using the digital version�  emonstrate how to use the applet by choosing one input
value, clicking the appropriate button, and noting where the output is recorded. Prompt partners to
discuss which input values to select for the rule and alternate who guesses the rule.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� �hunk this task into more manageable parts to
diberentiate the degree of dieculty or complexity by beginning with fewer cards. "or example,
give students a subset of the cards to start with and introduce the remaining cards once
students have completed their initial set of rules.
�upport4 "$$e44i#ilit: 'or� �on$eptu"l pro$e44in(� �r("ni;"tion

�nti-i:+t/. �i=-9n-/:ti9n=

Students may have dieculty with the last rule because it involves conditional statements.
!ncourage them to focus on a single value at a time to help them understand how this kind of rule
works.

%t?./nt &+=5 %t+t/7/nt

'eep the rule cards face down.  ecide who will go first.

1. Player 1 picks up a card and silently reads the rule without showing it to Player 2.

2. Player 2 chooses an integer and asks Player 1 for the result of applying the rule to that
number.

3. Player 1 gives the result, without saying how they got it.

4. 'eep going until Player 2 correctly guesses the rule.

�fter each round, the players switch roles.

%t?./nt $/=:9n=/

�</ *9? $/+.C 09< �9</�

If you have a rule, you can apply it several times in a row and look for patterns. "or example,
if your rule was �add 1� and you started with the number �, then by applying that rule over
and over again you would get 6, then 7, then 8, etc., forming an obvious pattern.

Try this for the rules in this activity. That is, start with the number � and apply each of the
rules a few times.  o you notice any patterns� 3hat if you start with a diberent starting
number�

%t?./nt $/=:9n=/

1. �, 12, 1�, 26, 33, . . .

Unit 5 �/==9n 	
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2. �, 1�, 4�, 13�, . . .

3. �, �, �, �, . . .

4. �, 16, 8, 4, 2, 1, 4, 2, 1, 4, 2, 1, 4, 2, 1

If you change the starting number from �, the first two rules give very similar patterns, Bust adding 7
and tripling each time. The third pattern has a much harder pattern to recognize when you don�t
start with a �. The fourth pattern turns out to be incredibly diecult� Most
mathematicians suspect that no matter 8)"t value you start with, you will always eventually get
back to 1, and starting cycling 1, 4, 2, 1, 4, 2, 1, . . . . �omputers have checked that this pattern
appears for any starting number up to one billion billion, but no one knows for sure that it will
"l8":4 appear� "or more information, research the �ollatz �onBecture.

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to understand what an input-output rule is and share
strategies they used for figuring out the rule. Tell students we start with a number, called the input,
and apply a rule to that number which results in a number called the output. 3e say the output
$orre4pon%4 to that input.

To highlight these words, ask�

“3hat is an example of an input from this activity�” (The input is the number the player
without a card chose, or the number placed in the �input� box in the applet.)

“3here in the activity was the rule applied�” (The rule was applied when the player with the
card applied the rule to the input their partner told them, or it�s what happened in the black
box in the applet.)

“3here in the activity was the output�” (The output is the number the player said after
applying the rule to the given input, or the number the black box in the applet gave.)

Select previously identified students who appeared to have a strategy for figuring out a rule to
share it. Sequence students starting with the most common strategies to the least. Make
connections between the successful aspects of each strategy (for example, if a student does not say
it, stating clearly why using a sequence of integers or using � and 1 are helpful for determining the
rule).

Students might think the last rule isn�t allowable because there were two �diberent� rules. !xplain
that a rule can be anything that always produces an output for a given input. �onsider the rule �dip�
where the input is �coin.� The output may be �heads� or �tails.� 3e will consider several diberent
types of rules in the following activities and lessons.

•

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�i4tenin(� �pe",in(� �on7er4in(� ���
 �o.p"re "n% �onne$t� 1se this routine when students
present their strategies for determining the rules for each card. �sk students to identify “3hat
is similar and what is diberent” about each approach.  raw students^ attention to the diberent
ways the rules were represented in each approach. "or instance, for the rule , students
may have expressed it as either , or , or , or

. In this discussion, emphasize the mathematical language used to make sense of the
diberent ways students generalized and represented the rule. These exchanges strengthen
students^ mathematical language use and reasoning when comparing strategies for identifying
and representing functions.
�e4i(n �rin$iple�4�� �ulti7"te $on7er4"tion� �"9i.i;e .et"-"8"rene44

	�� �+5in1 &+,6/=
�	 minutes
The purpose of this activity is for students to think of rules more broadly than simple arithmetic
operations in preparation for the more abstract idea of a function, which is introduced in the next
lesson.

!ach problem begins with a diagram representing a rule followed by a table for students to
complete with input-output pairs that follow the rule. Monitor for students who notice that even
though the rules are diberent, each one starts out with the same input-output pair� and 7. �n

important conclusion is that diberent rules can determine the same input-output pair.

If using digital activities, there is a rule generator as an extension. Students give an input and the
generator gives an output, after a few inputs students can guess a potential rule, the generator
indicates if the rule is �reasonable but not my rule�, �correct� how did you know�, or �does not
match data.�

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

�+?n-2

�rrange students in groups of 2.  isplay the following diagram for all to see�

•

•

Unit 5 �/==9n 	
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Tell students that this diagram is one way to think about input-output rules. "or example, if the rule
was �multiply by 2� and the input , then the output would be 3. Tell students they will use

diagrams like this one during the activity to complete tables of input and output values.

#ive students 3–� minutes of quiet work time to complete the first three tables. Then give them
time to share their responses with their partner and to resolve any diberences.

#ive partners 1–2 minutes of quiet work time for the final rule followed by a whole-class discussion.
 epending on time, have students add only one additional input-output pair instead of two.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� �ctivate or supply background knowledge about the
similarities between this activity and the previous activity identifying input-output rules. �llow
students to use calculators to ensure inclusive participation in the activity.
�upport4 "$$e44i#ilit: 'or� �e.or:� �on$eptu"l pro$e44in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students may have trouble thinking of “write 7” as a rule. !mphasize that a rule can be anything
that produces a well-defined output, even if it ignores the value of the input. Students who know
about infinite decimal expansions might wonder about the second rule, because , so
the same number could have two outputs. If this comes up, discuss how you might refine the rule in
this case.

%t?./nt &+=5 %t+t/7/nt

"or each input-output rule, fill in the table with the outputs that go with a given input. �dd
two more input-output pairs to the table.
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1.

input output

7

2.3�

42

2.

input output

7

2.3�

42

3.

input output

7

2.3�

42

Pause here until your teacher directs you to the last rule.

Unit 5 �/==9n 	
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4.

input output

1

�

%t?./nt $/=:9n=/

�nswers vary for the last two rows in each table.

1.

input output

7

2.3� 13.4

42 172

� 4�

1 8

2.
input output

7

2.3� 3

42 �

7.31 3

4.�� �
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3.
input output

7

2.3� 7

42 7

�11 7

�1 7

4.
input output

1 1

� no output

2

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to see rules as more than arithmetic operations on
numbers and consider how sometimes not all inputs are possible.

 isplay a rule diagram with input 2, output 6, and a blank space for the rule for all to see.

Select 2–3 previously identified students and ask what the rule for the input-output pair might be.
 isplay these possibilities next to the diagram for all to see. "or example, students may suggest the
rules such as �add 4�, �multiply by 3�, or �add 1 then multiply by 2.�

The last rule, �1 divided by the input,� calls back to the warm-up. !xplain to students that not all
inputs are possible for a rule. To highlight this idea, ask�

“3hy was � not a valid input for the last rule�” (1 divided by � does not exist)

“3hat are some other situations when a rule might not have a valid input�” (�ny time an
operation requires you to divide by �, or when the input must be non-negative, such as a side
length of a square when you know the area.)

•
•

Unit 5 �/==9n 	
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“$ow does using a variable to denote the input and to denote the output help us
understand the function rule�” (4ou can clearly see the relationship between the input and
output.)

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� ���
 �l"ri':� �riti2ue� �orre$t� Present an incorrect statement that redects a possible
misunderstanding about what a rule can be. "or example, �ryce said, “]3rite 7^ isn^t a rule
because you Bust write the number 7.” Prompt students to critique the statement (e.g., ask
students whether they agree, and why or why not), and then write feedback to the author that
explains why “3rite 7” is a rule. Improved statements should describe rules as more than
arithmetic operations on numbers. This helps students evaluate, and improve on, the written
mathematical arguments of others.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44

�/==9n %Cnt2/=i=
The main focus of this lesson are the parallel ideas of using sets of inputs and outputs to identify
the rule describing the relationship between them and using a rule to create a set of inputs and
outputs. 3hen we have an input-output table that represents only some of the input-output pairs,
we can guess a rule but we won�t know the rule for sure until we see it. "or some rules, there are
some numbers that are not allowed as inputs because the rule does not make sense.

To highlight some things to remember about input-output rules, ask�

�3hich rule would you rather make an input output table for� �divide 1� by the input� or �write
the current year��� (I would rather make a table for the second rule since the outputs would all
Bust be the current year. The table for the first rule will have fractions and you can�t input �
since � divided by 1� does not exist.)

�3hat input can you not use with the rule �divide 1� by the input added to 3��� (3e cannot use
-3 since and � divided by 1� does not exist.)

To conclude the discussion, poll the class to find out how many input-output pairs students think
they would need to figure out a rule and record their answers for all to see. 3hile much of the work
students do in grade 8 is linear making �two� a suecient number of pairs, if students think 2 is
always enough point out that both the first and second rule in this activity share the pair and 7

and the pair -1 and �.  epending on the context, 2 input-output pairs is not always suecient to
determine the rule.

	�� )2+t�= t2/ $?6/�
Cool Do.n
 	 minutes

•

•

•
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�..</==in1

8.".�.1

%t?./nt &+=5 %t+t/7/nt

"ill in the table for this input-output rule�

input output

�

2

-8

1��

%t?./nt $/=:9n=/

In each row, the output should be one more than half of the input.

input output

� 1

2 2

-8 -3

1�� �1

%t?./nt �/==9n %?77+<C

�n input-output rule is a rule that takes an allowable input and uses it to determine an output.
"or example, the following diagram represents the rule that takes any number as an input,
then adds 1, multiplies by 4, and gives the resulting number as an output.

•

Unit 5 �/==9n 	
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In some cases, not all inputs are allowable, and the rule must specify which inputs will work.
"or example, this rule is fine when the input is 2�

�ut if the input is -3, we would need to evaluate to get the output.

So, when we say that the rule is “divide 6 by 3 more than the input,” we also have to say that
-3 is not allowed as an input.
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�/==9n 	 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
#iven the rule�

�omplete the table for the function rule for the following input values�

input � 2 4 6 8 1�

output

%96?ti9n
2, 2.�, 3, 3.�, 4, 4.�

"<9,6/7 

%t+t/7/nt
$ere is an input-output rule�

�omplete the table for the input-output rule�

input -3 -2 -1 � 1 2 3

output

%96?ti9n
1, �, 1, �, 1, �, 1, respectively

Unit 5 �/==9n 	
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"<9,6/7 �
%t+t/7/nt
�ndre^s school orders some new supplies for the chemistry lab. The online store shows a
pack of 1� test tubes costs �4 less than a set of nested beakers. In order to fully equip the
lab, the school orders 12 sets of beakers and 8 packs of test tubes.

a. 3rite an equation that shows the cost of a pack of test tubes, , in terms of the cost of a
set of beakers, .

b. The school oece receives a bill for the supplies in the amount of �348. 3rite an
equation with and that describes this situation.

c. Since is in terms of from the first equation, this expression can be substituted into
the second equation where appears. 3rite an equation that shows this substitution.

d. Solve the equation for .

e. $ow much did the school pay for a set of beakers� "or a pack of test tubes�

%96?ti9n
a.

b.

c.

d.

e. �1� and �1�

("rom 1nit 4, (esson 1�.)

"<9,6/7 �
%t+t/7/nt

Solve�

%96?ti9n
. Substituting for into the second equation, we get . Solving this

equation gives . Substituting into , we get .

("rom 1nit 4, (esson 14.)



26

"<9,6/7 5
%t+t/7/nt
"or what value of do the expressions and have the same value�

%96?ti9n

("rom 1nit 4, (esson �.)

Unit 5 �/==9n 	
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�/==9n 
� �nt<9.?-ti9n t9 �?n-ti9n=

�9+6=
�omprehend the structure of a function as having one and only one output for each allowable
input.

 escribe (orally and in writing) a context using function language, e.g., “the 6output7 is a
function of the 6input7” or “the 6output7 depends on the 6input7”.

Identify (orally) rules that produce exactly one output for each allowable input and rules that
do not.

�/+<nin1 &+<1/t=
I know that a function is a rule with exactly one output for each allowable input.

I know that if a rule has exactly one output for each allowable input, then the output depends
on the input.

�/==9n  +<<+ti@/
In this second introductory lesson, students learn the term function for a rule that produces a
single output for a given input. They also start to connect function language to language they
learned in earlier grades about independent and dependent variables.

3e can say, �the output is a function of the input,� and we also say, �the output depends on the
input.� In the optional activity, students see how it is possible to use diberent words to describe the
same function as long as all input-output pairs are the same. This helps solidify the notion of a
function as something diberent from the method of calculating its values.

�6i1n7/nt=

�..</==in1

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

�?i6.in1 &9A+<.=

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

•

•

•

•
•

•

•

•
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M(.2� �ollect and  isplay

M(.8�  iscussion Supports

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s learn what a function is.


�	 %;?+</ �/
�arm �p
 	 minutes
The purpose of this warm-up is to remind students that two diberent numbers can have the same
square. This is an example of two inputs having the same output for a given rule\in this
case �square the number.� (ater activities in the lesson explore rules that have multiple outputs for
the same input.

�?i6.in1 &9A+<.=

8.".�.1

�+?n-2

#ive students 1–2 minutes of quiet work time followed by a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

$ere are some numbers in a list�

1, -3, , 3, 2, , �.�

1. $ow many diberent numbers are in the list�

2. Make a new list containing the squares of all these numbers.

3. $ow many diberent numbers are in the new list�

4. !xplain why the two lists do not have the same number of diberent numbers.

%t?./nt $/=:9n=/

1. 7

2. 1, �, , �, 4, , �.2�

3. �

4. �nswers vary. Sample response� Some numbers in the list are diberent but have the same
square. This can happen because a negative times a negative is a positive. "or example, -3
squared is �. 3 squared is also �.

•
•
•

•

Unit 5 �/==9n 




29

�-ti@itC %Cnt2/=i=

The focus of this discussion should be on the final question, which, even though the language isn�t
used in the problem, helps prepare students for thinking about the collection of values that make
up the input and output of rules. $ere, the input is a list of 7 unique values while the output has
only � unique values.

Invite students to share their responses to the second problem and display the list of numbers for
all to see along with the original list. Next, invite diberent students to share their explanations from
the forth problem. !mphasize the idea that when we square a negative number, we get a positive
number. This means two diberent numbers can have the same square, or, using the language of
inputs and outputs, two diberent inputs can have the same output for a rule.

If time allows, ask ��an you think of other rules where diberent inputs can have the same output��
�fter 3� seconds of quiet think time, select students to share their rules. They may recall the
previous lesson where they encountered the rule �write 7,� which has only one output for all inputs,
and the rule �extract the digit in the tenths place,� which has only 1� unique outputs for all inputs.


�
 *9? �n9A &2i=� �9 *9? �n9A &2+t�
�	 minutes
In this activity students are presented with a series of questions like, “� person is 6� inches tall.  o
you know their height in feet�” "or some of the questions the answer is �yes� (because you can
convert from inches to feet by dividing by 12). In other cases the answer is �no� (for example, “�
person is 14 years old.  o you know their height�”). The purpose is to develop students^
understanding of the structure of a function as something that has one and only one output for
each allowable input. In cases where the answer is yes, students draw an input-output diagram with
the rule in the box. In cases where the answer is no, they give examples of an input with two or
more outputs. In the �ctivity Synthesis, the word function is introduced to students for the first
time.

Identify students who use diberent ways to describe the rules and diberent notation for the input
and outputs of the final two problems.

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

 isplay the example statement (but not the input-output diagram) for all to see.

!xample� � person is 6� inches tall.  o you know their height in feet�

•

•
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#ive students 3� seconds of quiet think time, and ask them to be prepared to Bustify their response.
Select students to share their answers, recording and displaying diberent Bustifications for all to see.

 isplay the following input-output diagrams for all to see. �sk students if the rules in the diagrams
match the Bustifications they Bust heard�

or

Tell students that they will draw input-output diagrams like these as part of the task. �nswer any
questions students might have around the input-output diagrams. �e sure students understand
that if they answer yes to the question they will need to draw the input-output diagram and if they
answer no they need to give an example of why the question does not have one answer.

#ive students 8–1� minutes of quiet work time for the problems followed by a whole-class
discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �$$e44 'or �er$eption� .ead all statements aloud. Students who both listen to and
read the information will benefit from extra processing time.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e

%t?./nt &+=5 %t+t/7/nt

Say yes or no for each question. If yes, draw an input-output diagram. If no, give examples of
two diberent outputs that are possible for the same input.

1. � person is �.� feet tall.  o you know their height in inches�

2. � number is �.  o you know its square�

3. The square of a number is 16.  o you know the number�

Unit 5 �/==9n 




31

4. � square has a perimeter of 12 cm.  o you know its area�

�. � rectangle has an area of 16 cm2.  o you know its length�

6. 4ou are given a number.  o you know the number that is as big�

7. 4ou are given a number.  o you know its reciprocal�

%t?./nt $/=:9n=/

�nswers vary. Sample responses�

1. 4es, multiply a person�s height in feet by 12 to get their height in inches. Since ,
this person is 66 inches tall.

2. 4es, the square of � is 2�.

3. No, there are two diberent numbers whose square is 16, namely 4 and -4.

4. 4es, a square with perimeter 12 cm must have a side length of 3 cm, and so an area of � cm2.

�. No, a rectangle with length 8 cm and width 2 cm has area 16 cm2, as does a rectangle with
length 16 cm and width 1 cm.

6. 4es, for any number, we can simply divide that number by �.

7. 4es, as long as the number isn�t � (since � doesn�t have a reciprocal).
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�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to understand that functions are rules that have one
distinct output for each input. "or several problems, select previously identified students to share
their rule descriptions. "or example, some students might write the rule for finding the area of a
square from its perimeter as �find the side length then square it� and others might write, �divide by
four and then square it.� �ompare the diberent rules and ask students if they agree (or disagree)
that the statements represent the same rule.

"or the final two problems where the input is not a specific value, select previously identified
students to share what language they used. "or example, in the final problem some students may
use a letter to stand for the input while others may Bust write �input� or �a number.� �sk, �$ow can
using a letter sometimes make it easier to represent the output�� (3riting � � is shorter than

writing � of a number.�)

Tell students that each time they answered one of the questions with a yes, the sentence defined a
function, and that one way to represent a function is by writing a rule to define the relationship
between the input and the output. "unctions are special types of rules where each input has only
one possible output. �ecause of this, functions are useful since once we know and input, we can
find the single output that goes with it. �ontrast this with something like a rolling a number cube
where the input �roll� has many possible outputs. "or the questions students responded to with no,
these are not functions because there is no single output for each input.

To highlight how rules that are not functions do not determine outputs in a unique way, end the
discussion by asking�

�3as the warm-up, where you have to square numbers, an example of a function�� (4es, each
input has only one output, even though some inputs have the same output.)

�Is the reverse, that is knowing what number was squared to get a specific number, a
function�� (No, if a number squared is 16, we don�t know if the number was 4 or -4.)

•

•

Unit 5 �/==9n 
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. �all on
students to use mathematical language to restate and�or revoice the rule descriptions that are
presented. �onsider providing students time to restate what they hear to a partner, before
selecting one or two students to share with the class. �sk the original speaker if their peer
accurately restated their rule. �all students� attention to any words or phrases that helped to
clarify the original statement. This will provide more students with an opportunity to produce
language to describe functions.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44


�� U=in1 �?n-ti9n �+n1?+1/
�	 minutes
In this activity students revisit the questions in the previous activity and start using the language of
functions to describe the way one quantity depends on another. "or the �yes� questions students
write a statement like, “6the output7 depends on 6the input7” and “6the output7 is a function of 6the
input7.” "or the �no� questions, they write a statement like, “6the output7 does not depend on 6the
input7.” Students will use this language throughout the rest of the unit and course when describing
functions.

 epending on the time available and students� needs, you may wish to assign only a subset of the
questions, such as Bust the odds.

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

M(.2� �ollect and  isplay

Think Pair Share

�+?n-2

 isplay the example statement from the previous activity (�� person is 6� inches tall.  o you know
their height in feet��) for all to see. Tell students that since the answer to this question is yes, we can
write a statement like, �height in feet depends on the height in inches� or �height in feet is a
function of height in inches.�

�rrange students in groups of 2. #ive students �–8 minutes of quiet work time and then additional
time to share their responses with their partner. If they have a diberent response than their
partner, encourage them to explain their reasoning and try to reach agreement. "ollow with
a whole-class discussion.

•

•
•
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%t?./nt &+=5 %t+t/7/nt

$ere are the questions from the previous activity. "or the ones you said yes to, write a
statement like, “The height a rubber ball bounces to depends on the height it was dropped
from” or “�ounce height is a function of drop height.” "or all of the ones you said no to, write
a statement like, “The day of the week does not determine the temperature that day” or “The
temperature that day is not a function of the day of the week.”

1. � person is �.� feet tall.  o you know their height in inches�

2. � number is �.  o you know its square�

3. The square of a number is 16.  o you know the number�

4. � square has a perimeter of 12 cm.  o you know its area�

�. � rectangle has an area of 16 cm2.  o you know its length�

6. 4ou are given a number.  o you know the number that is as big�

7. 4ou are given a number.  o you know its reciprocal�

%t?./nt $/=:9n=/

1. 4es, height in feet depends on the height in inches.

2. 4es, the square of a number depends on the number.

3. No, knowing the square of a number does not determine the number.

4. 4es, the area of a square is determined by the perimeter of the square.

�. No, knowing the area of a rectangle does not determine its length.

6. 4es, every number determines the number which is as large.

7. 4es, every (non-zero) number determines its reciprocal.

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to use the language like “6the output7 depends on 6the
input7” and “6the output7 is a function of 6the input7” while recognizing that a function means each
input gives exactly one output.

�egin the discussion by asking students if any of them had a diberent response from their partner
that they were not able to reach agreement on. If any groups say yes, ask both partners to share
their responses. Next, select groups to briedy share their responses for the other questions and
address any questions. "or example, students may have a correct answer but be unsure since they
used diberent wording than the person who shared their answer verbally with the class.

Unit 5 �/==9n 
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If time permits, give groups 1–2 minutes to invent a new question like the ones in the task that
is not a function. Select 2–3 groups to share their question and ask a diberent group to explain why
it is not a function using language like, �the input does not determine the output because. . . .�

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� !ritin(� ���	 �olle$t "n% �i4pl":� 3hile pairs are working, circulate and listen to
student talk as they use the language like “6the output7 depends on 6the input7” and “6the
output7 is a function of 6the input7.” �apture student language that redect a variety of ways to
describe that a function means each input gives exactly one output.  isplay the language
collected visually for the whole class to use as a reference during further discussions
throughout the lesson and unit. Invite students to suggest revisions, updates, and connections
to the display as they develop new mathematical ideas and new ways of communicating ideas.
This will help students increase awareness of use of math language as they progress through
the unit.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44


�� %+7/ �?n-ti9n� �iE/</nt $?6/�
�ptional
 	 minutes
The activity calls back to a previous lesson where students filled out tables of values from
input-output diagrams. $ere, students determine if a rule is describing the same function but with
diberent words, giving them an opportunity to look for and make use of the structure of a function
(MP7).

Students are given 3 diberent input-output diagrams and need to determine which rules could
describe the same function. � key point in this activity is that context plays an important role. "or
example, if the first rule is limited to positive inputs and the second rule is about sides of squares
(which also has only positive inputs), then the two input-output rules describe the same function.

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

#ive students 1–2 minutes of quiet work time followed by a whole-class discussion.

•

•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �e7elop �9pre44ion "n% �o..uni$"tion� To help get students started,
display sentence frames such as “Is it always true thata�” or “That could�couldn^t be the same
function becausea”
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �r("ni;"tion

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �i4tenin(� �pe",in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give
students a structured opportunity to revise and refine their explanations for �3hich
input-output rules could describe the same function (if any)�� #ive students time to meet with
2–3 partners, to share and get feedback on their responses. Provide prompts for feedback that
will help students strengthen their ideas and clarify their language (e.g.,“�an you say more
about why�”, “�an you give an example�”, “$ow could you say that another way�”, etc.). #ive
students 1–2 minutes to revise their writing based on the feedback they received.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

3hich input-output rules could describe the same function (if any)� �e prepared to explain
your reasoning.

%t?./nt $/=:9n=/

The first two rules define the same function if we are talking about the area of a square. Since the
area of a square is the square of its side length, the second rule is the same as taking the input and

Unit 5 �/==9n 
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squaring it to find the output. +n the other hand, even though adding �� to 1� gives the same
result as squaring 1�, this third rule does not define the same function as the first two. "or example,
adding �� to 2� gives 11�, which is not the same as squaring it, or finding the area of the square
with side length 2�.

�</ *9? $/+.C 09< �9</�

The phrase “is a function of” gets used in non-mathematical speech as well as mathematical
speech in sentences like, “The range of foods you like is a function of your upbringing.” 3hat
is that sentence trying to convey� Is it the same use of the word “function” as the
mathematical one�

%t?./nt $/=:9n=/

�nswers vary.

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to explain how two diberent rules can describe the same
function and that two functions are the same if and only if all of their input-output pairs are the
same.

�onsider asking some of the following questions�

� o the latter two input-output rules describe the same function since they both take an input
of 1� to an output of 1���� (No, every input-output pair needs to match in order for the two
rules to describe the same function not Bust a few input-output pairs.)

� o any of the input-output rules describe the same function�� (4es, if the first is restricted to
positive inputs and the second is about areas of squares, then they share the same
input-output pairs and describe the same function.)

�/==9n %Cnt2/=i=
The purpose of this lesson was to define functions as rules that assign exactly one output to each
allowable input. 3e say things like “the output is a function of the input,” and “the output depends
on the input” when talking about the relationship between inputs and outputs of functions.

To highlight the language and definition of functions from the lesson, ask�

“$ow else could we describe the function �double the input��” (Multiply the input by 2 or, if the
input is , .)

“Is the rule �the radius of a circle with circumference � a function� 3hy or why not�” (4es, this
rule is a function because the radius of circle depends on the circumference and each radius
gives only one circumference.)

“3hy does the description �� person�s age is 14 years old. 3hat is their height in inches�� not
define a function�” (The age of a person does not determine what height they are.  iberent 14

•

•

•

•

•
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year olds are diberent heights. The same 14 year old can be diberent heights depending on
how how long ago they turned 14.)


�5 )+it &i7/
Cool Do.n
 	 minutes
�..</==in1

8.".�.1

%t?./nt &+=5 %t+t/7/nt

4ou are told that you will have to wait for � hours in a line with a group of other
people.  etermine whether�

1. 4ou know the number of minutes you have to wait.

2. 4ou know how many people have to wait.

"or each statement, if you answer yes draw an input-output diagram and write a statement
that describes the way one quantity depends on another.

If you answer no give an example of 2 outputs that are possible for the same input.

%t?./nt $/=:9n=/

1. 4es, if you know how many hours you have to wait in line, then you can determine the number
of minutes you have to wait in line. �nswers vary. Sample response� 4ou will have to wait 3��
minutes, since each hour is 6� minutes, and .

2. No, if you know how many hours you have to wait in line, you do not necessarily know how
many people are in line. �nswers vary. Sample response� The number of people who have to
wait cannot be determined by the amount of time you have to wait. "or example, there could
be �� people waiting, or there could be 1�� people waiting.

%t?./nt �/==9n %?77+<C
(et�s say we have an input-output rule that for each allowable input gives exactly one output.
Then we say the output %epen%4 on the input, or the output is a function of the input.

•
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"or example, the area of a square is a function
of the side length, because you can find the
area from the side length by squaring it. So
when the input is 1� cm, the output is 1��

cm2.

Sometimes we might have two diberent rules that describe the same function. �s long as we
always get the same, single output from the same input, the rules describe the same
function.

�69==+<C
function•
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�/==9n 
 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
$ere are several function rules. �alculate the output for each rule when you use -6 as the
input.

%96?ti9n
.ule 1� -13

.ule 2� 36

.ule 3� -2

.ule 4�

.ule ��

.ule 6� -6 is not a valid input for this rule since it doesn�t make sense to express a side length
with a negative number.

"<9,6/7 

%t+t/7/nt
� group of students is timed while sprinting 1�� meters. !ach student^s speed can be found
by dividing 1�� m by their time. Is each statement true or false� !xplain your reasoning.

a. Speed is a function of time.

b. Time is a function of distance.

c. Speed is a function of number of students racing.

�
�
�
�
�
�
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d. Time is a function of speed.

%96?ti9n
a. True. "or each time, one speed is generated.

b. "alse. "or each distance (1�� m), many times are generated.

c. "alse. The number of students racing does not abect any student^s speed, and the same speed
may be reached for more than one student in a group of the same size.

d. True. "or each speed calculated, there is only one possible time.

"<9,6/7 �
%t+t/7/nt
 iego^s history teacher writes a test for the class with 26 questions. The test is worth 123
points and has two types of questions� multiple choice worth 3 points each, and essays worth
8 points each. $ow many essay questions are on the test� !xplain or show your reasoning.

%96?ti9n
� essay questions. !xplanations vary. Sample response� 1se to represent multiple choice
questions and for essay questions. 3rite the system as and , and solve
it by substituting into the second equation.

("rom 1nit 4, (esson 1�.)

"<9,6/7 �
%t+t/7/nt
These tables correspond to inputs and outputs. 3hich of these input and output tables could
represent a function rule, and which ones could not� !xplain or show your reasoning.
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Table ��

input output

-2 4

-1 1

� �

1 1

2 4

Table ��

input output

4 -2

1 -1

� �

1 1

4 2

Table ��

input output

1 �

2 �

3 �

Table  �

input output

� 1

� 2

� 3

%96?ti9n
Table � and Table � represent functions, but Table � and Table   do not. !xplanations vary. Sample
response� Tables � and   have multiple outputs for the same input, but functions take each input to
only one output. +n the other hand, it is okay for a function rule to take diberent inputs to the
same output.

Unit 5 �/==9n 
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%/-ti9n� $/:</=/ntin1 +n. �nt/<:</tin1 �?n-ti9n=

�/==9n �� �;?+ti9n= 09< �?n-ti9n=

�9+6=
�alculate the output of a function for a given input using an equation in two variables, and
interpret (orally and in writing) the output in context.

�reate an equation that represents a function rule.

 etermine (orally and in writing) the independent and dependent variables of a function, and
explain (orally) the reasoning.

�/+<nin1 &+<1/t=
I can find the output of a function when I know the input.

I can name the independent and dependent variables for a given function and represent the
function with an equation.

�/==9n  +<<+ti@/
So far we have used input-output diagrams and descriptions of the rules to describe functions. This
is the first of five lessons that introduces and connects the diberent ways in which we represent
functions in mathematics� verbal descriptions, equations, tables, and graphs. In this lesson students
transition from input-output diagrams and descriptions of rules to equations.

This lesson also introduces the use of in�epen�ent and �epen�ent -aria�les in the context of
functions. "or an equation that relates two quantities, it is sometimes possible to write either of the
variables as a function of the other. "or example, in the activity  imes and Quarters, we can choose
either the number of quarters or the number of dimes to be the independent variable. If we know
the number of quarters and have questions about the number of dimes, then this would be a
reason to choose the number of quarters as the independent variable.

�6i1n7/nt=

�..</==in1

8.".��  efine, evaluate, and compare functions.

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

�?i6.in1 &9A+<.=

8.".�.4� �onstruct a function to model a linear relationship between two quantities.  etermine
the rate of change and initial value of the function from a description of a relationship or from

•

•
•

•
•

•
•

•
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two values, including reading these from a table or from a graph. Interpret the rate of
change and initial value of a linear function in terms of the situation it models, and in terms of
its graph or a table of values.

�n=t<?-ti9n+6 $9?tin/=

M(.6� Three .eads

M(.8�  iscussion Supports

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s find outputs from equations.

��	 � %;?+</D= �</+
�arm �p
 	 minutes
The purpose of this warm-up is for students to use repeated reasoning to write an algebraic
expression to represent a rule of a function (MP8). The whole-class discussion should focus on the
algebraic expression in the final row, however the numbers in the table give students an
opportunity to also practice calculating the square of numbers written in fraction and decimal form.

�..</==in1

8.".�.1

�+?n-2

�rrange students in groups of 2. #ive students 1–2 minutes of quiet work time and then time to
share their algebraic expression with their partner. "ollow with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

"ill in the table of input-output pairs for the given rule. 3rite an algebraic expression for the
rule in the box in the diagram.

•
•
•

•
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input output

8

2.2

%t?./nt $/=:9n=/

input output

8 64

2.2 4.84

or

�-ti@itC %Cnt2/=i=

Select students to share how they found each of the outputs. �fter each response, ask the class if
they agree or disagree. .ecord and display responses for all to see. If both responses are not
mentioned by students for the last row, tell students that we can either put or there. Tell
students we can write the equation to represent the rule of this function.

!nd the discussion by telling students that while we^ve used the terms input and output so far to
talk about specific values, when a letter is used to represent any possible input we call it the
in�epen�ent -aria�le and the letter used to represent all the possible outputs is the �epen�ent
-aria�le� Students may recall these terms from earlier grades. In this case, is the independent
variable and the dependent variable, and we say “ depends on .”
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��
 �i+1<+7=� �;?+ti9n=� +n. �/=-<i:ti9n=
�	 minutes
The purpose of this activity is for students to make connections between diberent representations
of functions and start transitioning from input-output diagrams to other representations of
functions. Students match input-output diagrams to descriptions and come up with equations for
each of those matches. Students then calculate an output given a specific input and determine the
independent and dependent variables.

�..</==in1

8.".�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and time to share
their responses with their partner and come to agreement on their answers. "ollow with
whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

.ecord your answers to these questions in the table provided.

1. Match each of these descriptions with a diagram�
a. the circumference, , of a circle with ra�ius,

b. the distance in miles, , that you would travel in hours if you drive at 6� miles per
hour

c. the output when you triple the input and subtract 4

d. the volume of a cube, given its edge length,

2. 3rite an equation for each description that expresses the output as a function of the
input.

3. "ind the output when the input is � for each equation.

4. Name the in�epen�ent and �epen�ent -aria�les of each equation.

•

•
•

Unit 5 �/==9n �



47

�escription a � c �

�iagram

e(uation

input � 	
output � �

in�epen�ent
-aria�le

�epen�ent
-aria�le

%t?./nt $/=:9n=/

�escription a � c �

�iagram  � � �

e(uation

input � 	
output � �

3�� 11 12�

in�epen�ent
-aria�le

�epen�ent
-aria�le

�</ *9? $/+.C 09< �9</�

�hoose a 3-digit number as an input.

�pply the following rule to it, one step at a time�
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Multiply your number by 7.

�dd one to the result.

Multiply the result by 11.

Subtract � from the result.

Multiply the result by 13

Subtract 78 from the result to get the output.

�an you describe a simpler way to describe this rule� 3hy does this work�

%t?./nt $/=:9n=/

If we apply the steps to a generic 3-digit number , the result is

"or any 3-digit number , the number is Bust that number repeated twice. This works since
, so for example,

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to describe the connections they see between the
diberent entries for the 4 descriptions.  isplay the table for all to see and select diberent groups to
share the answers for a column in the table. �s groups share their answers, ask�

“$ow did you know that this diagram matched with this description�” (3e remembered the
formula for the circumference of a circle, so we knew description � went with diagram  .)

“3here in the equation do you see the rule that is in the diagram�” (The equation is the
dependent variable set equal to the rule describing what happens to the independent variable
in the diagram.)

“!xplain why you chose those quantities for your independent and dependent variables.� (3e
know the independent variable is the input and the dependent variable is the output, so we
matched them up with the input and output shown in the diagram.)

•
•
•
•
•
•

•

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� �s students describe the connections they noticed in the
table across from the diberent entries for the four descriptors, revoice student ideas to
demonstrate mathematical language use. In addition, press for details in students^
explanations by requesting that students challenge an idea, elaborate on an idea, or give an
example. This will help students to produce and make sense of the language needed to
communicate their own ideas about functions and independent and dependent variables.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

��� �i7/= +n. #?+<t/<=
�	 minutes
The purpose of this activity is for students to work with a function where either variable could be
the independent variable. 'nowing the total value for an unknown number of dimes and quarters,
students are first asked to consider if the number of dimes could be a function of the number of
quarters and then asked if the reverse is also true. Since this isn�t always the case when students
are working with functions, the discussion should touch on reasons for choosing one variable vs.
the other, which can depend on the types of questions one wants to answer.

Identify students who eeciently rewrite the original equation in the third problem and the last
problem to share during the discussion.

�..</==in1

8.".�.1

�?i6.in1 &9A+<.=

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

M(.6� Three .eads

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time followed by partner
discussion for students to compare their answers and resolve any diberences. "ollow with a
whole-class discussion.

•

•

•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� Provide appropriate reading accommodations and
supports to ensure students access to written directions, word problems and other text-based
content.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �on$eptu"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�e"%in(� ���� �)ree �e"%4� 1se this routine to support reading comprehension and to set
students up to interpret the representations of the situation provided in the task statement (an
equation) and discussion (function diagrams). In the first read, students read the information
with the goal of comprehending the situation (e.g., &ada has dimes and quarters). In the second
read, ask students to identify important quantities. (isten for, and amplify, naming of the
quantities that vary in relation to each other in this situation� number of dimes, total value of
dimes, number of quarters, total value of quarters. �fter the third read, ask students to discuss
possible strategies to answer the questions that follow, paying attention to the diberent coin
values, and how each question is phrased. This will help students comprehend the problem
and make sense of important quantities and variables when working with a function in which
either variable could be the independent variable.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(

�nti-i:+t/. �i=-9n-/:ti9n=

Some students may be unsure how to write rules for the number of dimes as a function of the
number of quarters and vice versa. Prompt them to use the provided equation and what they know
about keeping equations equal to create the new equations.

%t?./nt &+=5 %t+t/7/nt

&ada had some dimes and quarters that had a total value of �12.��. The relationship between
the number of dimes, , and the number of quarters, , can be expressed by the equation

.

1. If &ada has 4 quarters, how many dimes does she have�

2. If &ada has 1� quarters, how many dimes does she have�

3. Is the number of dimes a function of the number of quarters� If yes, write a rule (that
starts with ...) that you can use to determine the output, , from a given input, . If
no, explain why not.

4. If &ada has 2� dimes, how many quarters does she have�

Unit 5 �/==9n �
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�. If &ada has 3� dimes, how many quarters does she have�

6. Is the number of quarters a function of the number of dimes� If yes, write a rule (that
starts with ...) that you can use to determine the output, , from a given input, . If
no, explain why not.

%t?./nt $/=:9n=/

1. 11�. If , then the equation tells us that . Subtracting 1 from both
sides gives , so .

2. 1��. If , then the equation tells us that . Subtracting 2.� from
both sides gives , so .

3. 4es. If you know the number of quarters, then you can determine the number of dimes from
the equation. 3e can even write the equation in a way that shows this� . The
expression represents the output\it is the rule that determines the output from
a given input .

4. 4�. If , then the equation tells us that . Subtracting 2.� from
both sides gives , so .

�. 38. If , then the equation tells us that . Subtracting 3 from both
sides gives , so .

6. 4es. If you know the number of dimes, then you can determine the number of quarters from
the equation. 3e can even write the equation in a way that shows this� . The
expression represents the output\it is the rule that determines the output from a
given input .

�-ti@itC %Cnt2/=i=

Select previously identified students to share their rules for dimes as a function of the number of
quarters and quarters as a function of the number of dimes, including the steps they used to
rewrite the original equation.

Tell students that if we write an equation like , this shows that is a function of
because it is clear what the output (value for ) should be for a given input (value for ).

 isplay the diagrams for all to see�

3hen we have an equation like , we can choose either or to be the
independent variable. That means we are viewing one as depending on the other. If we know the
number of quarters and want to answer a question about the number of dimes, it is helpful to write
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as a function of . If we know the number of dimes and want to answer a question about the
number of quarters, it is helpful to write as a function of .

!nsure students understand that we can^t always do this type of rearranging with equations and
have it make sense because sometimes only one variable is a function of the other, and sometimes
neither is a function of the other. "or example, students saw earlier that while squaring values is a
function, the reverse\that is, identifying what value was squared\is not. 3e will continue to
explore when these diberent things happen in future lessons.

�/==9n %Cnt2/=i=
Tell students that we often use in�epen�ent and �epen�ent -aria�les to represent the inputs and
outputs of functions. "or some functions, we can describe the relationship between the variables
with an equation. Sometimes we can choose, depending on the situation, which variable should be
the independent and which should be the dependent variable. To help students think more about
about what independent and dependent variables represent and their use with functions, ask�

“$ow can we describe the area of square of side length with an equation� 3hich is the
independent and which is the dependent variable�” (3e can write , where is the
independent variable and is the dependent variable.)

“The relationship between the number of dimes, , and the number of nickels, , that total ��
can be expressed by the equation . 3hen would it be useful to choose the
number of dimes as the independent variable and rewrite the equation�” (If we knew the
number of dimes and wanted to know the number of nickels, it would be useful to rewrite the
equation so it looked like )

��� &2/ (+6?/ 90 %97/ #?+<t/<=
Cool Do.n
 	 minutes
�..</==in1

8.".�.1

%t?./nt &+=5 %t+t/7/nt

The value of your quarters (in cents) is a function of , the number of quarters you have.

1.  raw an input-output diagram to represent this function.

2. 3rite an equation that represents this function.

3. "ind the output when the input is 1�.

4. Identify the independent and dependent variables.

%t?./nt $/=:9n=/

1. $ere is the diagram�

•

•

•

Unit 5 �/==9n �
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2. . This redects the statement that the value (in cents) of your collection of quarters is
always 2� times the number of quarters you have.

3. 3hen the input is 1�, the output is 2�� (since ).

4. is the independent variable, and is the dependent variable.

%t?./nt �/==9n %?77+<C
3e can sometimes represent functions with equations. "or example, the area, , of a circle is
a function of the radius, , and we can express this with an equation�

3e can also draw a diagram to represent this function�

In this case, we think of the radius, , as the input, and the area of the circle, , as the output.

"or example, if the input is a radius of 1� cm, then the output is an area of cm2, or
about 314 square cm. �ecause this is a function, we can find the area, , for any given radius,
.

Since it is the input, we say that is the in�epen�ent -aria�le and, as the output, is the
�epen�ent -aria�le.

Sometimes when we have an equation we get to choose which variable is the independent
variable. "or example, if we know that

then we can think of as a function of and write

or we can think of as a function of and write
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�69==+<C
dependent variable

independent variable

radius

•
•
•

Unit 5 �/==9n �



55

�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
$ere is an equation that represents a function� .

Select all the diberent equations that describe the same function�

�.

�.

�.

 .

!.

".

#.

%96?ti9n
6���, ���, ���, �!�7

"<9,6/7 

%t+t/7/nt

a. #raph a system of linear equations with no solutions.

b. 3rite an equation for each line you graph.
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%96?ti9n
�nswers vary. The graph could be any two lines that are parallel.

("rom 1nit 4, (esson 13.)

"<9,6/7 �
%t+t/7/nt
�rown rice costs �2 per pound, and beans cost �1.6� per pound. (in has �1� to spend on
these items to make a large meal of beans and rice for a potluck dinner. (et be the number
of pounds of beans (in buys and be the number of pounds of rice she buys when she
spends all her money on this meal.

a. 3rite an equation relating the two variables.

b. .earrange the equation so is the independent variable.

c. .earrange the equation so is the independent variable.

%96?ti9n
a.

b.

c.

Unit 5 �/==9n �
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"<9,6/7 �
%t+t/7/nt
Solve each equation and check your answer.

%96?ti9n
a. .

b.

c.

("rom 1nit 4, (esson 6.)
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�/==9n �� &+,6/=� �;?+ti9n=� +n. �<+:2= 90
�?n-ti9n=

�9+6=
 etermine whether a graph represents a function, and explain (orally) the reasoning.

Identify the graph of an equation that represents a function, and explain (orally and in writing)
the reasoning.

Interpret (orally and in writing) points on a graph, including a graph of a function and a graph
that does not represent a function.

�/+<nin1 &+<1/t=
I can identify graphs that do, and do not, represent functions.

I can use a graph of a function to find the output for a given input and to find the input(s) for a
given output.

�/==9n  +<<+ti@/
In this lesson, students work with graphs and tables that represent functions in addition to the
equations and descriptions used previously. They learn the conventions of graphing the
independent variable (input) on the horizontal axis and the dependent variable (output) on the
vertical axis and that each coordinate point represents an input-output pair of the function.

�y matching contexts and graphs and reading information about functions from graphs and tables,
students become familiar with the diberent representations and draw connections between them.

�6i1n7/nt=

�..</==in1

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

8.".�.3� Interpret the equation as defining a linear function, whose graph is a
straight line; give examples of functions that are not linear. "or example, the function
giving the area of a square as a function of its side length is not linear because its graph
contains the points , and , which are not on a straight line.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.�� �o-�raft Questions

•
•

•

•
•

•

•

•
•

Unit 5 �/==9n �
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Notice and 3onder

%t?./nt �/+<nin1 �9+6=

(et^s connect equations and graphs of functions.

��	  9ti-/ +n. )9n./<� �9?,6in1 �+-5
�arm �p
 	 minutes
The purpose of this warm-up is to familiarize students with one of the central graphical
representations they will be working with in the lesson. �s students notice and wonder, they have
the opportunity to reason abstractly and quantitatively if they consider the situation the graph
represents (MP2).

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

Notice and 3onder

�+?n-2

Tell students they will look at a graph, and their Bob is to think of at least one thing they notice and
at least one thing they wonder about the picture.  isplay the graph for all to see and give 1 minute
of quiet think time. �sk students to give a signal when they have noticed or wondered about
something.

%t?./nt &+=5 %t+t/7/nt

3hat do you notice� 3hat do you wonder�

•

•

•
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%t?./nt $/=:9n=/

Students may notice things such as�

The graph looks like a sideways 2.

The graph doubles back on itself.

The graph is made of pieces that are almost, but not quite, straight.

 istances go between � and 2�� meters.

Times go from � to a little more than 72.

The horizontal axis tells us the distance from the starting line in meters.

The vertical axis tells us the time in seconds.

The person gets farther from the starting line and then comes back.

The person was 7� meters from the starting line at about 14 seconds and 6� seconds.

The person got back to the starting line in about 7� seconds.

The furthest distance the person got from the start line was 2�� meters.

Students may wonder things such as�

•
•
•
•
•
•
•
•
•
•
•

Unit 5 �/==9n �
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Is this about a person, or more than one person�

3hy does the graph double back�

3ho is the graph about�

3hy are they coming back�

�re they running or walking�

 id they go out and come back in the exact same time�

3hat is the title of this graph�

�-ti@itC %Cnt2/=i=

�sk students to share things they noticed and wondered about the graph. .ecord and display these
ideas for all to see. "or each of the things students notice and wonder, ask them to reference
the graph in their explanation. If no one notices that at every distance from the starting line, there
are two associated times (except at 2�� meters), bring that to their attention.

If there is time, ask students to make some estimations or guesses for the wonders that refer to the
information in the graph. "or example, if someone wonders what the title of the graph may be, ask
them to create a title that would make sense for this context.

��
 �;?+ti9n= +n. �<+:2= 90 �?n-ti9n=
�	 minutes
The purpose of this activity is for students to connect diberent function representations and learn
the conventions used to label a graph of a function. Students first match function contexts and
equations to graphs. They next label the axes and calculate input-output pairs for each function.
The focus of the discussion should be on what quantities students used to label the axes and
recognizing the placement of the independent or dependent variables on the axes.

Monitor for students who recognize that there is one graph that is not linear and match that graph
with the equation that is not linear.

�..</==in1

8.".�.1

8.".�.3

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

�rrange students in groups of 2.  isplay the graph for all to see. �sk students to consider what the
graph might represent.

•
•
•
•
•
•
•

•
•

•
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�fter brief quiet think time, select 1–2 students to share their ideas. ("or example, something starts
at 12 inches and grows 1� inches for every � months that pass.)

.emind students that axes labels help us determine what quantities are represented and should
always be included. (et them know that in this activity the graphs of three functions have been
started, but the labels are missing and part of their work is to figure out what those labels are
meant to be.

#ive students 3–� minutes of quiet work time and then time to share responses with their partner.
!ncourage students to compare their explanations for the last three problems and resolve any
diberences. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion�  emonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. "or
example ask students to use the same color to denote inputs and another color for outputs.
Students can use the colors when calculating values, labeling axes, and plotting points in the
graphs.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(

Unit 5 �/==9n �
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to revise and refine their explanation of how they matched the
equations and graphs in the first problem. �sk each student to meet with 2–3 other partners in
a row for feedback. Provide students with prompts for feedback that will help teams
strengthen their ideas and clarify their language (e.g., “3hat did you do first�”, “$ow did you
verify your match�”, etc.). Students can borrow ideas and language from each partner to
strengthen their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

The graphs of three functions are shown.

1. Match one of these equations to each of the graphs.
a. , where is the distance in miles that you would travel in hours if you

drove at 6� miles per hour.

b. , where is the number of quarters, and is the number of dimes, in
a pile of coins worth �12.��.

c. , where is the area in square centimeters of a circle with radius
centimeters.

2. (abel each of the axes with the independent and dependent variables and the
quantities they represent.

3. "or each function� 3hat is the output when the input is 1� 3hat does this tell you about
the situation� (abel the corresponding point on the graph.

4. "ind two more input-output pairs. 3hat do they tell you about the situation� (abel the
corresponding points on the graph.
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%t?./nt $/=:9n=/

1. a. �. This graph represents a proportional relationship with a constant positive slope.

b. �. This is the only one of the graphs, and the only equation, with a negative slope and
vertical intercept of ��.

c. �. This is the only non-linear relationship.

2. See answer to part 4.

3. In figure �, we have point , representing the fact that a circle of radius 1 cm has area

cm2.
In figure �, we have point , representing the fact that after traveling for 1 hour at 6�
miles per hour, you would travel 6� miles.
In figure �, we have point . This does not have a concrete interpretation in terms of
the context, as it says that if you had only one dime, you would have 4�.6 quarters.
See answer to part 4 for the graphs.

4. In figure �, we mark the points and , representing the fact that circles of radius 2

cm and 3 cm have respective areas cm2 and cm2.
In figure �, we mark the points and , representing the fact that after traveling
for 2 and 3 hours at 6� miles per per hour, you would respectively travel 12� and 18� miles.
In figure �, we mark the points and , representing the fact that if there were 4�
or 8� dimes in the pile, there would have to be 34 and 18 quarters, respectively.

�</ *9? $/+.C 09< �9</�

� function inputs fractions between � and 1 where and have no common factors, and

outputs the fraction . "or example, given the input the function outputs , and to the

input the function outputs . These two input-output pairs are shown on the graph.

Unit 5 �/==9n �
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Plot at least 1� more points on
the graph of this function. �re
most points on the graph
above or below a height of

� +f height �

%t?./nt $/=:9n=/

This is a very complicated graph� $ere is a computer-generated plot of several hundred inputs with
denominators . +nly very few inputs have height above . The only ones above are , ,

and . !very other fraction between � and 1 has a denominator of , so . (ess obvious

is that the same is true for height . $aving an output less than �.�1 is the same as having
. Since more fractions have than , there are more points on the graph with

height under than over.

"or more information, do some research on the Thomae function.
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�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to understand the conventions of constructing a
graph of a function and where input and outputs are found on a graph. Select students previously
identified to share how they figured out matched the non-linear graph.

�sk students�

“3here are the independent variables labeled on the graphs�” (The horizontal axis)

“3here are the dependent variables labeled on the graphs�” (The vertical axis)

Tell students that by convention, the independent variable is on the horizontal axis and the
dependent variable is on the vertical axis. This means that when we write coordinate pairs, they are
in the form of (input, output). "or some functions, like the one with quarters and dimes, we can
choose which variable is the independent and which is the dependent, which means the graph
could be constructed either way based on our decisions.

�onclude the discussion by asking students to share their explanations for the point for
graph �. (There is no such thing as �.6 of a quarter.) .emind students that sometimes we have to
restrict inputs to only those that make sense. Since it�s not possible to have 4�.6 quarters, an input
of 1 dime does not make sense. Similarly, 2, 3, or 4 dimes result in numbers of quarters that do not
make sense. � dimes or � dimes, however, do produce outputs that make sense. Sometimes it is
easier to sketch a graph of the line even when graphing discrete points would be more accurate for
the context. 'eeping the context of a function in mind is important when making sense of the
input-output pairs associated with the function.

��� $?nnin1 +<9?n. + &<+-5
�	 minutes
The purpose of this activity is for students to interpret coordinates on graphs of functions and
non-functions as well as understand that context does not dictate the independent and dependent
variables.

In the first problem time is a function of distance, and the graph and table help determine how long
it takes for 'iran to run a specific distance. In the second problem, however, time is not a function
of Priya�s distance from the starting line. This results in a graph where each input does not give
exactly one output.

�..</==in1

8.".�.1

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

•
•

•

•

Unit 5 �/==9n �
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�+?n-2

#ive students 3–� minutes of quiet work time followed by whole-class discussion.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay only the graph and context (i.e., “'iran was
running around the track. The graph shows the time, , he took to run various distances, .”).
�sk pairs of students to write possible questions that could be answered by the graph. Invite
pairs to share their questions with the class. (ook for questions that ask students to interpret
quantities represented in the graph. Next, reveal the questions of the activity. This helps
students produce the language of mathematical questions and talk about the relationships
between the two quantities in this task (e.g., distance and time).
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

1. 'iran was running around the track. The graph shows the time, , he took to run various
distances, . The table shows his time in seconds after every three meters.

� 3 6 � 12 1� 18 21 24 27

� 1.� 2.� 3.2 3.8 4.6 6.� 6.� 8.�� �.�

a. $ow long did it take 'iran to run 6 meters�

b. $ow far had he gone after 6 seconds�

c. !stimate when he had run 1�.� meters.

d. !stimate how far he ran in 4 seconds.

e. Is 'iran�s time a function of the distance he has run� !xplain how you know.
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2. Priya is running once around the track. The graph shows her time given how far she is
from her starting point.

a. 3hat was her farthest distance from her starting point�

b. !stimate how long it took her to run around the track.

c. !stimate when she was 1�� meters from her starting point.

d. !stimate how far she was from the starting line after 6� seconds.

e. Is Priya�s time a function of her distance from her starting point� !xplain how you
know.

%t?./nt $/=:9n=/

1. a. 2 seconds, since from the table, when , we have .

b. 18 meters, since from the table, when , we have .

c. �nswers vary, but 6.4� seconds is a reasonable estimate. It took 'iran 6 seconds to run
18 meters, and 6.� seconds to run 21 meters. Since 1�.� is halfway between 18 and 21, it
is reasonable to estimate halfway between 6 seconds and 6.� seconds. This estimate is
further supported by the graph.

d. �nswers vary, but 12.7� meters is a reasonable estimate. $e runs 12 meters in 3.8
seconds and 1� meters in 4.6 seconds. Since 4 is a quarter of the way from 3.8 to 4.6, a
reasonable estimate for distance would be a quarter of the way from 12 to 1�, which is
12.7�. This estimate is further supported by the graph.

e. 'iran^s time is a function of the distance he has traveled. �y reading the graph, you can
use the distance he has traveled to find the time it took him to travel it.

2. a. 2�� meters, redected by the rightmost point on the provided graph.

b. 7� seconds. "rom the top-left point on the graph, we can see that the first time after
departing that Priya returns to the start line after her initial departure occurs at about 7�
seconds.

Unit 5 �/==9n �
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c. 18 seconds and �4 seconds. There are two points on the graph representing a distance of
1�� meters from the starting line, at heights 18 and �4.

d. 7� meters. There is only one point on the graph corresponding to a time of 6� seconds,
and it occurs at distance 7� meters.

e. No. The time is not determined by the distance from the starting line, as the example of
1�� meters above shows. There are two diberent times corresponding to the distance of
1�� meters.

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to understand that independent and dependent
variables are not determined by the context (and specifically that time is not always a function of
distance). Select students to share their strategies for calculating the answers for the first set of
problems. "or each problem, ask students whether the graph or table was more useful. "urther the
discussion by asking�

“3hen are tables useful for answering questions�” (The exact answers that are listed in table
while with the graph we can only approximate.)

“3hen are graphs more useful for answering questions�” (� graph shows more input-output
pairs than a table can list easily.)

“3hy does it make sense to have time be a function of distance in this problem�” (The farther
'iran runs, the longer it will take so it makes sense to represent time as a function of distance.)

“ oes time always have to be a function of distance�” (No, this graph could be made the other
way with time on the horizontal and distance on the vertical and then it would show distance
as a function of time, which makes sense since the longer 'iran runs, the further he will
travel.)

"or the second graph, ask students to indicate if they think it represents a function or not. If there
are students who say yes and no, invite students from each side to say why they think it is or is not
a function and try to persuade the rest of the class to their side. If all students are not persuaded
that the graph is not a function, remind students that functions can only have one output for each
input, and ask students to look back at their answer to the question “!stimate when she was 1��
meters from her starting point.” Since that question has two responses, the graph cannot be a
function.

It time allows, ask students “If the axes of the second graph were switched, that is, time was the
independent variable and distance from the starting line was the dependent variable, then would
the graph be a representation of a function�” (4es, because each input (time) would have only one
output (distance).)

•

•

•

•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class. �ll group members
should be prepared to share if invited.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �o$i"l-e.otion"l 4,ill4� �ttention

�/==9n %Cnt2/=i=
!ach representation of a function presents information about the input and output of the function
in diberent ways. Tell students to imagine we have a function with independent variable and
dependent variable .

“$ow do we find input-output pairs from a graph of the function�” (�ny coordinate on the
graph gives an input-output pair where the input is the -value and the output is the -value.)

“3hat is something you won^t see on the graph of the function�” (The graph will never
“double-back” or have two -values for the same -value, because each input will have only
one output.)

“If the graph of the function contains the point , what else do we know about the
function�” (If we input 18 into the function we will get 6 as an output. �n equation for the
function could by , but we would need to know more points on the graph to be sure.)

��� %?,A+C �+</ �+<.
Cool Do.n
 	 minutes
�..</==in1

8.".�.1

%t?./nt &+=5 %t+t/7/nt

$ere is the graph of a function showing the amount of money remaining on a subway fare
card as a function of the number of rides taken.

•

•

•

•
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1. 3hat is the output of the function when the input is 1�� +n the graph, plot this point
and label its coordinates.

2. 3hat is the input to the function when the output is �� +n the graph, plot this point and
label its coordinates.

3. 3hat does point tell you about the situation�

%t?./nt $/=:9n=/

1. 2�. See graph in part 2.

2. 16
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3. �fter taking 7 rides, there will be �27.�� remaining on the card.

%t?./nt �/==9n %?77+<C
$ere is the graph showing Noah�s run.

The time in seconds since he started running is a function of the distance he has run. The
point (18,6) on the graph tells you that the time it takes him to run 18 meters is 6 seconds.
The input is 18 and the output is 6.

The graph of a function is all the coordinate pairs, (input, output), plotted in the coordinate
plane. �y convention, we always put the input first, which means that the inputs are
represented on the horizontal axis and the outputs, on the vertical axis.

Unit 5 �/==9n �
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�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
The graph and the table show the high temperatures in a city over a 1�-day period.

�ay 1 2 3 4 � 6 7 8 � 1�

temperature
��egrees ��

6� 61 63 61 62 61 6� 6� 67 63

a. 3hat was the high temperature on  ay 7�

b. +n which days was the high temperature 61 degrees�

c. Is the high temperature a function of the day� !xplain how you know.

d. Is the day a function of the high temperature� !xplain how you know.

%96?ti9n
a. 6� degrees "

b.  ays 2, 4, 6

c. The high temperature is a function of the day. There are no diberent outputs for the same
input. That is, there is no day with two diberent high temperatures.

d.  ay could not be a function of temperature as there are multiple days that have the same high
temperature. There would be the diberent outputs for the same input.
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"<9,6/7 

%t+t/7/nt
The amount (in^s sister earns at her part-time Bob is proportional to the number of hours she
works. She earns ��.6� per hour.

a. 3rite an equation in the form to describe this situation, where represents the
hours she works and represents the dollars she earns.

b. Is a function of � !xplain how you know.

c. 3rite an equation describing as a function of .

%96?ti9n
a. , where is number of hours worked and is amount earned in dollars

b. is a function of because there is only one output for each input.

c.

"<9,6/7 �
%t+t/7/nt
1se the equation

to complete the
table, then graph the line using

as the dependent variable.

� -2

3 �

Unit 5 �/==9n �
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%96?ti9n

� 2 -2 8

4 3 � �

"<9,6/7 �
%t+t/7/nt

Solve the system of equations�

%96?ti9n

("rom 1nit 4, (esson 13.)
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�/==9n 5� �9</ �<+:2= 90 �?n-ti9n=

�9+6=
 escribe (orally and in writing) a graph of a function as “increasing” or “decreasing” over an
interval, and explain (orally) the reasoning.

Interpret (orally and in writing) a graph of temperature as a function of time, using language
such as “input” and “output”.

�/+<nin1 &+<1/t=
I can explain the story told by the graph of a function.

�/==9n  +<<+ti@/
In this lesson, students begin to analyze graphs of functions and use them to answer questions
about a context. Students also look at what happens over intervals of input values and learn that
graphs can be viewed as dynamic obBects that tell stories.

In the temperature activity, students connect specific features of the graph, such as the highest
point, with specific features of the contextual situation, i.e., the highest temperature of the day and
when it was attained. In the activity about garbage production, students investigate what happens
over ranges of input values. The graph tells us how much garbage was produced at certain times
and we can also determine if the amount of garbage was increasing or decreasing over time.

�s students learn to interpret graphs in terms of a context and use them to answer questions, they
learn an important skill in mathematical modeling (MP4).

�6i1n7/nt=

�..</==in1

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

8.".�.��  escribe qualitatively the functional relationship between two quantities by analyzing
a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a
graph that exhibits the qualitative features of a function that has been described verbally.

�?i6.in1 &9A+<.=

8.".�� 1se functions to model relationships between quantities.

8.".�.��  escribe qualitatively the functional relationship between two quantities by analyzing
a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a
graph that exhibits the qualitative features of a function that has been described verbally.

•

•

•

•

•

•
•
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�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.1� Stronger and �learer !ach Time

M(.8�  iscussion Supports

Think Pair Share

3hich +ne  oesn^t �elong�

%t?./nt �/+<nin1 �9+6=

(et^s interpret graphs of functions.

5�	 )2i-2 !n/ �9/=nDt �/69n1� �<+:2=
�arm �p
 �� minutes
The purpose of this warm-up is for students to notice and describe the features of graphs using
their own language. Students will encounter a variety of graphs over the next several lessons and
throughout these lessons they will gradually develop more precise language around graphs as the
needs of activities dictate.

�..</==in1

8.".�.1

�?i6.in1 &9A+<.=

8.".�.�

�n=t<?-ti9n+6 $9?tin/=

3hich +ne  oesn^t �elong�

�+?n-2

�rrange students in groups of 2–4.  isplay the image of the four graphs for all to see. �sk students
to indicate when they have noticed one figure that does not belong and can explain why. #ive
students 1 minute of quiet think time and then time to share their thinking with their group. "ollow
with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

3hich graph doesn^t belong�

•
•
•
•
•

•

•

•
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%t?./nt $/=:9n=/

�nswers vary. Sample response�

� doesn^t belong because it is the only graph that touches the horizontal axis.

� doesn^t belong because it is the only one that is not a function.

� doesn^t belong because it is the only one made of straight line segments or because it is the only
graph with no interval where it is decreasing.

  doesn^t belong because it is the only one made of discrete points or because it is the only graph
with two distinct intervals where it is decreasing.

�-ti@itC %Cnt2/=i=

�fter students have conferred in groups, invite each group to share one reason why a particular
graph might not belong. .ecord and display the responses for all to see. �fter each response, ask
the rest of the class if they agree or disagree. Since there is no single correct answer to the question
of which graph does not belong, attend to students^ explanations and ensure the reasons given are
correct.

Try to highlight the two facts that there are points with the same first coordinate and diberent
second coordinates in graph � (which means it is not a function), the straight segments of � vs.
curves of the others, and the discrete nature of   during this discussion, using whatever language
students bring to it. �void introducing the traditional and names for the axes into the discussion
unless students use them first. More formal vocabulary will be developed in later activities, lessons,
and grades, and much of the motivation of this added vocabulary is to improve upon the somewhat
clunky language we are led to use without it.

Unit 5 �/==9n 5



79

5�
 &i7/ +n. &/7:/<+t?</
�	 minutes
The purpose of this activity is for students to begin using a graph of a functional relationship
between two quantities to make quantitative observations about their relationship. "or some
questions students must identify specific input-output pairs while in others they can use the shape
of the graph. "or example, when asked for which time the temperature was warmer, students need
only compare the relative height of the graph at the two diberent times (MP2). Similarly, students
can identify another time the temperature was the same as 4��� p.m. without actually knowing the
temperature at 4��� p.m.

Identify students who reason about the graph without identifying specific values to share during the
discussion. "or example, a student can identify that the temperature was highest at about ��4� p.m.
by finding the highest point on the graph without stating that that highest temperature was
approximately �� ".

�?i6.in1 &9A+<.=

8.".�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive students 4–6 minutes of quiet work time and then time to
share their responses with their partner. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� .epresent the same information as the graph through
diberent modalities by using tables and sentences. If students are unsure where to begin,
suggest they create a table to represent the time and temperature.
�upport4 "$$e44i#ilit: 'or� �on$eptu"l pro$e44in(�  i4u"l-4p"ti"l pro$e44in(

%t?./nt &+=5 %t+t/7/nt

The graph shows the temperature between noon and midnight in one day in a certain city.

•

•
•
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1. 3as it warmer at 3��� p.m. or ���� p.m.�

2. �pproximately when was the temperature highest�

3. "ind another time that the temperature was the same as it was at 4��� p.m.

4.  id the temperature change more between 1��� p.m. and 3��� p.m. or between 3���
p.m. and ���� p.m.�

�.  oes this graph show that temperature is a function of time, or time is a function of
temperature�

6. 3hen the input for the function is 8, what is the output� 3hat does that tell you about
the time and temperature�

%t?./nt $/=:9n=/

1. The temperature in the city was warmer at ���� p.m.

2. The temperature in the city was highest at approximately ��4� p.m.

3. �t 8��� p.m. the temperature in the city was the same as at 4��� p.m.

4. The temperature changed approximately 4 degrees between 1��� p.m. and 3��� p.m. but only
approximately 3.� degrees between 3��� p.m. and ���� p.m.

�. Temperature is a function of time.

6. �7. �t 8��� p.m., the temperature is �7 ".

�-ti@itC %Cnt2/=i=

 isplay the graph for all to see during the discussion. Select a few previously identified students per
problem to model how they found their answers on the displayed graph for the first five questions.
If not mentioned by students, demonstrate how to find the solution to the fourth problem by either

Unit 5 �/==9n 5
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identifying the temperature values at each time and subtracting or by measuring the vertical
change for each time interval.

"or the final question, ask students to plot the point on their graphs if they did not do so already.
Invite students to describe what the point means in the context.

If time allows, give 1 minute quite think time for groups to come up with their own question that
someone else could answer using the graph. Invite groups to share their question and ask a
diberent group to give the answer.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. �all on
students to use mathematical language to restate and�or revoice the response presented.
�onsider providing students time to restate what they hear to a partner, before selecting one
or two students to share with the class. �sk the original speaker if their peer was accurately
able to restate their thinking. �all students� attention to any words or phrases that helped to
clarify the original statement. This will provide more students with an opportunity to produce
language based on what they can interpret from a graph.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44

5�� �+<,+1/
�	 minutes
The purpose of this activity is for students to identify where a function is increasing or decreasing
from a graphical representation. In the previous activity students focused more on single points. In
this activity they focus on collections of points within time intervals and what the overall shape of
the graph says about the relationship between the two quantities.

�s students work, monitor for strategies for identifying increasing or decreasing intervals. Some
strategies might be�

finding the amount of garbage that corresponds to diberent years and comparing their values

drawing line segments between discrete points and observing whether the line segment slants
up or down as you move from left to right on the graph

using a finger to show that, as you move from left to right on the graph, the function trends
upward or downward

�..</==in1

8.".�.�

•
•

•

•
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�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.1� Stronger and �learer !ach Time

�+?n-2

Tell students to close their books or devices (or to keep them closed). �rrange students in groups of
2.  isplay the first graph for all to see. if students are not familiar with time plots, explain that each
point represents the value for one year starting with the point for 1��1. �sk students “ oes the
graph show the amount of garbage produced as a function of time, or the time as a function of the
amount of garbage produced�” (�mount of garbage produced as a function of time.)

#ive groups 1 minute to decide on a question that the information in the graph can answer. "or
example, “�bout how much garbage was produced in 2�1��” (�bout 2��,��� thousand or 2��
billion tons.) Invite groups to share their question and ask a diberent group to give the answer.

Tell students to reopen their books or devices and read the first problem. �sk�

“3hat do the words increase and decrease mean�” (Increase means a value is going up and
decrease means a value is going down.)

“"rom 1��� to 2���, did the amount of garbage produced in$re"4e or %e$re"4e�” (It increased.)

“$ow can you tell it increased�”

+ne way to answer this last question is to find the amount of garbage (about 23�,��� thousand
tons in 1��� and about 24�,��� in 2���) and compare the values, but there are easier ways. �all
upon students to articulate other methods, such as tracing from left to right with your finger and
noting that your finger is traveling upwards.

#ive students 3–� minutes work time for the remaining problems. !ncourage students to discuss
the last question pertaining to the second graph. If partners do not agree have them work together
until they come to agreement. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �e7elop �"n(u"(e "n% �:.#ol4� �reate a display of important terms and
vocabulary, and maintain the display for reference throughout the unit. Invite students to
suggest language or diagrams to include that will support their understanding of� increase,
decrease, steep, independent, dependent, function, and variable.
�upport4 "$$e44i#ilit: 'or� �e.or:� �"n(u"(e

•
•

•

•
•
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�nti-i:+t/. �i=-9n-/:ti9n=

Students may not answer with a range of dates, they might instead list each year it increased. � list
is acceptable, but be sure students see the connection between, for example, the list 1��6, 1��7,
and 1��8 and the same years stated as “from 1��6 to 1��8.”

%t?./nt &+=5 %t+t/7/nt

1. The graph shows the amount of garbage produced in the 1S each year between 1��1
and 2�13.

a.  id the amount of garbage increase or decrease
between 1��� and 2����

b.  id the amount of garbage increase or decrease
between 2��� and 2����

c. �etween 1��1 and 1���, the garbage increased for
three years, and then it decreased in the fourth year.
 escribe how the amount of garbage changed in the
years between 1��� and 2���.

2. The graph shows the percentage of garbage that was recycled between 1��1 and 2�13.
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a. 3hen was it increasing�

b. 3hen was it decreasing�

c. Tell the story of the change in the percentage of garbage recycled in the 1S over
this time period.

%t?./nt $/=:9n=/

1. a. Increase. �ased on the graph, from 1��� to 2��� the amount of garbage produced
increased from about 23�,��� to 24�,��� thousand tons.

b.  ecrease. �ased on the graph, from 2��� to 2��� the amount of garbage produced
decreased from about 2��,��� to 24�,��� thousand tons.

c. The amount of garbage decreased for one year, then increased for four years in a row.

2. a. The graph is increasing from 1��1 until 1��6, and from 1��8 to 2�11.

b. The graph is decreasing from 1��6 to 1��8, and 2�11 to 2�13.

c. �nswers vary. Sample response� The percentage of garbage recycled generally increased
from 1��1 until a peak at 2�11, and then began to decrease. There were brief periods of
decrease from 1��6 to 1��8 and 2��7 to 2��8.

�</ *9? $/+.C 09< �9</�

.efer to the graph in the first part of the activity.

1. "ind a year where the amount of garbage produced increased from the previous year,
but not by as much it increased the following year.

2. "ind a year where the amount of garbage produced increased from the previous year,
and then increased by a smaller amount the following year.

3. "ind a year where the amount of garbage produced decreased from the previous year,
but not by as much it decreased the following year.

Unit 5 �/==9n 5
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4. "ind a year where the amount of garbage produced decreased from the previous year,
and then decreased by a smaller amount the following year.

%t?./nt $/=:9n=/

1. 2��3

2. 1��7

3. 2��8

4. 1���

�-ti@itC %Cnt2/=i=

3hile discussing each graph, display for all to see. "or the first graph, ask previously selected
students to share their responses and their strategies for finding years where the amount of
garbage increased or decreased. Sequence student responses in the order listed in the �ctivity
Narrative.

�sk students to share their responses for the second graph. �lose the discussion by asking “$ow
might you describe this graph in general to someone who couldn�t see it�” Invite student to share
their descriptions. "or example, the percentage of garbage that was recycled increased overall from
1��� to 2�11, but began decreasing from 2�11 to 2�13.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� �i4tenin(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to help
students improve their writing, by providing them with multiple opportunities to clarify their
explanations through conversation. #ive students time to meet with 2–3 partners, to share
their response to, �Tell the story of the change in the percentage of garbage produced in the
1S over this time period.� Provide prompts for feedback that will help students strengthen
their ideas and clarify their language. "or example, “3hat happens first in your story�”, “$ow
do the points in your story match the graph�”, “3hat happened in 2�11�”, etc. #ive students
1–2 minutes to revise their writing based on the feedback they received.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

�/==9n %Cnt2/=i=
The graph of a function tells us a story about the context it represents. Specific points on the graph
connect to specific features of the situation.

�onsider asking some of the following questions about the graphs from the activities to reinforce
these ideas�

“+n the temperature graph, how do we find the time when it was the coolest�” (�y finding the
point on the graph that is the lowest.)

•
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“+n the temperature graph, how do we find the diberence between the hottest and the
coolest temperatures�” (3e can find the lowest and the highest points on the graph and count
the diberence between them using the grid or we can find the hottest temperature and
subtract from it the coolest temperature. !ither way the diberence is about � degrees.)

“(ooking at the garbage production graph, how does the production before 2��� compare
with the production since 2����” ("rom 1��� to 2���, production was increasing. �fter 2���
production leveled ob and seemed to decrease slightly.)

5�� �i/19�= 	�� $+-/
Cool Do.n
 	 minutes
�?i6.in1 &9A+<.=

8.".�

%t?./nt &+=5 %t+t/7/nt

 iego runs a 1� kilometer race and keeps track of his speed.

1. 3hat was  iego�s speed at the � kilometer mark in the race�

2. �ccording to the graph, where was  iego when he was going the slowest during the
race�

3.  escribe what happened to  iego�s speed in the second half of the race (from � km to
1� km).

%t?./nt $/=:9n=/

1. 1� kilometers per hour. This is the second coordinate of the point with first coordinate
representing � km.

•

•

•
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2. 3 kilometers into the race. This is the first coordinate of the lowest point on the graph,
representing the slowest speed.

3. "rom � km to 6 km,  iego went faster but slowed down from 6 km to 8 km. $e sped up again
from 8 km to � km and finished the last kilometer at the same speed.

%t?./nt �/==9n %?77+<C
$ere is a graph showing the temperature in a town as a function of time after 8��� p.m.

The graph of a function tells us what is happening in the context the function represents. In
this example, the temperature starts out at " at 8��� p.m. It decreases during the night,
reaching its lowest point at 8 hours after 8��� p.m., or 4��� a.m. Then it starts to increase
again.
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�/==9n 5 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
The solution to a system of equations is . �hoose two equations that might make up
the system.

�.

�.

�.

 .

!.

%96?ti9n
6���, � �7
("rom 1nit 4, (esson 13.)

"<9,6/7 

%t+t/7/nt
� car is traveling on a small highway and is either going �� miles per hour or 3� miles per
hour, depending on the speed limits, until it reaches its destination 2�� miles away. (etting
represent the amount of time in hours that the car is going �� miles per hour, and being
the time in hours that the car is going 3� miles per hour, an equation describing the
relationship is�

a. If the car spends 2.� hours going 3� miles per hour on the trip, how long does it spend
going �� miles per hour�

b. If the car spends 3 hours going �� miles per hour on the trip, how long does it spend
going 3� miles per hour�

c. If the car spends no time going 3� miles per hour, how long would the trip take� !xplain
your reasoning.

%96?ti9n
a. �bout 2.�� hours

b. 1 hour

Unit 5 �/==9n 5
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c. �bout 3.64 hours. If the car spent the entire trip going �� mph, the trip would be completed in
about 3.64 hours.

("rom 1nit �, (esson 3.)

"<9,6/7 �
%t+t/7/nt
The graph represents an obBect that is shot upwards from a tower and then falls to the
ground. The independent variable is time in seconds and the dependent variable is the
obBect^s height above the ground in meters.

a. $ow tall is the tower from which the obBect was shot�

b. 3hen did the obBect hit the ground�

c. !stimate the greatest height the obBect reached and the time it took to reach that
height. Indicate this situation on the graph.

%96?ti9n
a. 1� meters

b. 6 seconds after it was shot

c. �pproximately �3 meters high at 2.� seconds. � point should be plotted at .
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�/==9n �� �@/n �9</ �<+:2= 90 �?n-ti9n=

�9+6=
�ompare and contrast (orally) peers^ graphs that represent the same context.

�omprehend that graphs representing the same context can appear diberent, depending on
the variables chosen.

 raw the graph of a function that represents a context, and explain (orally) which quantity is a
function of which.

�/+<nin1 &+<1/t=
I can draw the graph of a function that represents a real-world situation.

�/==9n  +<<+ti@/
This lesson focuses on qualitative aspects of graphs, so there are no units or scale on the axes. In
the warm up, students analyze two diberent graphs that represent the same situation (based on a
series of photos).  epending on which quantities are chosen as the dependent and independent
variable, both graphs describe diberent aspects of the same story. The two functions represented
have the same independent variable (time), but diberent dependent variables (distance from edge
of lawn vs. distance from the camera).

In the following activity, students identify independent and dependent variables from contexts and
select an appropriate graph to match their choices.  iberent choices are possible, so students must
be precise about which choice they are making and explain how the choice relates to the graph
(MP6). In the final activity, students create a graph from a story. In doing so, students have to make
many choices about the aspects of a situation they want to represent with a mathematical
obBect\this is an important part of modeling with mathematics (MP4).  epending on the variables
chosen, graphs of the same situation can appear to be diberent but still tell the same story.

�6i1n7/nt=

�..</==in1

8.".�.��  escribe qualitatively the functional relationship between two quantities by analyzing
a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a
graph that exhibits the qualitative features of a function that has been described verbally.

�n=t<?-ti9n+6 $9?tin/=

#roup Presentations

M(.2� �ollect and  isplay

M(.8�  iscussion Supports

•
•

•

•

•

•
•
•
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$/;?i</. �+t/<i+6=

&996= 09< -</+tin1 + @i=?+6 .i=:6+C
�ny way for students to create work that can be
easily displayed to the class. !xamples� chart

paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.

$/;?i</. "</:+<+ti9n

Students are asked to make displays of their work in groups of 2–3. Prepare materials for creating a
visual display in this way such as markers, chart paper, board space, etc.

%t?./nt �/+<nin1 �9+6=

(et^s draw a graph from a story.

��	 �91 $?n
�arm �p
 	 minutes
The purpose of this warm-up is for students to realize there are diberent dependent variables that
can be used when making a model of a context and the choice of which we use abects how a graph
of a function looks. In the warm-up, students compare two graphs and then determine what the
creator of each graph chose as their dependent variable.  uring the partner discussion, students
should listen to their partner^s argument and decide if they agree or disagree with what they are
saying (MP3).

�..</==in1

8.".�.�

�+?n-2

 isplay the � pictures of the dog from the print statement for all to see. �sk “3hat is happening in
this succession of pictures�” �fter a brief quiet think time, invite students to share their answers. (�s
time elapses, the dog is moving.) Tell students they are going to consider two graphs describing the
dog^s movement.

�rrange students in groups of 2. #ive 1–2 minutes of quiet work time and then have them share
their responses with their partner to see if they agree or disagree with what variables  iego and (in
graphed. If partners do not agree, encourage students to make sense of their partner^s thinking and
reach a consensus. "ollow with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

$ere are five pictures of a dog taken at equal intervals of time.

•
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 iego and (in drew diberent graphs to represent this situation�

They both used time as the independent variable. 3hat do you think each one used for the
dependent variable� !xplain your reasoning.

%t?./nt $/=:9n=/

�oth graphs are good depictions of the scenario, using diberent variables as the dependent
variables. "or the dependent variables,  iego used the distance from the edge of the grass and (in
used the distance from the camera.

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to understand that the same situation can be represented
in diberent ways depending on what variables you choose to represent.

Select students to share the diberent variables that they think (in and  iego used in their graphs. If
any partners disagreed at first, ask those groups to share how they decided on their final response
for what variables  iego and (in were using.

��
 )2i-2 �<+:2 i= �t�
�� minutes
The purpose of this activity is for students to sketch a graph showing the qualitative features of the
function described in the problem. �uilding on the warm-up, in the first problem students decide
what independent and dependent variables were used to create a given graph. In the second
problem, students choose the variables and make their own sketch of the context. The problems
are designed to have multiple correct solutions based on which quantities students identify in the
descriptions. "or example, &ada�s information could be viewed from the perspective that the time it

Unit 5 �/==9n �
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takes her to swim a lap depends on how much she practices. �lternatively, we could also say that
the number of seconds she takes ob her time depends on how much she practices.

3atch for groups choosing diberent graphs for the first problem and groups sketching diberent
graphs for the last problem to share during discussion.

�..</==in1

8.".�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

Tell students to close their books or devices (or to keep them closed). �rrange students in groups of
2.  isplay the statement and graphs for all to see�

!lena filled up the tub and gave her small dog a bath. Then she let the water out of the tub.

�sk groups to decide which graph best fits the provided context and what independent and
dependent variables were used to create it. #ive 1–2 minutes for partners to discuss and then
select 2–3 groups to share their graph pick and choice for variables. (The second graph shows the
amount of water increasing, then staying steady, then decreasing over time. The amount of water in
the bath tub is a function of time.)

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� .epresent the same information as the graph through
diberent modalities by using tables. If students are unsure where to begin, suggest they create
a table to represent the independent and dependent variables.
�upport4 "$$e44i#ilit: 'or� �on$eptu"l pro$e44in(�  i4u"l-4p"ti"l pro$e44in(

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� �s students explain which graph they think matches the
water in !lena^s bathtub, revoice student ideas to demonstrate mathematical language use.
Press for details in students^ explanations by requesting that students challenge an idea,
elaborate on an idea, or give an example. This will help students to produce and make sense of
the language needed to communicate their own ideas.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

�nti-i:+t/. �i=-9n-/:ti9n=

Students may have a diecult time representing the “Bump” when money is added to the Bar. .emind
them of some of the function graphs they have seen in the past, such as with only discrete points
plotted, to remind them that graphs do not have to be a single, connected line.

%t?./nt &+=5 %t+t/7/nt

"or each situation,

name the independent and dependent variables

pick the graph that best fits the situation, or sketch the graph if one isn�t provided

label the axes

answer the question� which quantity is a function of which� �e prepared to explain your
reasoning.

1. &ada is training for a swimming race. The more she practices, the less time it takes for
her to swim one lap.

2. �ndre adds some money to a Bar in his room each week for 3 weeks and then takes
some out in week 4.

•
•
•
•

Unit 5 �/==9n �
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%t?./nt $/=:9n=/

�nswers vary. Sample responses�

1. If practice time is the independent variable and time to swim one lap is the dependent
variable, then the first graph is the best choice because an increase in practice time
corresponds to a decrease in lap completion time. (If the quantities are assigned in the other
order, the first graph will also be the best choice.) If practice time is the independent variable
and pace is the dependent variable, then the second graph could be a good choice. If practice
time is the independent variable and time she takes ob her total lap time is the dependent
variable, then the third graph is the best choice because increase practice time leads to an
increase in how much time she has dropped from her lap time.

2.

The graph shows money in the Bar increasing once per week three times, followed by a
decrease in week 4. The amount of money in the Bar is a function of the number of weeks.

�-ti@itC %Cnt2/=i=

Select previously identified groups to share their responses and record and display their graphs for
all to see.

If time allows, begin the discussion of the last problem by displaying this graph and asking students
what they think of it as a possible representation of the amount of money in �ndre�s savings Bar�
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#ive students 1 minute to consider the graph. Invite students to explain their thoughts about why it
is or is not a good representation. ("or example, the vertical lines would mean that at the same time
the Bar has two diberent amounts of money in it, which isn�t possible, so this is not a good
representation.) .emind students that functions only have one input for each output, so
relationships whose graphs have vertical lines cannot be functions.

+ne way to represent a function that steps in this way uses open and closed circles to show that the
function has only one value at each particular time.  iscuss with students how to redraw this graph
with open and closed circles so that the graph represents a function.

��� %5/t-2in1 + %t9<C +,9?t + �9C +n. + �i5/
�� minutes �t ere is a �igital -ersion of t is acti-ity�
The purpose of this task is for students to sketch a graph from a story. In order to make the sketch,
students must select two quantities from the story to graph, decide which is the independent
variable and which is the dependent variable, and create and label their axes based on their
decisions (MP4).

Monitor for displays that are correct but diberent from each other in important ways for students
to focus on during the discussion. "or example, they may diber by what variables were graphed
such as�

distance from home as a function of time

distance from park as a function of time

total distance traveled as a function of time

�..</==in1

8.".�.�

�n=t<?-ti9n+6 $9?tin/=

#roup Presentations

M(.2� �ollect and  isplay

•
•
•

•

•
•
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�+?n-2

�rrange students in groups of 2–3.  istribute tools for creating a visual display. �efore students
begin, it may be necessary to demonstrate how to “create a set of axes” so that a first-quadrant
graph can be sketched and is large enough to be seen from a distance. #roup work time followed
by a whole-class discussion.

If using the digital activity, the �ctivity Narrative is still valid, and student graphs will be used to drive
the class discussion. 3hat varies from the print activity is students will have access to an applet to
create their graphs. Students will be able to share their graphs by proBecting their screen. They may
need to save their graph by either exporting the image or “printscreen” to a word document.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �ro7i%e �$$e44 'or �):4i$"l �$tion� Provide access to tools and assistive
technologies such as the applet or graphing software. Some students may benefit from a
checklist or list of steps to be able to use the applet or software.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �on$eptu"l pro$e44in(� �ttention

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�on7er4in(� �epre4entin(� !ritin(� ���	 �olle$t "n% �i4pl":� �s students work in groups, capture
the vocabulary and phrases students use to describe the relationship between the variables
they selected over time. (isten for students who refer to the story to Bustify their decisions as
they create the shape of the graph. .ecord their language on a visual display that can be
referenced in future discussions. This will help students to produce and make sense of the
language needed to communicate about the relationship between quantities represented by
functions graphically and in story contexts.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44

�nti-i:+t/. �i=-9n-/:ti9n=

Students may try and start graphing before they have clearly articulated and labeled their axes with
their chosen variables. !ncourage groups to make sure all are in agreement on what variables they
are graphing before they create their display.

%t?./nt &+=5 %t+t/7/nt

4our teacher will give you tools for creating a visual display. 3ith your group, create a display
that shows your response to each question.

$ere is a story� “Noah was at home. $e got on his bike and rode to his friend^s house and
stayed there for awhile. Then he rode home again. Then he rode to the park. Then he rode
home again.”
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1. �reate a set of axes and sketch a graph
of this story.

2. 3hat are the two quantities� (abel the
axes with their names and units of
measure. ("or example, if this were a
story about pouring water into a pitcher,
one of your labels might say “volume
(liters).”)

3. 3hich quantity is a function of which�
!xplain your reasoning.

4. �ased on your graph, is his friend^s
house or the park closer to Noah�s
home� !xplain how you know.

�. .ead the story and all your responses
again.  oes everything make sense� If
not, make changes to your work.

%t?./nt $/=:9n=/

�nswers vary. Sample response�

1. There are several ways of choosing which variables to use to tell the story, and once the
variables are chosen, several ways to draw a graph to represent the story. These solutions
here will reference the graphs �, �, and �, which are all possible graphical interpretations of
the story.

2. In �, the quantities are the time elapsed (in hours), and the distance Noah is from home (in
miles).
In �, the quantities are the time elapsed (in hours), and the distance Noah is from the park (in
miles).
In �, the quantities are the time elapsed (in hours), and the total distance Noah has traveled
(in miles).

Unit 5 �/==9n �
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3. In �, the distance Noah is from home is a function of time.
In �, the distance Noah is from the park is a function of time.
In �, the distance Noah has traveled is a function of time.

4. In �, his friend�s house is farther than the park, since the graph indicates that while at his
friend�s house, Noah is further from home than when he is at the park.
In �, it is impossible to tell from the graph which is farther from Noah^s house. The graph
indicates that the friend�s house is closer to the park than it is to Noah^s house, but not
enough information about the distance between Noah�s house and his friend�s house to
answer the question.
In �, the park is closer than his friend^s house, since the graph of Noah^s total distance traveled
changes more when he travels to the park than it does when he travels to his friend�s house.

�</ *9? $/+.C 09< �9</�

It is the year 3���. Noah^s descendants are still racing around the park, but thanks to
incredible technological advances, now with much more powerful gadgets at their disposal.
$ow might their newfound access to teleportation and time-travel devices alter the graph of
stories of their daily adventures� �ould they abect whether or not the distance from home
is a function of the time elapsed�

%t?./nt $/=:9n=/

�nswers vary.

�-ti@itC %Cnt2/=i=

Select previously identified groups to share their visual displays for all to see throughout the
discussion. #ive students 2–3 minutes of quiet think time to review the 3 displays and identify
diberences and similarities. Invite students to share what they identified and record and display the
responses for all to see. If not brought up by students, ask�

“3hat is the same and diberent about the two quantities that each group chose to use in their
visual display�”

“ id each group use the same units of measure� 3hy does it make sense to use the unit of
measure seen in any of these examples�”

“3hy does it make sense to have time be the independent variable in this situation��

“ o all of these examples make sense in relation to the situation�”

�onclude the discussion by refocusing students on the input-output pairs described by the diberent
graphs. "or example, on a graph where distance from home is a function of time, there should be
three inputs where the output is zero since he starts at home, returns home from his friend^s
house, and ends at home.

�lternatively, have the class do a “gallery walk” in which students leave written feedback on
sticky-notes for the other groups. $ere is guidance for the kind of feedback students should aim to
give each other�

•

•

•
•
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“3hat is one thing that group did that would have made your proBect better if you had done
it�”

“3hat is one thing your group did that would have improved their proBect if they did it too�”

“ oes their answer make sense in the situation�”

“Is their answer about which house is closer to the park clear and correct�”

“If there was a mistake, what could they be more careful about in similar problems�”

�/==9n %Cnt2/=i=
'eep students in the same groups. .emind them of the multiple representations of the situation in
the last activity. Tell students to imagine a situation that could be modeled in at least two diberent
ways, depending upon which variables are chosen for the axes. #ive time for students to write a
clear explanation of the situation, the variables chosen, and how the choices would abect the
appearance of the graph. If time allows, have students sketch an example of each of their graphs
and share.

��� )+65in1 �97/ �<97 %-2996
Cool Do.n
 	 minutes
�..</==in1

8.".�.�

%t?./nt &+=5 %t+t/7/nt

!lena starts to walk home from school, but has to turn around and go back because she left
something in her locker. +n her way back home (the second time), she runs into her friend
who invites her to the library to do homework with her. She stays at the library and then
heads home to do her chores.  etermine�

3hich graph fits !lena�s story.

3hat the two quantities are.

3hich quantity is a function of which.

•

•
•
•
•

•

•
•
•
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%t?./nt $/=:9n=/

The first graph most directly redects !lena^s story if the vertical axis represents !lena^s distance
from home and the horizontal axis represents the time since she started to walk home from school
the first time. The graph then demonstrates that the distance from home is a function of the time
elapsed.

%t?./nt �/==9n %?77+<C
$ere is a graph showing �ndre�s distance as a function of time.

"or a graph representing a context, it is important to specify the quantities represented on
each axis. "or example, if this is showing distance from home, then �ndre starts at some
distance from home (maybe at his friend^s house), moves further away (maybe to a park),
then returns home. If instead the graph is showing distance from school, the story may be
�ndre starts out at home, moves further away (maybe to a friend�s house), then goes to
school. 3hat could the story be if the graph is showing distance from a park�
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�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
Match the graph to the following situations (you can use a graph multiple times). "or each
match, name possible independent and dependent variables and how you would label the
axes.

a. Tyler pours the same amount of milk from a bottle every morning.

b. � plant grows the same amount every week.

c. The day started very warm but then it got colder.

d. � carnival has an entry fee of �� and tickets for rides cost �1 each.

%96?ti9n
a. �. Independent variable and horizontal axis label� time (hours).  ependent variable and

vertical axis label� amount of milk in bottle (ounces).

b. �. Independent variable and horizontal axis label� time (weeks).  ependent variable and
vertical axis label� height of plant (inches).

c. �. Independent variable and horizontal axis label� time (hours).  ependent variable and
vertical axis label� temperature (degrees �elsius).

d. �. Independent variable and horizontal axis label� number of rides.  ependent variable and
vertical axis label� cost to attend carnival in dollars.

"<9,6/7 

%t+t/7/nt
&ada fills her aquarium with water.

Unit 5 �/==9n �
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The graph shows the height of
the water, in cm, in the
aquarium as a function of time
in minutes. Invent a story of
how &ada fills the aquarium
that fits the graph.

%96?ti9n
�nswers vary. +ne possible story� &ada turns on the water faucet, and the water in the aquarium is
increasing at a constant rate for the first two minutes to a height of 1� cm. Then &ada^s mom calls
her to take out the trash, so she turns ob the faucet for the minute it takes her to take out the
trash. �fter she comes back, she turns on the water higher than before, and the water increases to
a height of 3� cm in the next two minutes. This is high enough, and &ada turns ob the water.
1nfortunately, there is a slow leak, and the water height decreases to 2� cm. �fter two minutes,
&ada notices the leak. She stops it, and the water stays constant after that.

"<9,6/7 �
%t+t/7/nt
.ecall the formula for area of a circle.

a. 3rite an equation relating a circle^s radius, , and area, .

b. Is area a function of the radius� Is radius a function of the area�

c. "ill in the missing parts of the table.

3

%96?ti9n
a.
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b. 4es for both. �ny radius results in one and only one area. �ny area results in one and only one
radius, assuming that radii have to be positive.

c.
3 4 1�

("rom 1nit �, (esson 4.)

"<9,6/7 �
%t+t/7/nt
The points with coordinates , , and all lie on the line .

a. �reate a graph, plot the points, and sketch the line.

b. 3hat is the slope of the line you graphed�

c. 3hat does this slope tell you about the relationship between lengths and widths of
rectangles with perimeter 24�

Unit 5 �/==9n �
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%96?ti9n

a.

b. -1

c. � slope of -1 means that for rectangles of perimeter 24, every extra unit of length put into the
width is one less unit of length that can be put into the length.

("rom 1nit 3, (esson 11.)
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�/==9n �� �9nn/-tin1 $/:</=/nt+ti9n= 90 �?n-ti9n=

�9+6=
�ompare and contrast (orally) representations of functions, and describe (orally) the strengths
and weaknesses of each type of representation.

Interpret multiple representations of functions, including graphs, tables, and equations, and
explain (orally) how to find information in each type of representation.

�/+<nin1 &+<1/t=
I can compare inputs and outputs of functions that are represented in diberent ways.

�/==9n  +<<+ti@/
In this lesson, students compare two functions represented in diberent ways (graph and table,
graph and equation, and table and verbal description). In each case, students use the diberent
representations to find outputs for diberent inputs. !ven though they use diberent representations,
students are looking for the same information about the contexts and need to interpret each
representation appropriately.

In a graph, students identify the input on the horizontal axis, then find the corresponding
coordinate point on the graph, which lets them read the associated output. In a table, they find the
input value in the first row (or column) and read the output value in the second. "or functions given
by equations, students substitute the input value into the expression on the right side of the
equation and compute the corresponding output value on the left. Students also look for inputs
corresponding to a given output by trying to reverse these procedures.

!ach representation gives us the ability to find input-output pairs. $owever, each representation
has strengths and weaknesses. #raphs require estimation but easily let us identify important
features such as highest point or steepest section. Tables immediately let us find output values but
only for limited input values. !quations let us precisely compute outputs for all inputs, but only one
at a time. �omparing the diberent strengths of these representations helps students make
decisions about how to use these tools strategically in the future.

Note that this lesson specifically avoids comparisons of linear functions to other linear functions, in
order to avoid students associating “function” with only linear relationships. In a later lesson,
students revisit some of these ideas and compare linear functions.

�6i1n7/nt=

�..</==in1

8.".�.2� �ompare properties of two functions each represented in a diberent way
(algebraically, graphically, numerically in tables, or by verbal descriptions). "or example, given
a linear function represented by a table of values and a linear function represented by an
algebraic expression, determine which function has the greater rate of change.

•

•

•

•
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8.".�.3� Interpret the equation as defining a linear function, whose graph is a
straight line; give examples of functions that are not linear. "or example, the function
giving the area of a square as a function of its side length is not linear because its graph
contains the points , and , which are not on a straight line.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.2� �ollect and  isplay

M(.�� �o-�raft Questions

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s connect tables, equations, graphs, and stories of functions.

��	 )2i-2 +</ t2/ %+7/� )2i-2 +</ �iE/</nt�
�arm �p
 	 minutes
The purpose of this warm-up is for students to identify connections between three diberent
representations of functions� equation, graph, and table. Two of the functions displayed are the
same but with diberent variable names. It is important for students to focus on comparing
input-output pairs when deciding how two functions are the same or diberent.

�..</==in1

8.".�.2

�+?n-2

#ive students 1–2 minutes of quiet work time followed by a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

$ere are three diberent ways of representing functions. $ow are they alike� $ow are they
diberent�

•

•
•
•
•

•
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-2 -1 � 1 2 3

4 2 � -2 -4 -6

%t?./nt $/=:9n=/

�nswers vary. Possible responses�

The equations for the first two would have the same form but diberent variables.

The graphs for the first two are identical except for the labels on the axes.

� table of values for both the equation and graph would have the same ordered pairs but the
variables names would be diberent.

The third one has opposite outputs for the same input as the first two. The graph would be a
line redected across the -axis as compared with the first two.

�-ti@itC %Cnt2/=i=

�sk students to share ways the representations are alike and diberent. .ecord and display the
responses for all to see. To help students clarify their thinking, ask students to reference the
equation, graph, or table when appropriate. If the relationship between the inputs and outputs in
each representation does not arise, ask students what they notice about that relationship in each
representation.

��
 �97:+<in1 &/7:/<+t?</=
�� minutes

•
•
•

•
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This is the first of three activities where students make connections between diberent functions
represented in diberent ways. In this activity, students are given a graph and a table of
temperatures from two diberent cities and are asked to make sense of the representations in order
to answer questions about the context.

�..</==in1

8.".�.2

8.".�.3

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and then time to
share responses with their partner. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion�  emonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. "or
example, ask students to use the same color to highlight the temperatures for each city that
occurred at the same time such as blue for 4��� pm.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay the graph and table to students without
revealing the questions that follow. Invite students to work with their partner to write possible
questions that could be answered by the two diberent representations for the two cities. Select
2–3 groups to share their questions with the class. $ighlight questions that invite comparisons
between the two cities. This helps students produce the language of mathematical questions
and talk about the relationships between the graph and table.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

The graph shows the temperature between noon and midnight in �ity � on a certain day.

•
•

•
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The table shows the temperature, , in degrees "ahrenheit, for hours after noon, in �ity �.

1 2 3 4 � 6

82 78 7� 62 �8 ��

1. 3hich city was warmer at 4��� p.m.�

2. 3hich city had a bigger change in temperature between 1��� p.m. and ���� p.m.�

3. $ow much greater was the highest recorded temperature in �ity � than the highest
recorded temperature in �ity � during this time�

4. �ompare the outputs of the functions when the input is 3.

%t?./nt $/=:9n=/

1. �ity �. "rom the graph, the temperature in �ity � is at 4��� p.m., and from the table, the
temperature in �ity � is

2. �ity �. "rom the graph, the temperature in �ity � increased about 7.� degrees, from Bust under
to Bust over . "rom the table, the temperature in � decreased 24 degrees, from

degrees down to

3. �bout 23 degrees. "rom the graph, the highest recorded temperature in �ity � is about .
"rom the table, the highest recorded temperature in �ity � is . .

4. The first function gives the temperature in �ity � at 3��� p.m., which is about . The
second function gives the temperature in �ity � at 3��� p.m., which is . �ity � is hotter
than �ity � at that time by about 2�.� degrees, since .

Unit 5 �/==9n �
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�-ti@itC %Cnt2/=i=

 isplay the graph and table for all to see. Select groups to share how they used the two diberent
representations to get their answers for each question. To further student thinking about the
advantages and disadvantages of each representation, ask�

“3hich representation do you think is better for identifying the highest recorded temperature
in a city�” (The graph, since I Bust have to find the highest part. In the table I have to read all the
values in order to find the highest temperature.)

“3hich representation do you think is quicker for figuring out the change in temperature
between 1��� p.m. and ���� p.m.�” (The table was quicker since the numbers are given and I
only have to subtract. In the graph I had to figure out the temperature values for both times
before I could subtract.)

��� �97:+<in1 (96?7/=
�� minutes �t ere is a �igital -ersion of t is acti-ity�
This is the second of three activities where students make connections between diberent functions
represented in diberent ways. In this activity, students are given an equation and a graph of the
volumes of two diberent obBects. Students then compare inputs and outputs of both functions and
what those values mean in the context of the shapes.

�..</==in1

8.".�.2

8.".�.3

�n=t<?-ti9n+6 $9?tin/=

M(.2� �ollect and  isplay

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and then time to
share their responses with their partner. "ollow with a whole-class discussion.

If using the digital activity, students will have an interactive version of the graph that the print
statement uses. 1sing this version, students can click on the graph to determine coordinates, which
might be helpful. The focus of the discussion should remain on how and why students used the
graph and equation.

•

•

•
•

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �e7elop �"n(u"(e "n% �:.#ol4� 1se virtual or concrete manipulatives to connect
symbols to concrete obBects or values. "or example show or provide students with a cube and
sphere.  iscuss the relationship between the side length or radius and the volume of the
obBect.
�upport4 "$$e44i#ilit: 'or� �on$eptu"l pro$e44in(

�nti-i:+t/. �i=-9n-/:ti9n=

Some students may struggle with the many parts of the second question. These two questions can
help scabold the question for students who need it�

“3hat information is given to you and what can you do with it�”

“3hat information is the focus of the question and what would you like to know to be able to
answer that question.”

%t?./nt &+=5 %t+t/7/nt

The -olume, , of a cube with edge length cm is given by the equation .

The volume of a sphere is a function of its radius (in centimeters), and the graph of this
relationship is shown here.

1. Is the volume of a cube with edge length greater or less than the volume of
a sphere with radius 3�

2. If a sphere has the same volume as a cube with edge length �, estimate the radius of
the sphere.

•
•
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3. �ompare the outputs of the two volume functions when the inputs are 2.

%t?./nt $/=:9n=/

1. (ess. The volume of a cube with edge length is 27 cm3, since . "rom the graph, the

volume of a sphere of radius 3 cm3 is over 1�� cm3.

2. �bout 3.1 cm. The volume of a cube with edge length � cm is 12� cm3, since . "rom

the graph, the volume of a sphere with radius 3.1 cm is about 12� cm3.

3. The output of the cube volume function is 8 cm3 when the input is 2 cm, since . "rom

the graph, the output of the sphere volume function when the input is 2 cm is about 3� cm3.

�</ *9? $/+.C 09< �9</�

!stimate the edge length of a cube that has the same volume as a sphere with radius 2.�.

%t?./nt $/=:9n=/

�bout 4. "rom the graph, the volume of a sphere of radius 2.� is about 6�, whereas a cube of side
length 4 has volume .

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to think about how they used the information from
the diberent representations to answer questions around the context.

 isplay the equation and graph for all to see. Invite groups to share how they used the
representations to answer the questions. �onsider asking the following questions to have students
expand on their answers�

“$ow did you use the given representations to find an answer� $ow did you use the equation�
The graph�”

“"or which problems was it nicer to use the equation� The graph� !xplain your reasoning.”

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�on7er4in(� �epre4entin(� !ritin(� ���	 �olle$t "n% �i4pl":� �s students work, capture the
vocabulary and phrases students use to describe the connections across the two diberent
representations (e.g., equation and graph). (isten for students who Bustify their ideas by
explaining how or why they know something is true based on the equation or graph. Scribe
students^ language on a visual display that can be referenced in future discussions. This will
help students to produce and make sense of the language needed to communicate about the
relationships between quantities represented by functions graphically and in equations.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44

•

•
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��� �tD=  9t + $+-/
�ptional
 �� minutes
In this activity, students continue their work comparing properties of functions represented in
diberent ways. Students are given a verbal description and a table to compare and decide
whose family traveled farther over the same time intervals. The purpose of this activity is for
students to continue building their skill interpreting and comparing functions.

�..</==in1

8.".�.2

8.".�.3

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

#ive students 3–� minutes of quiet work time, followed with whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

Students may miss that !lena^s family^s speed has diberent units than what is needed to compare
with �ndre^s family. Point out to students that the units are important and possibly ask them to find
out how many miles !lena^s family travels in 1 minute rather than 1 hour.

%t?./nt &+=5 %t+t/7/nt

!lena^s family is driving on the freeway at �� miles per hour.

�ndre^s family is driving on the same freeway, but not at a constant speed. The table shows
how far �ndre�s family has traveled, , in miles, every minute for 1� minutes.

1 2 3 4 � 6 7 8 � 1�

�.� 1.� 3.� 4.1 �.1 6.2 6.8 7.4 8 �.1

1. $ow many miles per minute is �� miles per hour�

2. 3ho had traveled farther after � minutes� �fter 1� minutes�

3. $ow long did it take !lena^s family to travel as far as �ndre^s family had traveled after 8
minutes�

4. "or both families, the distance in miles is a function of time in minutes. �ompare the
outputs of these functions when the input is 3.

•
•

•
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%t?./nt $/=:9n=/

1. �.�2 miles per minute.

2. a. �ndre had traveled farther after � minutes. !lena traveled 4.6 miles, because
. "rom the table we see that �ndre traveled �.1 miles in that same time.

b. !lena had traveled farther after 1� minutes. !lena traveled �.2 miles, because
. �ndre traveled �.1 miles in that same time.

3. �bout 8.�4 minutes. �fter 8 minutes, �ndre has traveled 7.4 miles. To find the number of
minutes, , it takes !lena to travel 7.4 miles at �.�2 miles per minute, we solve the equation

to find that is approximately 8.�4 minutes.

4. The function for �ndre^s family gives an output of 3.� miles on an input of 3 minutes. The
function for !lena^s family gives an output of 2.76 on an input of 3 minutes, since

. Therefore, �ndre^s family has traveled a greater distance after 3 minutes than
!lena^s family did.

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to think about how they use a verbal description and
table to answer questions related to the context. �sk students to share their solutions and how they
used the equation and graph. �onsider asking some of the following questions�

“$ow did you use the table to get information� $ow did you use the verbal description�”

“3hat did you prefer about using the description to solve the problem� 3hat did you prefer
about using the table to solve the problem�”

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �o$i"l-e.otion"l 4,ill4� �ttention

•
•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to redect on their problem-solving strategies. �sk students to write an
initial response to the prompt, “3hat did you prefer about using the description to solve the
problem� 3hat did you prefer about using the table to solve the problem�” #ive students time
to meet with 2–3 partners, to share and get feedback on their responses. Provide prompts for
feedback that will help students strengthen their ideas and clarify their language (e.g., “3hat
do you mean�”, “�an you give an example�”, and “�an you say that another way�”, etc.). #ive
students 1–2 minutes to revise their writing based on the feedback they received. This will help
students produce a written generalization about interpreting and comparing functions.
�e4i(n �rin$iple�4�� �pti.i;e output �'or (ener"li;"tion�

�/==9n %Cnt2/=i=
3e looked at several diberent ways functions are represented today� graphs, tables, equations, and
verbal descriptions. 3e can use each representation to find outputs for diberent inputs. In each
case we may perform diberent actions, but we are looking for the same information. �onsider
discussing these questions to emphasize the strengths and weaknesses of the representations with
students�

“Think about each of the representations of a function that we have used today. 3hat is easy
or hard about using each representation� 3hat type of question do you prefer to answer with
each�”

“If we had only used tables in the volume activity, how could that have made it easier�
$arder�” (It would have been easier to find the volumes when the inputs were the same value,
but it would have been harder if the tables didn�t have exactly the same inputs.)

“If we had only used graphs to represent the functions in the car activity, how would that have
been easier� $ow would it have been harder�” (It is easier to compare which is farther at a
specific time, but it is harder to have an accurate answer, since graphs require estimation.)

��5 �97:+<in1 �iE/</nt �</+=
Cool Do.n
 	 minutes
�..</==in1

8.".�.2

%t?./nt &+=5 %t+t/7/nt

The table shows the area of a square for specific side lengths.

•

•

•

•
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si�e lengt  �inc es� �.� 1 2 3

area �s(uare inc es� �.2� 1 4 �

The area of a circle with radius is given by the equation .

Is the area of a square with side length 2 inches greater than or less than the area of a circle
with radius 1.2 inches�

%t?./nt $/=:9n=/

(ess than. "rom the table the area of a square of side length 2 inches is 4 square inches,whereas
from the equation the area of a circle with radius 1.2 inches is about 4.�2 square inches.

%t?./nt �/==9n %?77+<C
"unctions are all about getting outputs from inputs. "or each way of representing a
function\equation, graph, table, or verbal description\we can determine the output for a
given input.

(et�s say we have a function represented by the equation where is the
dependent variable and is the independent variable. If we wanted to find the output that
goes with 2, we can input 2 into the equation for and finding the corresponding value of .
In this case, when is 2, is 8 since .

If we had a graph of this function instead, then the coordinates of points on the graph are the
input-output pairs. So we would read the -coordinate of the point on the graph that
corresponds to a value of 2 for . (ooking at the graph of this function here, we can see the
point on it, so the output is 8 when the input is 2.
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� table representing this function shows the input-output pairs directly (although only for
select inputs).

-1 � 1 2 3

-1 2 � 8 11

�gain, the table shows that if the input is 2, the output is 8.

�69==+<C
volume•

Unit 5 �/==9n �



119

�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
The equation and the tables represent two diberent functions. 1se the equation
and the table to answer the questions. This table represents as a function of .

-3 � 2 � 1� 12

-2� 7 3 21 1� 4�

a. 3hen is -3, is or greater�

b. 3hen is 21, what is the value of � 3hat is the value of that goes with this value of �

c. 3hen is 6, is or greater�

d. "or what values of do we know that is greater than �

%96?ti9n
a.

b.

c. There is not enough information to answer this question, since 6 is not in the table for .

d. �, �, and 12

"<9,6/7 

%t+t/7/nt
!lena and (in are training for a race. !lena runs her mile at a constant speed of 7.� miles per
hour.

(in^s total distances are recorded every minute�

time
�minutes�

1 2 3 4 � 6 7 8 �

�istance
�miles�

�.11 �.21 �.32 �.41 �.�3 �.62 �.73 �.8� 1

a. 3ho finished their mile first�
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b. This is a graph of (in^s progress.  raw a graph to represent !lena^s mile on the same
axes.

c. "or these models, is distance a function of time� Is time a function of distance� !xplain
how you know.

%96?ti9n
a. !lena finished her mile first. It took her 8 minutes to complete her mile, but took (in �

minutes.

b.

c. In both models, distance is a function of time, and time is also a function of distance. #iven a
time for either runner the distance can be found, and vice versa.

"<9,6/7 �
%t+t/7/nt
Match each function rule with the value that could not be a possible input for that function.

Unit 5 �/==9n �
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�. 3 divided by the input

�. �dd 4 to the input, then divide this value
into 3

�. Subtract 3 from the input, then divide
this value into 1

1. 3

2. 4

3. -4

4. �

�. 1

%96?ti9n
�� 4

�� 3

�� 1

("rom 1nit �, (esson 2.)

"<9,6/7 �
%t+t/7/nt
"ind a value of that makes the equation true. !xplain your reasoning, and check that your
answer is correct.

%96?ti9n
. This is the same as . If 1 is added to each side, that results

in . If is added to each side, then . �oth sides are then multiplied by

to find or . This is correct because and

.

("rom 1nit 4, (esson 4.)

�
�
�
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%/-ti9n� �in/+< �?n-ti9n= +n. $+t/= 90 �2+n1/

�/==9n �� �in/+< �?n-ti9n=

�9+6=
�omprehend that any linear function can be represented by an equation in the form

, where and are rate of change and initial value of the function, respectively.

�oordinate (orally and in writing) the graph of a linear function and its rate of change and
initial value.

�/+<nin1 &+<1/t=
I can determine whether a function is increasing or decreasing based on whether its rate of
change is positive or negative.

I can explain in my own words how the graph of a linear function relates to its rate of change
and initial value.

�/==9n  +<<+ti@/
This is the first of three lessons about linear functions. Students are already familiar with linear
equations and their graphs from previous units.

In the first activity, students see that a proportional relationship between two quantities can be
viewed as a function. They see that either quantity can be chosen as the independent variable and
that the only diberence in the equation and the graph is the constant of proportionality, which is
visible on the graph as the slope of the line through the origin.

In the next activities, students investigate and make connections between linear functions as
represented by graphs, descriptions, and by the equation . They interpret the slope of
the line as the rate of change of the dependent variable with respect to the independent variable
and the vertical intercept of the line as the initial value of the function. Students also compare
properties of linear functions represented in diberent ways to determine, for example, which
function has the greater rate of change. �onsider using the optional activity if students need more
practice comparing linear functions represented in diberent ways.

�6i1n7/nt=

�..</==in1

8.".�.2� �ompare properties of two functions each represented in a diberent way
(algebraically, graphically, numerically in tables, or by verbal descriptions). "or example, given
a linear function represented by a table of values and a linear function represented by an
algebraic expression, determine which function has the greater rate of change.

8.".�.3� Interpret the equation as defining a linear function, whose graph is a
straight line; give examples of functions that are not linear. "or example, the function

•

•

•

•

•

•
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giving the area of a square as a function of its side length is not linear because its graph
contains the points , and , which are not on a straight line.

8.".�.4� �onstruct a function to model a linear relationship between two quantities.  etermine
the rate of change and initial value of the function from a description of a relationship or from
two values, including reading these from a table or from a graph. Interpret the rate of
change and initial value of a linear function in terms of the situation it models, and in terms of
its graph or a table of values.

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.1� Stronger and �learer !ach Time

M(.�� �o-�raft Questions

M(.8�  iscussion Supports

%t?./nt �/+<nin1 �9+6=

(et^s investigate linear functions.

��	 �i11/< +n. %7+66/<
�arm �p
 	 minutes
The purpose of this warm-up is for students to reason about the values we can assign graphs based
on which feature of the graph, such as slope and -intercept, the viewer focuses on. Since there are
no numbers on the graph, it is important for students to explain how they know the sign of the
slope and -intercept based on the position of the graph.

�..</==in1

8.".�.4

�+?n-2

 isplay the three graphs for all to see. Tell students that all three graphs have the same scale. #ive
students 1–2 minutes of quiet work time, followed by a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

 iego said that these graphs are ordered from smallest to largest. Mai said they are ordered
from largest to smallest. �ut these are graphs, not numbers� 3hat do you think  iego and
Mai are thinking�

•

•
•
•
•

•
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%t?./nt $/=:9n=/

In the first graph, the line decreases when we read left to right. That means it has a negative slope.
The second line stays horizontal the entire time, so it must have a slope of zero. The third graph
increases as we read left to right, so it has a positive slope. That means the slopes are ordered from
least to greatest.

+n the other hand, the -intercept of the graph on the left is positive and higher than the second
graph. The -intercept of the last graph is negative, so the -intercepts are ordered from greatest to
least.

�lternatively, Mai may Bust be looking at the left side of the graphs where they “start” while  iego is
looking at the right side of the graph where they “end up.”

�-ti@itC %Cnt2/=i=

 isplay the three graphs for all to see. Invite students to share what they think  iego and Mai are
thinking. !ncourage students to reference the graphs in their explanation. .ecord and display their
responses for all to see. !mphasize that even though there are no numbers shown, we can tell the
sign of the slope and the sign of the -intercept based on the position of the line.

��
 "<9:9<ti9n+6 $/6+ti9n=2i:= �/Fn/ �in/+<
�?n-ti9n=
�	 minutes
This activity begins connecting proportional relationships, which students learned in previous
grades, to functions. Students use function language with proportional relationships and make
connections between what they know about functions and what they know about proportional
relationships. Students use similar contexts from previous grades to learn that proportional
relationships are linear functions. They are also asked to determine the independent and
dependent variables and the equation of the function.

Monitor for students who made opposite decisions assigning the independent and dependent
variables. "or the first problem, some may have written and some may have written

Unit 5 �/==9n �
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. "or the second problem, some may have written , and some may have written

.

�..</==in1

8.".�.3

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and then time to
share responses with their partner. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion�  emonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. "or
example ask students to use the two diberent colors to represent the independent and
dependent variables. !ncourage students to use each respective color to label the graph, plot
points, and represent variables in equations.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4�  isplay sentence frames to support students as they Bustify
the independent and dependent variables they selected.
"or example, “888888 is the independent variable, because88888.” or “888888 depends on 88888,
because 888888.”
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or +u4ti>$"tion�

�nti-i:+t/. �i=-9n-/:ti9n=

Students may use diberent scales on the axes and then try to compare rates. Point out that in order
to compare the constant rate of change visually, the scales and labels on the axes must be the
same. "or example, students who use the representation versus the representation

may have graphs that look either very similar or very diberent depending on how they scaled the
axes, and students who write the same equation but use diberent scales may have graphs that look
diberent from each other.

•
•

•
•
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If students appear to be stuck on this misconception, consider selecting two graphs of the same
function that use diberent scales and adding a point to the discussion about using scale to compare
representations of the graph. �onsider asking, “3hat could we do to the scale on the axes to see
the constant rate of change on each graph and accurately compare them�” (1se the same scale on
each axis, or graph both axes using the same length to represent 1 unit.)

%t?./nt &+=5 %t+t/7/nt

1. &ada earns �7 per hour mowing her neighbors^ lawns.
a. Name the two quantities in this situation that are in a functional relationship.

3hich did you choose to be the independent variable� 3hat is the variable that
depends on it�

b. 3rite an equation that represents the function.

c. $ere is a graph of the function. (abel the axes. (abel at least two points with
input-output pairs.

2. To convert feet to yards, you multiply the number of feet by .

a. Name the two quantities in this situation that are in a functional relationship.
3hich did you choose to be the independent variable� 3hat is the variable that
depends on it�

b. 3rite an equation that represents the function.

c.  raw the graph of the function. (abel at least two points with input-output pairs.

Unit 5 �/==9n �
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%t?./nt $/=:9n=/

1. a. The time, , that &ada spent mowing lawns, is in a functional relationship with the amount
of money, , that &ada has earned. 3e can choose to think of as a function of , or
vice versa.

b. 3e write if we chose as the dependent variable and as the independent
variable, or if we chose as the dependent variable and as the independent

variable.

c.

2. a. The value of a measurement in yards, , is in a functional relationship with the value of
that same measurement in feet. 3e can choose to think of as a function of , or vice
versa.
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b. 3e write if we choose as the dependent variable and as the independent

variable, or if we choose as the dependent variable and as the independent

variable.

c.

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to understand that proportional relationships are
functions and to connect the parts of functions to what they know about proportional relationships.
Select previously identified students to share their equations and graphs. Sequence student work
so that at least one example of each representation is shown for each of the problems, starting with
the most common representation.  isplay their responses for all to see. �onsider asking some of
the following questions to help students make connections between the diberent representations�

Unit 5 �/==9n �
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“"or the first problem, if we wanted to know how many hours &ada needs to work to make a
certain amount of money, which equation would make more sense to use� 3hy�” ( ,

because in that equation, time worked, , is expressed as a function of money earned, .)

“"or the second problem, when would we want to use the equation �” (3hen we know
the number of yards and need to calculate the number of feet.)

“$ow do we know that each of these situations are represented by functions�” ("or each valid
input, there is only one output. "or example, no matter which equation I use for the
relationship between feet and yards, a specific number of feet will always equal the same
number of yards.)

��� �= it �i66in1 U: 9< �<+inin1 !?t�
�� minutes
The purpose of this activity is to connect features of an equation representing a function to what
that means in a context.

Students start with two functions that represent a tank being filled up and another being drained
out and are asked to determine which equations represent which situation. This gives students the
opportunity to connect initial value and slope, which they learned about in a previous unit, to the
general form of the linear equation and to the fact that linear relationships are functions.

�..</==in1

8.".�.2

8.".�.3

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and then time to
share their responses with their partner and reach agreement on their answers. !ncourage
partners to talk about specific parts of the graph and equation that indicate whether the tank is
filling up or draining out. "ollow with a whole-class discussion.

•

•

•

•
•
•

•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �ntern"li;e �9e$uti7e �un$tion4� �hunk this task into more manageable
parts to support students who benefit from support with organization and problem solving.
"or example present one question at a time.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �ttention

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay the task statement without the questions
that follow. �sk pairs of students to write possible mathematical questions about the situation.
Then, invite pairs to share their questions with the class. (ook for questions that ask students
to determine which tank is increasing or decreasing in volume. This helps students produce the
language of mathematical questions and talk about the relationship between slope and the
situation of water dowing in or out of a tank prior to solving the questions in this activity.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

There are four tanks of water.

The amount of water in gallons, , in Tank � is given by the function ,
where is in minutes.

The amount of water in gallons, , in Tank � starts at 4�� gallons and is decreasing at �
gallons per minute. These functions work when and .

1. 3hich tank started out with more water�

2. 3rite an equation representing the relationship between and .

3. +ne tank is filling up. The other is draining out. 3hich is which� $ow can you tell�

4. The amount of water in gallons, , in Tank � is given by the function . Is it
filling up or draining out� �an you tell Bust by looking at the equation�

•

•

Unit 5 �/==9n �



131

�. The graph of the function for the amount of water in gallons, , in Tank   at time is
shown. Is it filling up or draining out� $ow do you know�

%t?./nt $/=:9n=/

1. Tank �. The two equations tell us that when , the volume of water in Tank � is 2��
gallons, and the volume of water in Tank � is 4�� gallons.

2.

3. Tank � is filling up, and Tank � is draining out. �s time goes on, corresponding to larger values
of , the value of gets bigger, but the value of gets smaller.

4.  raining out. �s increases, the value of decreases, since we are subtracting larger values
from 8��. In short, it is because we are subtracting multiples of instead of adding them that
we can quickly see that Tank � is draining.

�.  raining out. �s time increases, the value of goes down.

�</ *9? $/+.C 09< �9</�

Pick a tank that was draining out. $ow long did it take for that tank to drain� 3hat
percent full was the tank when 3�� of that time had elapsed� 3hen 7�� of the time
had elapsed�

3hat point in the plane is 3�� of the way from to � 7�� of the way�

3hat point in the plane is 3�� of the way from to � 7�� of the way�

%t?./nt $/=:9n=/

�nswers vary. Sample response� It takes 8� minutes for Tank � to drain, because .
The tank is 7�� full after 3�� of that time has elapsed. The tank is 3�� full after 7�� of that
time has elapsed.

The point is 3�� of the way from to , because and
.

The point is 7�� of the way from to , because and
.

•

•
•

•

•
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The point is 3�� of the way from to . The -coordinates are � units apart,
because . 3�� of � is 1.� and . The -coordinates are 1 unit apart,
because . 3�� of 1 is �.3 and .
The point is 7�� of the way from to . 7�� of � is 3.� and .
7�� of 1 is �.7 and .

�-ti@itC %Cnt2/=i=

�onsider asking some of the following questions to begin the discussion�

“"or the second problem, what in the equation tells you that the slope is decreasing�
Increasing�” ( ecreasing� the slope in the equation is negative; Increasing� the slope in the
equation is positive.)

“"or the third problem, what is similar between the equation in this problem and the
decreasing equation in the previous problem�”
(�oth slopes are negative.)

“"or the last problem, what in the graph tells you that Tank   is draining out� 3hat would a
graph that has a tank filling up look like� 3hat would be diberent�” (I know it is draining out
because the graph is going down from left to right. If the tank were filling up, the graph would
be going up from left to right.)

Tell students that a linear function can always be represented with an equation of the form
. The slope of the line, , is the rate of the change of the function and the initial value of

the function is .

If time allows, give students the following scenario to come up with a possible equation for Tank  �

“Tank   started out with more water than Tank � but less water than Tank �. The water is draining
from Tank   faster than from Tank � but slower than Tank �. 3hat is a possible equation for the
graph of the function for the amount of water in Tank   over time �” (Students should choose an
initial value between 4�� and 8��, and a constant rate of change between -7 and -�. +ne possible
such equation might be .)

��� )2i-2 i= �<9Ain1 �+=t/<�
�ptional
 �� minutes
The purpose of this activity is for students to connect their work with linear equations to functions.
The two linear functions in this activity are represented diberently and students are asked to
compare various features of each representation.

Identify students who use diberent methods to answer the questions.
"or example, students may write an equation to represent Noah^s account, and others may make a
table to show the value in each account at diberent numbers of weeks by reasoning about the rate
of change and the amount in each account when they were opened.

•

•

•

•
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�..</==in1

8.".�.2

8.".�.3

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

#ive students 1–2 minutes of quiet work time. "ollow with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

Noah is depositing money in his account every week to save money. The graph shows the
amount he has saved as a function of time since he opened his account.

!lena opened an account the same day as
Noah. The amount of money in her account
is given by the function , where

is the number of weeks since the account
was opened.

1. 3ho started out with more money in their account� !xplain how you know.

2. 3ho is saving money at a faster rate� !xplain how you know.

3. $ow much will Noah save over the course of a year if he does not make any
withdrawals� $ow long will it take !lena to save that much�

%t?./nt $/=:9n=/

1. They are the same. �t the left edge of the graph, representing the time when they opened the
accounts, Noah had �6�. 3hen is �, the money in !lena^s account when it was opened is
found by , so she also had �6�.

•
•
•

•
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2. !lena is saving money at a faster rate. !very 2 weeks, Noah^s account increases by �1� while
!lena^s account goes up by �8 each week, so she makes �16 in two weeks.

3. Noah will save �26� over a year in addition to the �6� he opened the account with, since he
saves �1� every 2 weeks and there are �2 weeks in the year. It will take !lena Bust 33 weeks to
save the same amount since she also started with �6� ( , so rounding up, it will
take 33 weeks).

�-ti@itC %Cnt2/=i=

 isplay the graph of Noah^s savings over time and the equation for the amount of money in !lena^s
account for all to see. Select students previously identified to share their responses.

�onsider asking the following questions to help student make connections between the diberent
representations�

“$ow did you determine the amount Noah saved in a year�” (I used the graph to figure out
that Noah saves �� each week and multiplied that by �2 weeks.)

“3hat equations could you use to solve the last question�” (I could use the equation
for the amount of money in Noah^s account after weeks. 3hen , Noah

has �32�. If I solve the equation for , I would know how many weeks it would
take !lena to have �32� in her account.)

“$ow could you solve the last question without using an equation�”
(I could extend the graph out to �2 weeks and plot the value of each account over the year.)

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class.
�upport4 "$$e44i#ilit: 'or� �ttention� �o$i"l-e.otion"l 4,ill4

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to refine their explanation of how they determined who started out
with more money in their account. �sk each student to meet with 2–3 other partners in a row
for feedback. Provide students with prompts for feedback that will help them strengthen their
ideas and clarify their language (e.g., “3hat did you do first�”, and “$ow did you determine how
much money they each had at the start�”, etc.). Students can borrow ideas and language from
each partner to strengthen the final product. They can return to the first partner and revise
their initial response.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

•

•

•
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�/==9n %Cnt2/=i=
To help students make connections between work they have done previously with linear equations
and functions, consider asking some of the following questions�

“$ow can we tell if a linear function is increasing from an equation� "rom a graph�” (In a linear
equation , if is positive, the linear function is increasing. In a graph, if the line is
going up from left to right, then the function is increasing.)

“$ow can we tell from the graph if the initial value of the function is positive� $ow can I tell
from the equation�” (If the graph of the function crosses the vertical axis above �, then the
initial value is positive. In the equation, of a linear function, the is positive when
the initial value is positive.)

��5 �/1innin1 t9 %// �+C6i12t
Cool Do.n
 	 minutes
�..</==in1

8.".�.3

8.".�.4

�+?n-2

!xplain that an equinox is the day when there is an approximately equal amount of daylight and
darkness.

�nti-i:+t/. �i=-9n-/:ti9n=

Some students may think graph � is an acceptable choice, since some places do get zero hours of
sunlight sometimes, but this never happens near the equinox or for any cities in "rance.

%t?./nt &+=5 %t+t/7/nt

In a certain city in "rance, they gain 2 minutes of daylight each day after the spring equinox
(usually in March), but after the autumnal equinox (usually in September) they lose 2 minutes
of daylight each day.

•

•

•
•
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1. 3hich of the graphs is most likely to represent the graph of daylight for the month after
the spring equinox�

2. 3hich of the graphs is most likely to represent the graph of daylight for the month after
the autumnal equinox�

3. 3hy are the other graphs not likely to represent either month�

%t?./nt $/=:9n=/

1.  

2. �

3. #raph � does not make sense because there is a constant amount of daylight. #raph � does
not make sense because it goes through the origin, meaning it started with � minutes of
daylight.

%t?./nt �/==9n %?77+<C
Suppose a car is traveling at 3� miles per hour. The relationship between the time in hours
and the distance in miles is a proportional relationship. 3e can represent this relationship
with an equation of the form , where distance is a function of time (since each input
of time has exactly one output of distance). +r we could write the equation instead,

where time is a function of distance (since each input of distance has exactly one output of
time).

More generally, if we represent a linear function with an equation like , then is
the initial value (which is � for proportional relationships), and is the rate of change of the

Unit 5 �/==9n �
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function. If is positive, the function is increasing. If is negative, the function is decreasing.
If we represent a linear function in a diberent way, say with a graph, we can use what we
know about graphs of lines to find the and values and, if needed, write an equation.
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�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
Two cars drive on the same highway in the same direction. The graphs show the distance, ,
of each one as a function of time, . 3hich car drives faster� !xplain how you know.

%96?ti9n
�ar � drives faster. The two cars began at the same place, but after any amount of time, �ar � has
traveled farther than �ar �. #raphically, the slope of the line corresponding to �ar � is greater than
the slope of the line corresponding to �ar �, so the rate of change of distance per time (speed) is
higher for �ar �.

"<9,6/7 

%t+t/7/nt
Two car services ober to pick you up and take you to your destination. Service � charges 4�
cents to pick you up and 3� cents for each mile of your trip. Service � charges �1.1� to pick
you up and charges cents for each mile of your trip.

Unit 5 �/==9n �
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a. Match the services to the (ines and .

b. "or Service �, is the additional
charge per mile greater or less than
3� cents per mile of the trip�
!xplain your reasoning.

%96?ti9n
a. Service � is represented by (ine . Service � is represented by (ine .

b. (ess than 3� cents per mile since (ine is not increasing as quickly as (ine .

"<9,6/7 �
%t+t/7/nt
'iran and �lare like to race each other home from school. They run at the same speed, but
'iran�s house is slightly closer to school than �lare�s house. +n a graph, their distance from
their homes in meters is a function of the time from when they begin the race in seconds.

a. �s you read the graphs left to right, would the lines go up or down�

b. 3hat is diberent about the lines representing 'iran�s run and �lare�s run�

c. 3hat is the same about the lines representing 'iran�s run and �lare�s run�

%96?ti9n
a.  own

b. �nswers vary. Sample response� �lare�s line would be higher up since she started farther away
from her house.

c. �nswers vary. Sample response� The lines would have the same slope since they run at the
same speed.

"<9,6/7 �
%t+t/7/nt
3rite an equation for each line.
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%96?ti9n
#reen line� , blue line� , black line� , yellow line� , red line�

("rom 1nit 3, (esson 11.)

Unit 5 �/==9n �
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�/==9n �� �in/+< �9./6=

�9+6=
�ompare and contrast (orally and in writing) diberent linear models of the same data, and
determine (in writing) the range of values for which a given model is a good fit for the data.

�reate a model of a non-linear data using a linear function, and Bustify (orally and in writing)
whether the model is a good fit for the data.

�/+<nin1 &+<1/t=
I can decide when a linear function is a good model for data and when it is not.

I can use data points to model a linear function.

�/==9n  +<<+ti@/
In this lesson, students use linear functions to model real-world situations (MP4). In the candle
activity, they are given data for an almost linear relationship and develop a linear model. They use
their model to make predictions and discuss the reasonableness of the model. In the shadow
activity, it is diecult to tell from the information given if a linear model is appropriate, but when
they are given more information, it becomes clear that the relationship is not linear. In the garbage
recycling activity, diberent linear models apply to diberent time periods.

None of the given data are perfectly fit by a linear function, and students have to determine
whether a linear approximation is reasonable and for which values it would be reasonable.
Students should start to see both the value of linear models and their limitations. The garbage
recycling activity leads into the next lesson, which is about modeling with piece-wise linear
functions.

�6i1n7/nt=

�..</==in1

8.".�.4� �onstruct a function to model a linear relationship between two quantities.  etermine
the rate of change and initial value of the function from a description of a relationship or from
two values, including reading these from a table or from a graph. Interpret the rate of
change and initial value of a linear function in terms of the situation it models, and in terms of
its graph or a table of values.

�n=t<?-ti9n+6 $9?tin/=

M(.6� Three .eads

M(.8�  iscussion Supports

Poll the �lass

•

•

•
•

•

•
•
•
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$/;?i</. �+t/<i+6=

%t<+i12t/.1/=
� rigid edge that can be used for drawing line
segments. Sometimes a ruler is okay to use as a

straightedge, but sometimes it is preferable to
use an unruled straightedge, like a blank index
card.

$/;?i</. "</:+<+ti9n

Provide access to straightedges to each student.

%t?./nt �/+<nin1 �9+6=

(et^s model situations with linear functions.

��	 �+n.6/6i12t
�arm �p
 �� minutes �t ere is a �igital -ersion of t is acti-ity�
In this warm-up, students work with data to determine if the situation represented by the data
could be modeled by a linear function (MP4). Students are given 3 diberent data points and use
what they know about linear functions and proportional relationships to estimate when the candle
will burn out. Students are then asked to determine if this situation could be modeled by a linear
function. The focus of the discussion should be around the last question and how students Bustify
their reasoning.

�..</==in1

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

Poll the �lass

�+?n-2

�rrange students in groups of 2. #ive students 1–2 minutes of quiet work time and ask them to
pause after the first question. Poll the class for their response to the first question, and display the
range of responses for all to see. Then, ask them to continue and discuss their response to the
second question with their partner. If they don�t agree, partners should work to understand each
other^s thinking. "ollow with a whole-class discussion.

If using the digital activity, follow the structure above, as the prompts are the same. $owever, the
digital activity allows students to plot points quickly without having to set up the axes from scratch.
This means students may conclude the graph is not quite linear purely from a visual. Make sure
these students can explain and understand their peers^ rationale in answering the questions using
more than Bust the plotted points. If any students attempt to guess a linear equation that fits the
data, ask them to share during the discussion.

%t?./nt &+=5 %t+t/7/nt

� candle is burning. It starts out 12 inches long. �fter 1 hour, it is 1� inches long. �fter 3
hours, it is �.� inches long.

•

•
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1. 3hen do you think the candle will burn out completely�

2. Is the height of the candle a function of time� If yes, is it a linear function� !xplain your
thinking.

%t?./nt $/=:9n=/

1. �nswers vary. Sample response� Since it burns about 2 inches every hour, it will burn out
between � and 6 hours after it was lit.

2. The height of a candle is a function of time, because at any given time, the candle will have one
and only one height. It is not exactly linear, although it looks reasonable to approximate it as a
linear function since the rate of burning is almost constant (2 inches per hour).

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to Bustify how this situation can be modeled by a
linear equation. Select students who answered yes to the last question and ask�

“3as the data exactly linear� If not, what made you decide that you could treat it as such�”

“3hich data points did you use to predict when the candle would burn out�”

“3hat was the slope between the first two data points� 3hat was the slope between the last
two data points� 3hat does it mean that their slopes are diberent�”

Tell students that although the data is not precisely linear, it does makes sense to model the data
with a linear function because the points resemble a line when graphed. 3e can then use diberent
data points to help predict when the candle would burn out. �nswers might vary slightly, but it
results in a close approximation.

�onclude the discussion by asking students to reconsider the range of values posted earlier for the
first question and ask if they think that range is acceptable or if it needs to change (for example,
students may now think the range should be smaller after considering the diberent slopes).

��
 %2+.9A=
�� minutes �t ere is a �igital -ersion of t is acti-ity�
The purpose of this activity is for students to determine if a given set of data can be modeled by a
linear function. Students first view a set of pictures and data for the length of a shadow at �, 2�, and
6� minutes. Then, they make a prediction about how long a shadow will be after �� minutes.
Students then compare their estimate with the actual length of the shadow and make conclusions
about the model they used to make their estimate.

Monitor for students using diberent strategies to make their prediction. "or example, students may
use diberent pairs of points to make their prediction or they may try to use all three. The discussion
for this activity focuses on how, if we are given two input-output pairs, we can always find a linear
function with these inputs and outputs, but that doesn^t mean a linear function is actually

•
•
•
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appropriate for the situation. In this case, we can see when we get more data that a linear function
is not appropriate.

�..</==in1

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

M(.6� Three .eads

�+?n-2

�rrange students in groups of 2. Tell students to close their books or devices, and display the image
and given data for all to see. #ive students 1–2 minutes of quiet think time to estimate the length of
the shadow after �� minutes and discuss their responses with their partner. !ncourage partners to
discuss their estimation strategy and why their estimate makes sense. Invite groups to share their
estimate and reasoning with the whole class.

Tell students to open their books or devices and give work time for the remaining questions. "ollow
with a whole-class discussion.

If using the digital activity, follow the directions above. In this lesson, the digital activity
allows students to plot their points and test their thinking with a dynamic applet, however, the
mathematics is truly the same.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� !ncourage and support opportunities for peer
interactions.  isplay sentence frames to support students when they explain their estimation
with their partner. "or example, “I predict 88888 because . . .” and “$ow did you get . . .�”
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �o$i"l-e.otion"l 4,ill4

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�e"%in(� �pe",in(� �i4tenin(� ���� �)ree �e"%4� 1se this routine to support reading
comprehension without solving for students. In the first read, students read the problem and
review the images with the goal of comprehending the situation (e.g., a photo of a stick^s
shadow was taken at diberent times; the length of the shadow was diberent at diberent times).
In the second read, identify the important quantities by asking students what can be counted
or measured (e.g., at 2� minutes, the shadow was 1�.� cm long; at 6� minutes, the shadow was
26 cm long). �fter the third read, ask students to brainstorm possible strategies to complete
the task. This will help students connect the language in the problem and the reasoning
needed to solve the problem, while keeping the intended level of cognitive demand in the task.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

3hen the Sun was directly overhead, the stick had no shadow. �fter 2� minutes, the shadow
was 1�.� cm long. �fter 6� minutes, it was 26 cm long.

1. �ased on this information, estimate how long it will be after �� minutes.

2. �fter �� minutes, the shadow measured 38.� cm. $ow does this compare to your
estimate�

3. Is the length of the shadow a function of time� If so, is it linear� !xplain your reasoning.

%t?./nt $/=:9n=/

1. �nswers vary. Sample response� If we model this with the linear function that goes through
and , we would predict that the length would be growing at a rate of

centimeters per minute. �fter �� minutes, this would give a prediction of about �� centimeters
since .

2. �nswers vary. Sample response� The prediction we made overestimated the length by about
11.� centimeters.

3. The length of the shadow is a function of time, since every time determines and only one
length. It is not a linear function of the time, since the points and

do not lie on any one line. �ased on the answer to the last part, it is not even very
well approximated by a linear function.
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�-ti@itC %Cnt2/=i=

Select groups that had diberent strategies for making their original prediction to share their
reasoning about whether or not a linear model is a good fit for predicting the length of the shadow.
In particular, make sure it is pointed out how much using the rate of change determined by the first
two points over-predicts the length of the shadow after �� minutes.

Tell students that if we only use two data points, it is always possible to model a situation with a
linear function. 3e need additional data to help us determine if a linear model is appropriate. In
this case, mathematicians have also used the geometry of !arth traveling around the Sun to provide
a better model for the length of the shadow as a function of time that is not a linear function.

��� $/-C-6in1
�� minutes
The purpose of this activity is for students to approximate diberent parts of a graph with an
appropriate line segment. This graph is from a previous activity, but students interact with it
diberently by sketching a linear function that models a certain part of the data. They take this
model and consider its ability to predict input and output for other parts of the graph. This helps
students think about subsets of data that might have diberent models from other parts of the data.

Identify students who draw in diberent lines for the first question to share during the �ctivity
Synthesis.

�..</==in1

8.".�.4

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2. Provide students with access to straightedges. #ive students 3–�
minutes of quiet work time and then time to share their responses with their partner. "ollow with a
whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

In an earlier lesson, we saw this graph that shows the
percentage of all garbage in the 1.S. that was recycled
between 1��1 and 2�13.

•

•
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1. Sketch a linear function that models the change in the percentage of garbage that was
recycled between 1��1 and 1���. "or which years is the model good at predicting the
percentage of garbage that is produced� "or which years is it not as good�

2. Pick another time period to model with a sketch of a linear function. "or which years is
the model good at making predictions� "or which years is it not very good�

%t?./nt $/=:9n=/

1. �nswers vary. The one displayed is a reasonable approximation of the data between 1��1 and
1��6, and a bad approximation from then on.
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2. �nswers vary. The one displayed is a reasonable approximation of the data between 1��4 and
2�13, but a bad approximation from 1��1 to 1��3.

�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to understand that although you might find a good
model for one part of a graph, that does not mean that model will work for other parts.

Select students previously identified to share their models.  isplay these for all to see throughout
the entire discussion. Questions for discussion�

“$ow much does your model for 1��1 to 1��� overestimate 1��6� 1��7�”

“If we drew in a single line to model 1��7 to 2�13, what would that line predict well� 3hat
would that line predict poorly�” (� single line modeling those years would reasonably predict
the percent recycled from 1��7 to 2�1�, but it wouldn^t be able to show how the percent
recycled from 2�11 to 2�13 is decreasing.)

�onclude the discussion by telling students that there is a trade-ob in number of years to include in
the interval and accuracy. 3e could “connect the dots” and be accurate about everything, but then
our model has limited use and is complicated with so many parts. (&ust imaging writing an equation
for each piece�)

•
•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. "or each
model that is shared, ask students to summarize what they heard using mathematical
language. �onsider providing students time to restate what they hear to a partner, before
selecting one or two students to share with the class. �sk the original speaker if their peer was
accurately able to restate their thinking. �all students� attention to any words or phrases that
helped to clarify the original statement. This will provide more students with an opportunity to
speak, and better understand each model.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(

�/==9n %Cnt2/=i=
Tell students that a mathematical .o%el is a mathematical obBect like an equation, a function, or a
geometric figure that we use to represent a real-life situation. Sometimes a situation can be
modeled by a linear function. 3e have to use Budgment about whether this is a reasonable thing to
do based on the information we are given. 3e must also be aware that the model makes imprecise
predictions, or may only be appropriate for certain ranges of values.

#ive students 1–2 minutes to think of a situation that may seem linear but actually is not. Invite
them to share their situations. "or example, the height of humans may look linear for short periods
of time, but eventually growth stops, so we wouldn^t want to use a linear model for height over a
large period of time.

��� �9+<. �+7/ %+6/=
Cool Do.n
 	 minutes
�..</==in1

8.".�.4

%t?./nt &+=5 %t+t/7/nt

� small company is selling a new board game, and they need to know how many to produce
in the future.

�fter 12 months, they sold 4 thousand games; after 18 months, they sold 7 thousand games;
and after 36 months, they sold 1� thousand games.

1. �ould this information be reasonably estimated using a single linear model�

2. If so, use the model to estimate the number of games sold after 48 months. If not,
explain your reasoning.

•
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%t?./nt $/=:9n=/

1. 4es.

2. �nswers vary. �fter 48 months there should be between 16 and 22 thousand sales depending
on the data points used for the model.

%t?./nt �/==9n %?77+<C
3ater has diberent boiling points at diberent elevations. �t � m above sea level, the boiling
point is �. �t 2,��� m above sea level, the boiling point is �1.3 �. If we assume the
boiling point of water is a linear function of elevation, we can use these two data points to
calculate the slope of the line�

This slope means that for each increase of 2,��� m, the boiling point of water decreases by
�. Next, we already know the -intercept is � from the first point, so a linear

equation representing the data is

This equation is an example of a mathematical .o%el. � mathematical model is a
mathematical obBect like an equation, a function, or a geometric figure that we use to
represent a real-life situation. Sometimes a situation can be modeled by a linear function. 3e
have to use Budgment about whether this is a reasonable thing to do based on the
information we are given. 3e must also be aware that the model may make imprecise
predictions, or may only be appropriate for certain ranges of values.

Testing our model for the boiling point of water, it accurately predicts that at an elevation of
1,��� m above sea level (when ), water will boil at � since

. "or higher elevations, the model is not as accurate, but it is

still close. �t �,��� m above sea level, it predicts �, which is � ob the actual value of
�. �t �,��� m above sea level, it predicts �, which is about � less than the

actual value of �. The model continues to be less accurate at even higher elevations
since the relationship between the boiling point of water and elevation isn^t linear, but for the
elevations in which most people live, it^s pretty good.

Unit 5 �/==9n �
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�/==9n � "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt

+n the first day after the new moon, 2� of the Moon�s surface is illuminated. +n the second
day, 6� is illuminated.

a. �ased on this information, predict the day on which the Moon^s surface is ���
illuminated and 1��� illuminated.

b. The Moon^s surface is 1��� illuminated on day 14.  oes this agree with the prediction
you made�

c. Is the percentage illumination of the Moon^s surface a linear function of the day�

%96?ti9n
a. �nswers vary. Sample response� � simple approach is to attempt a linear model starting at

 ay 1. If the illumination is increased by 4� every day, then after 11 more days (after  ay 2) it
reaches ���. In 13 more days, illumination reaches 1���. This gives a prediction of  ay 13 for
��� and  ay 26 for 1���.

b. No

c. No (The linear model did a very bad Bob of approximating the data.)

"<9,6/7 

%t+t/7/nt
In science class, &ada uses a graduated cylinder with water in it to measure the volume of
some marbles. �fter dropping in 4 marbles so they are all under water, the water in the
cylinder is at a height of 1� milliliters. �fter dropping in 6 marbles so they are all under water,
the water in the cylinder is at a height of 11 milliliters.
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a. 3hat is the volume of 1 marble�

b. $ow much water was in the cylinder before any marbles
were dropped in�

c. 3hat should be the height of the water after 13 marbles
are dropped in�

d. Is the relationship between volume of water and number
of marbles a linear relationship� If so, what does the
slope of a line representing this relationship mean� If
not, explain your reasoning.

%96?ti9n
a. �.� ml

b. 8 ml

c. 14.� ml

d. 4es. The slope of the line represents the volume of 1 marble.

"<9,6/7 �
%t+t/7/nt
Solve each of these equations. !xplain or show your reasoning.

%96?ti9n
a. . .esponses vary. Sample response�  istribute 2 on the left side, add -4 to each side, add

to each side, then divide each side by 4.

b. . .esponses vary. Sample response� �dd to each side, subtract 13 from each side,
then divide each side by 8.

c. . .esponses vary. Sample response�  ivide each side by 4, distribute 2 on the right side,

subtract 2 from each side, add to each side, then divide each side by 8.

("rom 1nit 4, (esson �.)

Unit 5 �/==9n �
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"<9,6/7 �
%t+t/7/nt
"or a certain city, the high temperatures (in
degrees �elsius) are plotted against the
number of days after the new year.

�ased on this information, is the high
temperature in this city a linear function of the
number of days after the new year�

%96?ti9n
�nswers vary. Sample response� �lthough this data does fit a linear model, it does not make sense
to use a linear model for this situation. "or example, after only 2 months, the high temperature
would be more than the boiling point of water, which is unlikely.

"<9,6/7 5
%t+t/7/nt
The school designed their vegetable garden to have a perimeter of 32 feet with the length
measuring two feet more than twice the width.

a. 1sing to represent the length of the garden and to represent its width, write and
solve a system of equations that describes this situation.

b. 3hat are the dimensions of the garden�

%96?ti9n
a. ,

b. ,

("rom 1nit 4, (esson 1�.)
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�/==9n 	�� "i/-/Ai=/ �in/+< �?n-ti9n=

�9+6=
�alculate the diberent rates of change of a piecewise linear function using a graph, and
interpret (orally and in writing) the rates of change in context.

�reate a model of a non-linear function using a piecewise linear function, and describe (orally)
the benefits of having more or less segments in the model.

�/+<nin1 &+<1/t=
I can create graphs of non-linear functions with pieces of linear functions.

�/==9n  +<<+ti@/
This lesson picks up on the idea planted in the previous lesson about creating linear models for
data. Specifically, in some situations where a quantity changes at diberent constant rates over
diberent time intervals, we can model the situation with a piecewise linear function (MP4). Students
look at temperature data, which changes at diberent, almost-constant rates during diberent parts
of the day. They also use piecewise linear graphs to find information about the real-life situation
they represent. The focus of this lesson is not necessarily to find equations for the piecewise linear
functions (though students may choose to do so in some instances), but rather to study the graphs
qualitatively and to compute and compare the diberent rates of change.

�6i1n7/nt=

�..</==in1

8.".�� 1se functions to model relationships between quantities.

8.".�.4� �onstruct a function to model a linear relationship between two quantities.  etermine
the rate of change and initial value of the function from a description of a relationship or from
two values, including reading these from a table or from a graph. Interpret the rate of
change and initial value of a linear function in terms of the situation it models, and in terms of
its graph or a table of values.

8.".�.��  escribe qualitatively the functional relationship between two quantities by analyzing
a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a
graph that exhibits the qualitative features of a function that has been described verbally.

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.1� Stronger and �learer !ach Time

M(.�� �o-�raft Questions

M(.8�  iscussion Supports

•

•

•

•
•

•

•
•
•
•
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Notice and 3onder

%t?./nt �/+<nin1 �9+6=

(et^s explore functions built out of linear pieces.

	��	  9ti-/ +n. )9n./<� �in/= 9n �9t=
�arm �p
 	 minutes
This warm-up connects to the previous lesson and is meant to elicit ideas that will be helpful for
students in the next activity in this lesson. Students should notice that the points in the graph are
not connected and wonder how well the lines model the sections of data they span, which is
explored further in the next activity. "or that reason, the discussion should focus on collecting all
the things students notice and wonder but not explaining the things they wonder.

�..</==in1

8.".�

�n=t<?-ti9n+6 $9?tin/=

Notice and 3onder

�+?n-2

Tell students they will look at a graph and their Bob is to think of at least one thing they notice and at
least one thing they wonder about the graph.  isplay the graph for all to see and give 1 minute of
quiet think time.
�sk students to give a signal when they have noticed or wondered about something.

%t?./nt &+=5 %t+t/7/nt

3hat do you notice� 3hat do you wonder�

•

•

•
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%t?./nt $/=:9n=/

Things students may notice�

Not many of the points are on the blue line.

The temperature gets warmer and then cooler as time goes on.

�t about ��4� it is the warmest at about �� degrees.

The second blue line connects the highest point and the point furthest to the right.

Things students may wonder�

3hat location does this data represent�

3hy is it warmer at 6��� am then it is at noon�

3hy aren^t the points connected�

3hy is the second line lower than almost all the points�

�-ti@itC %Cnt2/=i=

�sk students to share their ideas. .ecord and display the responses for all to see. If no one
mentions that the dots are not connected or what they think the blue lines mean, bring these ideas
to their attention and tell them they will be working more with these ideas in the next activity.

	��
 �9./6in1 $/-C-6in1
�� minutes
In this activity, students work with a graph that clearly cannot be modeled by a single linear
function, but pieces of the graph could be reasonably modeled using diberent linear functions,
leading to the introduction of piecewise linear functions (MP4). Students find the slopes of their
piecewise linear model and interpret them in the context.

Monitor for students who�

�hoose diberent numbers of line segments to represent the function (e.g., 3, 4, and �
segments).

�hoose diberent endpoints for the segments (e.g., two students have chosen 4 segments but
diberent placement of those segments).

�..</==in1

8.".�.4

•
•
•
•

•
•
•
•

•

•

•
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�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2.  isplay images for all to see. Tell students that sometimes we
model functions with multiple line segments in diberent places. These models are called piecewise
linear functions. "or example, here are two diberent piecewise linear models of the same
temperature data (note that the first image is not the same as the image in the warm-up)�

#ive students 3–� minutes of quiet work time and then time to share their responses with their
partners. "ollow with a whole-class discussion.

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �e7elop �"n(u"(e "n% �:.#ol4� �dd to the display created in an earlier lesson of
important terms and vocabulary. �dd the following term and continue to maintain the display
for reference throughout the remainder of the unit� piecewise linear functions.
�upport4 "$$e44i#ilit: 'or� �e.or:� �"n(u"(e

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� �mplify mathematical language students use to
communicate about piecewise linear functions. �s students share what they notice between
the two graphs, revoice their statements using the term “piecewise linear functions” while
gesturing. Invite students to use the term “piecewise linear function” when describing what
they noticed. Some students may benefit from chorally repeating the phrases that include the
word “piecewise linear function” in context.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

1. �pproximate the percentage recycled each year with a piecewise linear function by
drawing between three and five line segments to approximate the graph.

2. "ind the slope for each piece. 3hat do these slopes tell you�

%t?./nt $/=:9n=/

1. �nswers vary. $ere is a piecewise linear model of the graph using four line segments.

Unit 5 �/==9n 	�
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2. �nswers vary. The endpoints of the four segments given in the answer to the previous part
are� , , , , and , so we can find that the
four line segments have respective slopes , , , and . These slopes describe the

approximate rate at which the percent recycled increased or decreased over those times. "or
example, from 2�11 to 2�13, the percent recycled decreased by approximately �.� percent per
year.

�-ti@itC %Cnt2/=i=

Select previously identified students to share their responses and display each student^s graph for
all to see. Sequence the student responses in order from fewest to greatest number of segments.

To highlight the use and interpretation of piecewise linear models, ask�

“3hat do the slopes of the diberent lines mean�” (The slopes of the lines tell us the rate of
change of the diberent linear pieces for the specific intervals of time.)

“�an we use this information to predict information for recycling in the future�” (If the data
continues to decrease as it does from 2�11 to 2�13, yes. If the data starts to increase again,
our model may not make very good predictions.)

“3hat are the benefits of having fewer segments in the piecewise linear function� 3hat are
the benefits of having more segments�” ("ewer segments are easier to write equations for and
help show long-term trends. More segments give a more accurate model of the data.)

	��� �91 �+t2
�	 minutes
The purpose of this activity is to give students more exposure to working with a situation that can
be modeled with a piecewise linear function. $ere, the situation has already been modeled and
students must calculate the rate of change for the diberent pieces of the model and interpret it in

•

•

•



160

the context. � main discussion point should be around what the diberent rates of change mean in
the situation and connecting features of the graph to the events in the context.

�..</==in1

8.".�.4

8.".�.�

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

�+?n-2

Students in groups of 2. #ive 3–� minutes of quiet work time and then ask them to share their
responses with a partner and reach an agreement. "ollow with a whole-class discussion.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�on7er4in(� !ritin(� ���� �o-�r"'t �ue4tion4�  isplay the situation and the graph without
revealing the questions that follow. Invite students to write mathematical questions that could
be answered by the graph. Invite students to share their questions with a partner before
selecting 2–3 to share with the whole class. $ighlight questions that ask students to make
sense of the rate of change in context. Next, reveal the questions of the activity. This routine
allows students to produce the language of mathematical questions and talk about the
relationship between quantities and rates of change that are represented graphically.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

!lena filled up the tub and gave her dog a bath. Then she let the water out of the tub.

•
•

•

Unit 5 �/==9n 	�
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1. The graph shows the amount of water in the tub, in gallons, as a function of time, in
minutes. �dd labels to the graph to show this.

2. 3hen did she turn ob the water faucet�

3. $ow much water was in the tub when she bathed her dog�

4. $ow long did it take for the tub to drain completely�

�. �t what rate did the faucet fill the tub�

6. �t what rate did the water drain from the tub�

%t?./nt $/=:9n=/

1. $orizontal axis� “time (minutes)” (or equivalent). 2ertical axis� “volume of water (gallons)” (or
equivalent).

2. �fter 6 minutes. The volume of water is increasing until , so this must be when !lena
turned ob the faucet.

3. 24 gallons. She bathed her dog after she turned the water ob, so we look to the graph to see
the volume of water at .

4. 12 minutes. The volume of water starts decreasing at minutes, and takes until to
completely drain.

�. gallons per minute. It took 6 minutes to fill 24 gallons, giving a rate of 4 gallons per minute
.

6. gallons per minute. It took 12 minutes to drain 24 gallons, giving a rate of 2 gallons per
minute .
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�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to make sense of what the rate of change and other
features of the model mean in the context of this situation. �onsider asking the following questions�

“ id the tub fill faster or drain faster� $ow can you tell�” (The tub filled faster. The slope of the
line representing the interval the water was filling the tub is steeper than the slope of the line
representing the interval the water was draining from the tub.)

“If you were going to write a linear equation for the first piece of the graph, what would you
use for � "or �” (I would use and , because the tub filled at a rate of 4 gallons
per minute and the initial amount of water was �.)

“3hich part of the graph represents the 2 gallons per minute you calculated�” (The last part of
the piecewise function has a slope of -2, which is when the tub was draining at 2 gallons per
minute.)

	��� �i=t+n-/ +n. %://.
�ptional
 	 minutes
This activity is similar to the previous activity in that students are interpreting a graph and making
sense of what situation the graph is representing. The diberence here is that the specificity with
numbers has been removed, so students need to think a bit more abstractly about what the
changes in the graph represent and how they connect to the situation.

Monitor for students describing the graph with diberent levels of detail, particularly for any
students who state that the car got up to speed faster than the car slowed down to �.

�..</==in1

8.".�.4

8.".�.�

�n=t<?-ti9n+6 $9?tin/=

�nticipate, Monitor, Select, Sequence, �onnect

M(.1� Stronger and �learer !ach Time

�+?n-2

#ive students 1–2 minutes of quiet work time, followed by a whole-class discussion.

•

•

•

•
•

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class. �ll group members
should be prepared to share if invited.
�upport4 "$$e44i#ilit: 'or� �ttention� �o$i"l-e.otion"l 4,ill4

%t?./nt &+=5 %t+t/7/nt

The graph shows the speed of
a car as a function of time.
 escribe what a person
watching the car would see.

%t?./nt $/=:9n=/

The car begins at rest and then quickly picks up speed. �fter some time, it reaches its maximum
speed, stays at that speed for a while, and then gradually slows back down until it comes to a stop.

�</ *9? $/+.C 09< �9</�

The graph models the speed of a car over a function of time during a
3-hour trip. $ow far did the car go over the course of the trip�
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There is a nice way to visualize
this quantity in terms of the
graph. �an you find it�

%t?./nt $/=:9n=/

3e can divide the trip into segments over which the speed is constant, and use “distance
.” +ver the first hour, the car traveled 2� miles per hour, for a total of 2� miles. Then

for half an hour, the car traveled 3� miles per hour, for a total of 1� miles. Similarly, the remaining
four segments correspond to distances traveled of 2� miles, 1� miles, � miles, and � miles.
Summing these gives a total of 8� miles.

The quantity “ ” is represented graphically by a length measured along the -axis times
a height measured along the -axis, giving the area of a rectangle. The distance traveled over each
segment is the area of the rectangle under that segment, and the total distance is the total area of
the shaded region.

Unit 5 �/==9n 	�
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�-ti@itC %Cnt2/=i=

The purpose of this activity is for students to connect what is happening in a graph to a situation.
 isplay the graph for all to see. Select previously identified students to share the situation they
came up with. Sequence students from least descriptive to most descriptive. $ave students point
out the parts on the graph as they share their story about the situation.

�onsider asking the following questions�

“ id the car speed up faster or slow down faster� $ow do you know�” (The car sped up faster
because the first part of the model is steeper than the third part of the model.)

“$ow did you know that the car stayed that speed for a period of time�” (The graph stays at
the same height for a while, so the speed was not changing during that time.)

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�e"%in(� !ritin(� �on7er4in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to provide
students with a structured opportunity to revise and refine the explanation of their thinking
about the shape and patterns in the graph. �fter students have written a response to the task
statement, ask students to meet with 2–3 partners in a row for feedback. !ach time, partners
should explain their thinking without reading from their written work. Provide students with
prompts for feedback that will help students strengthen their ideas and clarify their language
(e.g., “$ow do you know that from the graph�”, “3hat in the graph makes you think that�”, “�an
you give an example�”, etc.). Students can borrow ideas and language from each partner to
strengthen their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

�/==9n %Cnt2/=i=
�sk students, “$ow would you describe a piecewise linear function to someone who has never seen
one�” and give 1 minute of quiet think time and then time to share their response with a partner.
Invite partners to share their responses with the class while recording them for all to see.
(� piecewise linear function is a function whose graph is pieced together out of line segments. "or
diberent ranges of input, the output is changing at diberent approximately constant rates so a
diberent line is used for each range.) If students don^t include the diberent constant rates over
diberent intervals of the independent variable, make sure that is made clear.

If time allows, ask students, “�an you think of another situation that changes at diberent constant
rates over time�” and give partners 1 minute of think time before selecting groups to share their
situations.

	��5 �inD= "29n/ �2+<1/
Cool Do.n
 	 minutes

•

•



166

�..</==in1

8.".�.�

%t?./nt &+=5 %t+t/7/nt

(in uses an app to graph the charge on her phone.

1. 3hen did she start using her phone�

2. 3hen did she start charging her phone�

3. 3hile she was using her phone, at what rate was (in^s phone battery dying�

%t?./nt $/=:9n=/

1. (in started using her phone 2 hours after noon or at 2��� p.m., since that is where the negative
slope begins.

2. (in started charging her phone 8 hours after noon or at 8��� p.m., since that is where the
positive slope begins.

3. The battery was dying at 3�� per hour since it decreased 6�� over 2 hours.

%t?./nt �/==9n %?77+<C
This graph shows �ndre biking to his friend^s house where he hangs out for a while. Then
they bike together to the store to buy some groceries before racing back to �ndre^s house for
a movie night. !ach line segment in the graph represents a diberent part of �ndre^s travels.

•
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This is an example of a piecewise linear function, which is a function whose graph is pieced
together out of line segments. It can be used to model situations in which a quantity changes
at a constant rate for a while, then switches to a diberent constant rate.

3e can use piecewise functions to represent stories, or we can use them to model actual
data. In the second example, temperature recordings at several times throughout a
day are modeled with a piecewise function made up of two line segments. 3hich line
segment do you think does the best Bob of modeling the data�
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
The graph shows the distance of a car from home as a function of time.

 escribe what a person
watching the car may be
seeing.

%96?ti9n
�nswers vary. Sample response� The car is driven away from home, then waits. The car is then
driven back home at a slower speed than it was when driven away from home.

"<9,6/7 

%t+t/7/nt
The equation and the graph represent two functions. 1se the equation and the graph
to answer the questions.

a. 3hen is 4, is the output of the equation or the graph greater�

Unit 5 �/==9n 	�
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b. 3hat value for produces the same output in both the graph and the equation�

%96?ti9n
a. !quation

b. 6

("rom 1nit �, (esson 7.)

"<9,6/7 �
%t+t/7/nt
This graph shows a trip on a bike trail. The trail has markers every �.� km showing the
distance from the beginning of the trail.

a. 3hen was the bike rider going the fastest�

b. 3hen was the bike rider going the slowest�

c.  uring what times was the rider going away from the beginning of the trail�

d.  uring what times was the rider going back towards the beginning of the trail�

e.  uring what times did the rider stop�

%96?ti9n
a. �etween 2.4 and 2.6 hours

b. �etween 1.4 and 2.2 hours, except the times the rider stopped

c. �etween � and �.8 hours and between 1.4 and 2.2 hours because the biker was stopped
between �.8 and 1.4 hours
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d. �etween 2.4 and 3 hours

e. �etween �.8 and 1.4 hours and between 2.2 and 2.4 hours

"<9,6/7 �
%t+t/7/nt
The expression represents the volume of liquid of a container after seconds.
The expression represents the volume of liquid of another container after
seconds. 3hat does the equation mean in this situation�

%96?ti9n
.esponses vary. Sample response� The equation says that the volume in one container is equal to
the volume in the other container. This equation can be solved for to find the time at which both
containers have the same volume.

("rom 1nit 4, (esson �.)
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%/-ti9n� �C6in./<= +n. �9n/=

�/==9n 		� �i66in1 �9nt+in/<=

�9+6=
�reate a graph of a function from collected data, and interpret (in writing) a point on the
graph.

 raw a container for which the height of water as a function of volume would be represented
as a piecewise linear function, and explain (orally) the reasoning.

Interpret (orally and in writing) a graph of heights of certain cylinders as a function of volume,
and compare the rates of change of the functions.

�/+<nin1 &+<1/t=
I can collect data about a function and represent it as a graph.

I can describe the graph of a function in words.

�/==9n  +<<+ti@/
This lesson is the beginning of a sequence of lessons that interweaves the development of the
function concept with the development of formulas for volumes of cylinders and cones. �ecause
students have not yet learned these formulas, the context of filling a cylindrical container with
water is useful for developing the abstract concept of function. It makes physical sense that the
height of the water is a function of its volume even if we cannot write down an equation for the
function. �t the same time, considering how changing the diameter of the cylinder changes the
graph of the function helps students develop a geometric understanding of how the volume is
related to the height and the diameter. In later lessons they will learn a formula for that relation.

In this lesson, students fill a graduated cylinder with diberent amounts of water and draw the graph
of the height as a function of the volume. They next consider how their data and graph would
change if their cylinder had a diberent diameter. The following activity turns the situation around�
when given a graph showing the height of water in a container as a function of the volume of water
in the container, can students create a sketch of what the container must look like�

�6i1n7/nt=

�..</==in1

8.".�� 1se functions to model relationships between quantities.

8.".�.4� �onstruct a function to model a linear relationship between two quantities.  etermine
the rate of change and initial value of the function from a description of a relationship or from
two values, including reading these from a table or from a graph. Interpret the rate of
change and initial value of a linear function in terms of the situation it models, and in terms of
its graph or a table of values.

•

•

•

•
•

•
•
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�?i6.in1 &9A+<.=

8.#.�� Solve real-world and mathematical problems involving volume of cylinders, cones, and
spheres.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.8�  iscussion Supports

3hich +ne  oesn^t �elong�

$/;?i</. �+t/<i+6=

�<+.?+t/. -C6in./<=

$/;?i</. "</:+<+ti9n

Students work in groups of 3–4 for the activity $eight and 2olume. !ach group needs 1 graduated
cylinder and water.

%t?./nt �/+<nin1 �9+6=

(et^s fill containers with water.

		�	 )2i-2 !n/ �9/=nDt �/69n1� %96i.=
�arm �p
 	 minutes
The purpose of this warm-up is for students to compare diberent obBects that may not be familiar
and think about how they are similar and diberent from obBects they have encountered in previous
activities and grade levels. To allow all students to access the activity, each obBect has one obvious
reason it does not belong. !ncourage students to move past the obvious reasons (e.g., "igure � has
a point on top) and find reasons based on geometrical properties (e.g., "igure   when looked at
from every side is a rectangle).  uring the discussion, listen for important ideas and terminology
that will be helpful in upcoming work of the unit.

�?i6.in1 &9A+<.=

8.#.�

�n=t<?-ti9n+6 $9?tin/=

3hich +ne  oesn^t �elong�

�+?n-2

�rrange students in groups of 2.  isplay the image for all to see. �sk students to indicate when they
have noticed one obBect that does not belong and can explain why. #ive students 2 minutes of quiet
think time and then time to share their thinking with their partner.

•

•
•
•

•

•
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%t?./nt &+=5 %t+t/7/nt

These are drawings of three-dimensional obBects. 3hich one doesn^t belong� !xplain your
reasoning.

%t?./nt $/=:9n=/

�nswers vary. Sample responses�

"igure � doesn^t belong because�

It^s the only obBect with exactly two surfaces.

It^s the only obBect with exactly one base.

"igure � doesn^t belong because�

It^s the only obBect that has no edges or planar faces.

It^s the only obBect that isn^t stable if you set it down (i.e., it would roll around).

"igure � doesn^t belong because�

It^s the only obBect in which a side is a rectangle in two dimensions but curved in three
dimensions.

It^s one obBect with exactly two bases.

"igure   doesn^t belong because�

It^s the only obBect in which all the faces are dat planes.

It^s the only obBect with rectangular faces.

�-ti@itC %Cnt2/=i=

�sk students to share one reason why a particular obBect might not belong. .ecord and display the
responses for all to see. �fter each response, ask the rest of the class if they agree or disagree.

•
•

•
•

•

•

•
•
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Since there is no single correct answer to the question of which one does not belong, attend to
students^ explanations and ensure the reasons given are correct.  uring the discussion, prompt
students to explain the meaning of any terminology they use, such as diameter, radius, vertex,
edge, face, or specific names of the figures� sphere, cylinder, cone, rectangular prism.

		�
 �/i12t +n. (96?7/
�� minutes �t ere is a �igital -ersion of t is acti-ity�
In this activity, students investigate how the height of water in a graduated cylinder is a function of
the volume of water in the graduated cylinder. Students make predictions about how the graph will
look and then test their prediction by filling the graduated cylinder with diberent amounts of water,
gathering and graphing the data (MP4).

�..</==in1

8.".�.4

�?i6.in1 &9A+<.=

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 3–4. �e sure students know how to measure using a graduated
cylinder. If needed, display a graduated cylinder filled to a specific measurement for all to see and
demonstrate to students how to read the measurement. #ive each group access to a graduated
cylinder and water.

#ive groups 8–1� minutes to work on the task, follow with a whole-class discussion.

"or classrooms with access to the digital materials or those with no access to graduated cylinders,
an applet is included here. Physical measurement tools and an active lab experience are preferred.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4�  isplay sentence frames to support small-group discussion.
"or example, “I think 8888 , because 88888 .” or “I (agree�disagree) because 888888 .”
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output 'or �e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

4our teacher will give you a graduated cylinder, water, and some other supplies. 4our group
will use these supplies to investigate the height of water in the cylinder as a function of the
water volume.

•

•

•
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1. �efore you get started, make a prediction about the shape of the graph.

2. "ill the cylinder with diberent amounts of water and record the data in the table.

-olume �ml�

 eig t �cm�

3. �reate a graph that shows the height of the water in the cylinder as a function of the
water volume.

4. �hoose a point on the graph and explain its meaning in the context of the situation.

%t?./nt $/=:9n=/

�nswers vary according to the shape of the cylinder and the specific measurements taken. Sample
response� "or interpreting points, the point on the graph would signify that when 1��
milliliters of water is poured into the cylinder, the height of the water would be 3 centimeters.

�-ti@itC %Cnt2/=i=

Select groups to share the graph for the third question and display it for all to see. �onsider asking
students the following questions�

“3hat do you notice about the shape of your graph�”

“3hat is the independent variable of your graph�  ependent variable�”

“$ow does this graph diber from what you predicted the shape would be�”

“"or the last question, what point did you choose, and what does that point mean in the
context of this activity�”

“3hat would the endpoint of the graph be�” (There is a maximum possible volume for the
cylinder. +nce it^s filled, any extra water will spill out and not raise the water height.)

•
•
•
•

•
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�sk students to predict how the graph would change if their cylinder had double the diameter. �fter
a few responses, display this graph for all to see�!xplain that each line represents the graph of a
cylinder with a diberent radius. +ne cylinder has a radius of 1 cm, another has a radius of 2 cm, and
another has a radius of 3 cm. $ave students consider which line must represent which cylinder.
�sk, “how did the slope of each graph change as the radius increased�” (�s the radius is larger, the
slope is less steep. This is because for a cylinder with a larger base, the same volume of water will
not fill as high up the side of the cylinder.)

		�� )2+t �= t2/ %2+:/�
�� minutes
In the previous activity, students were given a container and asked to draw the graph of the height
as a function of the volume. In this activity, students are given the graph and asked to draw a sketch
of the container that could have generated that height function. Since students have worked on the
two previous activities, they have an idea of what the data for a graduated cylinder and a graduated
cylinder with twice the diameter looks like and can use that information to compare to while
working on this task.

�..</==in1

8.".�

�?i6.in1 &9A+<.=

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

•

•

•
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�+?n-2

�rrange students in groups of 2. #ive students 3–� minutes of quiet work time and then time to
share their drawings with their partner. "ollow with a whole-class discussion.

If time is short, consider having half of the class work on the first question and the other half work
on the second question and then complete the last question as part of the �ctivity Synthesis.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� �egin by providing students with a range of diberent
sized containers or students to test to determine if their volume and height could be
represented by the given graphs.
�upport4 "$$e44i#ilit: 'or� �on$eptu"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�e"%in(� !ritin(� �on7er4in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to provide
students with a structured opportunity to revise and refine their response to the last question.
�sk students to meet with 2–3 partners for feedback. Provide students with prompts for
feedback that will help students strengthen their ideas and clarify their language (e.g., “3hy do
you think...�”, “3hat in the graph makes you think that�”, “�an you give an example�”, etc.).
Students can borrow ideas and language from each partner to strengthen their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

1. The graph shows the height vs. volume function of an unknown container. 3hat shape
could this container have� !xplain how you know and draw a possible container.



178

2. The graph shows the height vs. volume function of a diberent unknown container. 3hat
shape could this container have� !xplain how you know and draw a possible container.

3. $ow are the two containers similar� $ow are they diberent�

%t?./nt $/=:9n=/

1. �nswers vary. Sample response� � shape in the form of two cylinders stacked on top of each
other, with the upper cylinder having a greater radius. The height grows linearly with the
volume in each cylinder, but as the water level rises into the second container, the height will
begin to grow less quickly (since it takes more volume to achieve the same increase in height).

2. �nswers vary. Sample response� 3 cylinders stacked on top of each other. The bottom cylinder
should be the tallest. The middle cylinder should be shorter and have a smaller radius than
the bottom. The top cylinder should be the shortest but have the largest radius.

3. �nswers vary. Sample response� �oth containers are made up of cylinders stacked on top of
each other. The containers are diberent because the first container is made up of two parts,
while the second is made up of three parts.

Unit 5 �/==9n 		
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�</ *9? $/+.C 09< �9</�

The graph shows the height vs. volume function of an unknown container. 3hat shape could
this container have� !xplain how you know and draw a possible container.

%t?./nt $/=:9n=/

This graph in particular was made using the shape of a cone with its vertex at the bottom. �ny
shape that was very thin at the bottom and gradually got wider as you go up would be a reasonable
answer.

�-ti@itC %Cnt2/=i=

Select students to share the diberent containers they drew.  isplay their drawings and the graph
for all to see. �sk students to explain how they came up with their drawing and refer to parts in the
graph that determined the shape of their container.

�/==9n %Cnt2/=i=
$ave students make their own graph showing the height and volume of a container. Tell students to
use 2–� lines for their container. +nce the graphs are made, have students swap with a partner and
try to draw the shape of their partner^s container. �sk a few groups to share their graphs and
container drawings.

		�� )2i-2 �C6in./<�
Cool Do.n
 	 minutes
�..</==in1

8.".�

�?i6.in1 &9A+<.=

8.#.�
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Two cylinders, and , each
started with diberent amounts
of water. The graph shows
how the height of the water
changed as the volume of
water increased in each
cylinder. 3hich cylinder has
the larger radius� !xplain how
you know.

%t?./nt $/=:9n=/

�ylinder . Sample reasoning� a cylinder with a large radius would have a smaller change in height
(slope) for the same volume of water added when compared to a cylinder with a smaller radius.
Since the line for has the smaller slope, it must be the cylinder with the larger radius.

%t?./nt �/==9n %?77+<C
3hen filling a shape like a cylinder with water, we can see how the dimensions of the cylinder
abect things like the changing height of the water. "or example, let�s say we have two
cylinders, and , with the same height, but has a radius of 3 cm and has a radius of 6
cm.

If we pour water into both cylinders at the same rate, the height of water in will
increase faster than the height of water in due to its smaller radius. This means that if we
made graphs of the height of water as a function of the volume of water for each cylinder, we
would have two lines and the slope of the line for cylinder would be greater than the slope
of the line for cylinder .
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cylinder•
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�/==9n 		 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
�ylinder �, �, and � have the same radius but diberent heights. Put the cylinders in order of
their volume from least to greatest.

%96?ti9n
�ylinder �, �ylinder �, �ylinder �

"<9,6/7 

%t+t/7/nt
Two cylinders, and , each started with diberent amounts of water. The graph shows how
the height of the water changed as the volume of water increased in each cylinder. Match the
graphs of and to �ylinders P and Q. !xplain your reasoning.

Unit 5 �/==9n 		
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%96?ti9n
(ine matches �ylinder Q and line matches �ylinder P. Sample reasoning� � cylinder with a large
radius would have a smaller rate of change (slope) for the same volume of water added when
compared to a cylinder with a smaller radius. Since line has the smaller slope, it must be the
cylinder with the larger radius.

"<9,6/7 �
%t+t/7/nt
3hich of the following graphs could represent the volume of water in a cylinder as a function
of its height� !xplain your reasoning.

%96?ti9n
The linear, increasing graph. Sample reasoning� �s the height of water in a cylinder increases, the
volume increases by the same scale factor.

"<9,6/7 �
%t+t/7/nt
Together, the areas of the rectangles sum to 3� square centimeters.

a. 3rite an equation showing the relationship between and .

b. "ill in the table with the missing values.

3 8 12

� 1�
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%96?ti9n
a.

b.
3 8 12

1�.� � 3 1� not possible

("rom 1nit �, (esson 3.)
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�/==9n 	
� �9A �?-2 )i66 �it�

�9+6=
 raw a cylinder and label its height and radius, describe (in writing) the shape of the “base” of
the figure.

!stimate the volumes of various containers using diberent units of measure, and explain
(orally) the reasoning.

�/+<nin1 &+<1/t=
I know that volume is the amount of space contained inside a three-dimensional figure.

I recognize the 3  shapes cylinder, cone, rectangular prism, and sphere.

�/==9n  +<<+ti@/
The purpose of this lesson is to remind students of the tangible meaning of volume� that it^s the
amount of space contained in a three-dimensional figure. Students estimate the amount of stub
diberent containers hold, recalling units of measurement commonly used for volume, like duid
ounces, cups, liters, gallons, cubic feet, and cubic centimeters (also known as milliliters). They revisit
the names of figures learned prior to this unit� cylinders, cones, rectangular prisms, and spheres,
and see some physical containers that can be modeled with these. It is important for students to
make these connections between physical and mathematical obBects so that, later on, real-world
obBects can be modeled with idealized figures.

Students also learn a method for quickly drawing a cylinder. (ater in the unit, they also learn quick
methods for sketching a cone and a sphere. This skill was included both because it is a handy
thinking tool to have access to in problem solving and also because it helps students better
understand the meaning of terms like radius and height as they apply to these mathematical
obBects.

�6i1n7/nt=

�..</==in1

8.#.�� Solve real-world and mathematical problems involving volume of cylinders, cones, and
spheres.

�n=t<?-ti9n+6 $9?tin/=

M(.7� �ompare and �onnect

M(.8�  iscussion Supports

Poll the �lass

•

•

•
•

•

•
•
•
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$/;?i</. "</:+<+ti9n

�onsider bringing in containers, dried rice, and measuring tools for the 3hat^s 4our !stimate
activity. It is also recommended that you have various-sized solid obBects for students to pass
around during the  o 4ou 'now These "igures activity.

%t?./nt �/+<nin1 �9+6=

(et^s reason about the volume of diberent shapes.

	
�	 &A9 �9nt+in/<=
�arm �p
 	 minutes
In the previous lesson, students studied the relationship between volume of liquid and the height of
the liquid when poured into a cylindrical container. The purpose of this warm-up is to shift students^
attention toward other types of containers and to consider how the volume of two containers
dibers. This warm-up is direct preparation for the first activity of the lesson in which students
reason about volumes of several container types and re-familiarize themselves with the language of
three-dimensional obBects.

�..</==in1

8.#.�

�n=t<?-ti9n+6 $9?tin/=

Poll the �lass

�+?n-2

Tell students to close their books or devices. �rrange students in groups of 2.  isplay the image of
the two containers filled with beans for all to see.

•

•
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#ive partners 1 minute to estimate how many beans are in each container. Poll the class for their
estimates and display these values for all to see, in particular the range of values expressed.

Tell students that the smaller container holds 2�� beans. �sk students to open their books or
devices and reconsider their estimate for the large container now that they have more information.
#ive 1–2 minutes for students to write down a new estimate. "ollow with a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

Some students may not be sure how to start estimating the amount of beans in the larger Bar once
the number of beans in the smaller Bar is known. !ncourage them to start by estimating how the
dimensions (e.g., height, width) of the two containers compare. "or example, since the larger Bar is
more than twice the height of the smaller and has a greater width, then it must have at least twice
as many beans.

%t?./nt &+=5 %t+t/7/nt

4our teacher will show you some containers. The small container holds 2�� beans. !stimate
how many beans the large Bar holds.

%t?./nt $/=:9n=/

Sample response� approximately 1,��� beans.

�-ti@itC %Cnt2/=i=

Poll the class for their new estimates for the number of beans in the larger container and display
these next to the original estimates for all to see. Tell the class that the large container actually
holds about 1,��� beans.

 iscuss�

“$ow did you and your partner calculate your estimate for the large Bar�” (3e estimated the
large Bar holds ��� beans since the large Bar is about 3 times taller than the smaller Bar, and it^s
about 1.� times wider and .)

“Is there a more accurate way to measure the diberence in volume between the two
containers than ]number of beans.^” (4es, we could use something smaller than beans so there
is less air, such as rice or water.)

“3hat are some examples of units used to measure volume� 3here have you seen them used
in your life�” (�ups, tablespoons, gallons, liters, cubic centimeters, etc.  rinks often have duid
ounces, gallons, or liters written on them. .ecipes may use cups or tablespoons.)

	
�
 )2+tD= *9?< �=ti7+t/�
�	 minutes
The purpose of this activity is for students to practice using precise language to describe how they
estimated volumes of obBects. Starting from an obBect of known volume, students must consider the

•

•

•
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diberence in dimensions between the two obBects. The focus here is on strategies to estimate the
volume and units of measure used, not on exact answers or calculating volume using a formula
(which will be the focus of later lessons). Notice students who�

have clear strategies to estimate volume of contents inside container

have an estimate that is very close to the actual volume

�..</==in1

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2.

+ption 1� �ring in real containers and have students estimate how much rice each would hold, one
at a time, preferably with one container whose volume is stated so students have a visual reference
for their estimates. �lso bring plenty of dried rice and measuring tools, such as tablespoons or
cups. �fter collecting students^ estimates, you can demonstrate how much rice each container holds
using whichever units of measure the class deems reasonable. Note that 1 tablespoon is �.� ounces
or around 1� milliliters. 1 cup is 8 ounces or around 24� milliliters. 1 milliliter is the same as 1 cubic
centimeter.

+ption 2�  isplay images one at a time for all to see. #ive students 1–2 minutes to work with their
partner and write down an estimate for the obBects of unknown volumes in the picture. "ollow with
a whole-class discussion.

1.

•
•

•

•
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2.

3.



190

4.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� Provide access to 3-  models of the obBects depicted
in the images for students to manipulate. �sk students to use the 3-  models to estimate the
quantities in the other figures. !ncourage students to place obBects with known volumes inside
or next to others to ensure an accurate estimate.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(� �on$eptu"l pro$e44in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students may think there is a single right answer. Measurements are always approximate. Some of
the measurements given by the authors of this activity were calculated using estimates from the
photos, and may not be very precise. Measurements listed on the sides of packages are more
accurate, but actual contents may vary slightly.

%t?./nt &+=5 %t+t/7/nt

4our teacher will show you some containers.

1. If the pasta box holds 8 cups of rice, how much rice would you need for the other
rectangular prisms�

2. If the pumpkin can holds 1� duid ounces of rice, how much do the other cylinders hold�

3. If the small cone holds 2 duid ounces of rice, how much does the large cone hold�

4. If the golf ball were hollow, it would hold about �.2 cups of water. If the baseball were
hollow, how much would the sp ere hold�

Unit 5 �/==9n 	
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%t?./nt $/=:9n=/

Some answers are more exact than others.

1. pudding� 1.� cups; pasta� 8 cups; chicken stock� 32 duid ounces (or 4 cups); answers are from
the information on the container.

2. tuna� �.� duid ounces; oatmeal� cups (or about 4� duid ounces); pumpkin� 1� duid ounces;

answers are from the information on the container.

3. cone with uneven top� approximately 3 duid ounces (holds more if tilted); cone with smooth
top� approximately 2 duid ounces.

4. baseball� approximately �.� cup; golf ball� approximately �.2 cup.

�-ti@itC %Cnt2/=i=

"or each set of containers, display the image and select previously identified students to share their
strategies for estimating the volume. +nce strategies for each set of containers are shared, discuss�

“$ow do the estimates diber if we measure using water verses rice�” (Measuring with rice
leaves a bit of empty space between the grains, while water, being liquid, leaves no empty
space, so it^s more accurate.)

“If the containers we used were much larger (like a water tank), would our units of measure
change� 3hy�” (If we were measuring larger volumes, we might want to use a larger unit, like
gallons. 4��� ml sounds big, but it^s only a bit more than 1 gallon, which isn^t that much water.)

�onclude the discussion by asking students to compare some other units of measure for volume
that they know of. $ave students recall what they know about unit conversion between some units
of measure. !xample�

"luid ounces, quarts, cups, liters, milliliters

�ubic feet, cubic meters, cubic yards

Note that cubic centimeters are special, because 1 cc � 1 ml

If it comes up, here is the scoop on oun$e4� units called “ounces” are used to measure both volume
and weight. It is important to be clear about what quantity you are measuring� To diberentiate
between them, people refer to the units of measure for volume as “duid ounces.” "or water, 1 duid
ounce is very close to 1 ounce by weight. This is not true for other substances� "or example,
mercury is much denser than water. 1 duid ounce of mercury weighs about 13.6 ounces� Motor oil
is less dense than water (that^s why it doats), so 1 duid ounce of oil weighs only about �.8 ounces.
The metric system is not so confusing for quantities that would be measured in ounces, since it^s
common to measure mass instead of weight and measure it in grams, whereas volume is measured
in milliliters.

•

•

•
•
•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. "or each
strategy that is shared, ask students to restate and�or revoice what they heard using
mathematical language. �onsider providing students time to restate what they hear to a
partner, before selecting one or two students to share with the class. �sk the original speaker if
their peer was accurately able to restate their thinking. �all students� attention to any words or
phrases that helped to clarify the original statement. This will provide more students with an
opportunity to speak as they make sense of the reasoning of others.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(

	
�� �9 *9? �n9A &2/=/ �i1?</=�
�� minutes
The purpose of this activity is for students to learn or remember the names of the figures they
worked with in the previous activity and learn a quick method for sketching a cylinder. Students
start by determining the shapes that are the faces of the four shapes. They also determine which
shape would be considered the base of each figure shown. This allows students to connect
previously learned two-dimensional figures to new three-dimensional figures introduced here. The
last question introduces students to a way to sketch a cylinder. This is a skill they will continue to
use throughout the unit when working on problems that do not provide a visual example of a
situation. Identify students who sketch cylinders that are diberent sizes or drawn sideways.

�..</==in1

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.7� �ompare and �onnect

�+?n-2

It is strongly recommended that you provide physical, solid obBects for students to hold and look at.
If using physical obBects, pass around the obBects for students to see and feel before starting the
activity.

#ive students 3–� minutes of quiet work time, followed by a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

If students struggle to visualize the shapes of the faces, position the obBect so that students can
only see two dimensions. �sk students what two-dimensional shape they see.

•

•

Unit 5 �/==9n 	




193

%t?./nt &+=5 %t+t/7/nt

3hat shapes are the faces of each type of obBect shown here� "or example, all six faces
of a cube are squares.

1. 3hich faces could be referred to as a “base” of the obBect�

2. $ere is a method for quickly sketching a cylinder�

 raw two ovals.

�onnect the edges.

3hich parts of your drawing would
be hidden behind the cylinder�
Make these parts dashed lines.

Practice sketching some
cylinders. Sketch a few
diberent sizes, including
short, tall, narrow, wide,
and sideways. (abel the
radius and height on
each cylinder.

%t?./nt $/=:9n=/

1. rectangular prism� rectangles; cone� circle and a curved surface; cylinder� 2 circles and a
curved surface; sphere� one curved surface.

2. rectangular prism� any rectangular face can be called the base; cone� the circular face is the
base; cylinder� either circular face can be called the base; sphere� has no base.

3. �nswers vary.

•

•
•
•

•
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� soccer ball is a polyhedron
with 12 black pentagonal faces
and 2� white hexagonal faces.
$ow many edges in total are
on this polyhedron�

%t?./nt $/=:9n=/

Since each pentagonal face has � edges and there are 12 pentagonal faces, there are 6� edges on
pentagonal faces. Similarly, there are edges on the 2� hexagonal faces. �ombined, this
would make 18� edges, except that every edge is counted twice by this process.  ividing by 2, we
conclude that there are �� edges on a soccer ball.

�-ti@itC %Cnt2/=i=

If using physical obBects, display each obBect one at a time for all to see. If using images, display the
images for all to see, and refer to each obBect one at a time. �sk students to identify�

which figure the obBect is an example of

the diberent shapes that make up the faces of the figure

the shape that is the base of the figure

Select previously identified students to share their sketches of cylinders. The goal is to ensure that
students see a variety of cylinders� short, tall, sideways, narrow, etc. If no student drew a “sideways”
cylinder, sketch one for all to see and make sure students understand that even though it is
sideways, the height is still the length perpendicular to the base.

Tell students that we will be working with these diberent three-dimensional figures for the rest of
this unit. �onsider posting a display in the classroom that shows a diagram of each obBect labeled
with its name, and where appropriate, with one side labeled “base.” �s volume formulas are
developed, the formulas can be added to the display.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�epre4entin(� ���
 �o.p"re "n% �onne$t� Invite students to do a gallery walk, to observe each
other�s sketches. �s students circulate, ask students to describe what is similar and what is
diberent about the cylinders to a partner.  raw students^ attention to the diberent
characteristics of the cylinders (e.g., laying sideways, short, narrow, long, etc.). In this
discussion, demonstrate precise ways to describe shapes, such as using the terms cylinders,
cones, spheres, and rectangular prisms. These exchanges strengthen students^ mathematical
language use and reasoning about cylinders.
�e4i(n �rin$iple�4�� �pti.i;e output �'or $o.p"ri4on�� �ulti7"te $on7er4"tion

•
•
•
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The volume of a three-dimensional figure is the amount of space it encloses. �sk students�

“3hat are some shapes you worked with in today^s lesson�” (�ylinders, cones, spheres,
rectangular prisms)

“3hat are some diberent units of measure we use to calculate volume of these figures�”
(�ubic feet, duid ounces, gallons, cubic nanometers, rice)

“3hat are some examples of obBects we see in our world that are very similar to these figures
that you didn�t see in the pictures earlier�” (� basketball is like a sphere. � cell phone is like a
rectangular prism.)

	
�� $/-t+n16/ t9 $9?n.
Cool Do.n
 	 minutes
�..</==in1

8.#.�

%t?./nt &+=5 %t+t/7/nt

$ere is a box of pasta and a cylindrical container. The two obBects are the same height, and
the cylinder is Bust wide enough for the box to fit inside with all 4 vertical edges of the box
touching the inside of the cylinder. If the box of pasta fits 8 cups of rice, estimate how many
cups of rice will fit inside the cylinder. !xplain or show your reasoning.

%t?./nt $/=:9n=/

�nswers vary. Sample response� �bout 11 cups of rice since it should be a little more than the box,
but not a lot.

•

•

•

•
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The volume of a three-dimensional figure, like a Bar or a room, is the amount of space the
shape encloses. 3e can measure volume by finding the number of equal-sized volume units
that fill the figure without gaps or overlaps. "or example, we might say that a room has a
volume of 1,��� cubic feet, or that a pitcher can carry � gallons of water. 3e could even
measure volume of a Bar by the number of beans it could hold, though a bean count is not
really a measure of the volume in the same way that a cubic centimeter is because there is
space between the beans. (The number of beans that fit in the Bar do depend on the volume
of the Bar, so it is an okay estimate when Budging the relative sizes of containers.)

In earlier grades, we studied three-dimensional figures with dat faces that are polygons.
3e learned how to calculate the volumes of rectangular prisms. Now we will study
three-dimensional figures with circular faces and curved surfaces� cones, cylinders, and
spheres.

To help us see the shapes better, we can use dotted lines to represent parts that we wouldn�t
be able to see if a solid physical obBect were in front of us. "or example, if we think of the
cylinder in this picture as representing a tin can, the dotted arc in the bottom half of that
cylinder represents the back half of the circular base of the can. 3hat obBects could the other
figures in the picture represent�

�69==+<C
cone

sphere

•
•
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�/==9n 	
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%t+t/7/nt
a. Sketch a cube and label its side length as 4 cm (this will be �ube �).

b. Sketch a cube with sides that are twice as long as �ube � and label its side length (this
will be �ube �).

c. "ind the volumes of �ube � and �ube �.

%96?ti9n

a. �ube �, with a labeled side length of 4 cm

b. �ube �, with a labeled side length of 8 cm

c. �ube �� 64 cm3, �ube �� �12 cm3

"<9,6/7 

%t+t/7/nt
Two paper drink cups are shaped like cones. The small cone can hold 6 oz of water. The large
cone is the height and the diameter of the small cone. 3hich of these could be the

amount of water the large cone holds�

�. 8 cm

�. 14 oz

�. 4.� oz

 . 14 cm

%96?ti9n
�
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The graph represents the volume of a cylinder with a height equal to its radius.

a. 3hen the diameter is 2 cm, what is the
radius of the cylinder�

b. !xpress the volume of a cube of side
length as an equation.

c. Make a table for volume of the cube at
� cm, 1 cm, 2 cm, and 3

cm.

d. 3hich volume is greater� the volume of
the cube when 3 cm, or the volume
of the cylinder when its diameter is 3 cm�

%96?ti9n
a. The radius is 1 cm.

b.

c.
-olume of cu�e

� cm � cm3

� cm 1 cm3

� cm 8 cm3

� cm 27 cm3

d. The volume of the cube at 3 cm. (Its volume is 27 cm3, while the volume of the cylinder

when its diameter is 3 cm is cm3, or about 1�.6 cm3.)

("rom 1nit �, (esson 7.)
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Select all the points that are on a line with slope 2 that also contains the point .

�.

�.

�.

 .

!.

%96?ti9n
6���, ���, �!�7
("rom 1nit 3, (esson 1�.)

"<9,6/7 5
%t+t/7/nt
Several glass aquariums of various sizes are for sale at a pet shop. They are all shaped like
rectangular prisms. � 1�-gallon tank is 24 inches long, 12 inches wide, and 12 inches tall.
Match the dimensions of the other tanks with the volume of water they can each hold.

�. Tank 1� 36 inches long, 18 inches wide,
and 12 inches tall

�. Tank 2� 16 inches long, 8 inches wide,
and 1� inches tall

�. Tank 3� 3� inches long, 12 inches wide,
and 12 inches tall

 . Tank 4� 2� inches long, 1� inches wide,
and 12 inches tall

1. � gallons

2. 1� gallons

3. 2� gallons

4. 3� gallons

%96?ti9n
�� 4

�� 1

�� 3

 � 2

�
�
�
�
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Solve�

%96?ti9n

("rom 1nit 4, (esson 14.)
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�9+6=
�alculate the volume of a cylinder, and compare and contrast (orally) the formula for volume
of a cylinder with the formula for volume of a prism.

!xplain (orally) how to find the volume of a cylinder using the area of the base and height of
the cylinder.

�/+<nin1 &+<1/t=
I can find the volume of a cylinder in mathematical and real-world situations.

I know the formula for volume of a cylinder.

�/==9n  +<<+ti@/
In this lesson students learn that the volume of a cylinder is the area of the base times the height,
Bust like a prism. This is accomplished by considering 1-unit-tall layers of a rectangular prism side by
side with 1-unit-tall layers of a cylinder. �fter thinking about how to compute the volume of specific
cylinders, students learn the general formulas and .

In the warm-up, students recall that a circle^s area can be determined given its radius or diameter.
Students also become familiar with what is meant by r"%iu4 and )ei()t as those terms apply to
cylinders. "inally, students compute the volume of a cylinder by multiplying the area of its base by
its height. � volume expressed using the exact number versus the same volume computed using
3.14 as an approximation for is discussed. The following lesson provides opportunities to practice
these skills and solve related problems.

�6i1n7/nt=

�?i6.in1 !n

6.#.�.2� "ind the volume of a right rectangular prism with fractional edge lengths by packing it
with unit cubes of the appropriate unit fraction edge lengths, and show that the volume is the
same as would be found by multiplying the edge lengths of the prism. �pply the formulas

and to find volumes of right rectangular prisms with fractional edge lengths
in the context of solving real-world and mathematical problems.

7.#.�.4� 'now the formulas for the area and circumference of a circle and use them to solve
problems; give an informal derivation of the relationship between the circumference and area
of a circle.

�..</==in1

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

•

•

•
•

•

•

•
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M(.1� Stronger and �learer !ach Time

M(.3� �larify, �ritique, �orrect

M(.8�  iscussion Supports

Think Pair Share

$/;?i</. �+t/<i+6=

�969</. :/n-i6=

$/;?i</. "</:+<+ti9n

� good way to manage the various formulas in this unit is to create a display for each formula as
each one is introduced. "requently draw students^ attention to the displays and use them as a
reference.

"or the �ircular 2olumes activity, consider building a rectangular prism from 48 snap cubes to
match the diagram in the print statement.

Provide access to colored pencils.

%t?./nt �/+<nin1 �9+6=

(et^s explore cylinders and their volumes.

	��	 � �i<-6/�= �i7/n=i9n=
�arm �p
 �� minutes
The purpose of this warm-up is for students to review how to compute the area of a circle. This idea
should have been carefully developed in grade 7. This warm-up gives students an opportunity to
revisit this idea in preparation for finding the volume of a cylinder later in the lesson.

Students begin the activity with a whole-class discussion in which they identify important features
of a circle including its radius and diameter. They use this information and the formula for the area
of the circle to choose expressions from a list that are equivalent to the area of the circle. In the
final question, students are given the area of the circle and find the corresponding radius.

�s students are working, monitor for students who can explain why , , and “approximately
��” square units represent the area of the circle.

�?i6.in1 !n

7.#.�.4

�+?n-2

 isplay the diagram from the task statement for all to see and ask students�

•
•
•
•

•
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“Name a segment that is a radius of circle �.” (��, � , and �� or those with the letters
reversed are all radii.) .eview the meaning of the radius of a circle.

“3hat do we call a segment like ��, with endpoints on the circle that contains the center of the
circle�” (� diameter.) .eview the meaning of a diameter of a circle.

“3hat is the length of segment �” (4 units.) .eview the fact that all radii of a circle have the
same length.

#ive students 3 minutes of quiet work time and follow with a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

If students struggle to recall how to find the area of a circle, encourage them to look up a formula
using any available resources.

%t?./nt &+=5 %t+t/7/nt

$ere is a circle. Points , , , and are drawn, as well as Segments and .

1. 3hat is the area of the circle, in square units� Select all that apply.
a.

b.

c.

d.

e. approximately 2�

f. approximately ��

2. If the area of a circle is square units, what is its radius� !xplain your reasoning.

•

•

•
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1. c, d, and f. Since the radius is 4, the area of the circle is . This is approximately
��.3 square units.

2. 7 units. The square of the radius is 4� since the area is times the square of the radius, and
the area is square units. The radius is 7 units, because .

�-ti@itC %Cnt2/=i=

The purpose of this discussion is to make sure students remember that the area of a circle can be
found by squaring its radius and multiplying by .

Select previously identified students to share answers to the first question and explain why each of
the solutions represents the area of the circle. If not brought up during the discussion, tell students
that sometimes it is better to express an area measurement in terms of . +ther times it may
be better to use an approximation of , like 3.14, to represent the area measurement in decimal
form. In this unit, we will often express our answers in terms of .

 isplay in a prominent place for all to see for the next several lessons� (et be the area of a circle
of radius , then .

	��
 �i<-?6+< (96?7/=
�	 minutes
The purpose of this activity is for students to connect their previous knowledge of the volume of
rectangular prisms to their understanding of the volume of cylinders. "rom previous work, students
should know that the volume of rectangular prisms is found by multiplying the area of the base by
the height. $ere we expand upon that to compute the volume of a cylinder.

Students start by calculating the volume of a rectangular prism. Then they extrapolate from that to
calculate the volume of a cylinder given the area of its base and its height. If some students don^t
know they should multiply the area of the base by its height, then they are prompted to connect
prisms and cylinders to make a reasonable guess.

3e want students to conBecture that the volume of a cylinder is the area of its base multiplied by its
height.

�?i6.in1 !n

6.#.�.2

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

•

•

•
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Think Pair Share

�+?n-2

�rrange students in groups of 2. .emind students that a rectangular prism has a base that is a
rectangle, and a cylinder has a base that is a circle. It may have been some time since students have
thought about the meaning of a result of a volume computation. �onsider showing students a
rectangular prism built from 48 snap cubes with the same dimensions as "igure �. It may help them
to see that one layer is made of 16 cubes. #ive students 3–� minutes of quiet work time followed by
a partner discussion.  uring their discussion, partners compare the volumes they found for the
cylinders. If they guessed the volumes, partners explain their reasoning to one another. "ollow with
a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �e7elop �"n(u"(e "n% �:.#ol4� 1se virtual or concrete manipulatives to connect
symbols to concrete obBects or values. Provide connecting cubes for students to create
rectangular prisms and calculate the volume of. �sk students to represent the volume of the
rectangular prism in an equation and connect the base, width, and height to the 3-  model.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(� �on$eptu"l pro$e44in(

%t?./nt &+=5 %t+t/7/nt

3hat is the volume of each figure, in cubic units� !ven if you aren^t sure, make a reasonable
guess.

1. "igure �� � rectangular prism whose base has an area of 16 square units and whose
height is 3 units.

2. "igure �� � cylinder whose base has an area of 16 square units and whose height is 1
unit.

3. "igure �� � cylinder whose base has an area of 16 square units and whose height is 3
units.

•
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1. 48 cubic units. The area of the rectangular base is 16, which is multiplied by the height 3 to
find the volume.

2. 16 cubic units. The area of the circular base is , which is multiplied by the height 1 to
find the volume.

3. 48 cubic units. The area of the circular base is , which is multiplied by the height 3 to
find the volume.

�</ *9? $/+.C 09< �9</�

prism prism prism cylinder

base� square base� hexagon base� octagon base� circle

$ere are solids that are related by a common measurement. In each of these solids, the
distance from the center of the base to the furthest edge of the base is 1 unit, and the height
of the solid is � units. 1se 3.14 as an approximation for to solve these problems.

1. "ind the area of the square base and the circular base.

2. 1se these areas to compute the volumes of the rectangular prism and the cylinder. $ow
do they compare�

3. 3ithout doing any calculations, list the figures from smallest to largest by volume. 1se
the images and your knowledge of polygons to explain your reasoning.

4. The area of the hexagon is approximately 2.6 square units, and the area of the octagon
is approximately 2.83 square units. 1se these areas to compute the volumes of the
prisms with the hexagon and octagon bases. $ow does this match your explanation to
the previous question�

%t?./nt $/=:9n=/

1. �rea of the square is 2 square units. �rea of the circle is approximately 3.14 square units.

Unit 5 �/==9n 	�
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2. 2olume of the rectangular prism is 1� cubic units. 2olume of the cylinder is 1�.7 cubic units.

3. �nswers vary. Sample response� the area of the polygons increase as the number of sides
increase. This means that the volumes will also increase, since the height stays the same.

4. 2olume of the hexagonal prism is 13 cubic units. 2olume of the octagonal prism is 14.1� cubic
units.

�-ti@itC %Cnt2/=i=

$ighlight the important features of cylinders and their definitions� the radius of the cylinder is the
radius of the circle that forms its base; the height of a cylinder is the length between its circular top
and bottom; a cylinder of height 1 can be thought of as a “layer” in a cylinder with height . To
highlight the connection between finding the area of a rectangular prism and finding the area of a
cylinder, ask�

“$ow are prisms and cylinders diberent�” (� prism has a base that is a polygon, and a cylinder
has a base that is a circle.)

“$ow are prisms and cylinders the same�” (The volume of cylinders and prisms is found by
multiplying the area of the base by the height. )

“$ow do you find the area of the base, , of a cylinder�” ( ).

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to revise a response to the question, “3hat is similar and diberent
about cylinders and rectangular prisms�” �sk each student to meet with 2–3 other partners in a
row for feedback. Provide student with prompts for feedback that will help students
strengthen their ideas and clarify their language (e.g., “�an you give an example�”, “3hy do you
think that�”, “�an you say more about ...�”, etc.). Students can borrow ideas and language from
each partner to strengthen their final explanation.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

	��� � �C6in./<�= �i7/n=i9n=
�ptional
 �� minutes
In this optional activity, students use colored pencils (or pens or highlighters) to label the radius and
height on diberent pictures of cylinders. Then they sketch their own cylinders and label the radius
and heights of those. The purpose of this activity is for students to practice identifying the radius
and height of various cylinders, some of which are in context.

This activity can also be abbreviated if students demonstrate prior understanding of how to draw or
label cylinders and only need a brief refresh.

•

•

•
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8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

�+?n-2

 istribute colored pencils. #ive students 1–2 minutes of quiet work time followed by a whole-class
discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

In diagrams   and !, some students might mistake the diameter for the height of the cylinder.
Some students may mark a height taller than the cylinder due to the tilt of the figure.

%t?./nt &+=5 %t+t/7/nt

1. "or cylinders �– , sketch a radius and the height. (abel the radius with an and the
height with an .

2. !arlier you learned how to sketch a cylinder. Sketch cylinders for ! and " and label each
one^s radius and height.

%t?./nt $/=:9n=/

1. �nswers vary.

2. �nswers vary.

•

•
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�-ti@itC %Cnt2/=i=

Select students to share where they marked the radius and height and the cylinders sketched for
images ! and ".  iscuss examples of other cylinders students see in real life.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� �i4tenin(� ���
 �l"ri':� �riti2ue� �orre$t� Present an incorrect drawing that redects a
possible misunderstanding from the class about the height of a cylinder. "or example, draw a
cylinder with the diameter incorrectly placed at its height and the height at its diameter.
Prompt students to identify the error, (e.g., ask, “ o you agree with the representation� 3hy or
why not�”), correct the representation, and write feedback to the author explaining the error.
This helps students develop an understanding and make sense of identifying the heights of
diberently-oriented cylinders.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �"9i.i;e .et"-"8"rene44

	��� � �C6in./<�= (96?7/
�� minutes
The purpose of this activity is to give students opportunities to find the volumes of some cylinders.
�y finding the area of the base before finding the volume, students are encouraged to compute the
volume by multiplying the area of its base by its height. This way of thinking about volume might be
more intuitive for students than the formula . Notice students who plug the radius into a
formula for the volume and students who find the area of the base and multiply that by the
cylinder^s height.

The second problem of this activity focuses on exploring cylinders in a context. #enerally, the
volume of a container is the amount of space inside, but in this context, that also signifies the
amount of material that fits into the space. Students are not asked to find the area of the base of
the silo. Notice students that find the area before computing the volume and those that use the
volume formula and solve for it directly. Notice at what step in the computations students
approximate .

3hen working with problems in a given context, it is sometimes convenient or practical to use an
approximation of . �n example of this is given in the question regarding the volume of a grain silo
and interpretations of the answer.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

•
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Provide access to colored pencils to shade the cylinder^s base. #ive students �–6 minutes of quiet
work time followed by a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� Provide appropriate reading accommodations and
supports to ensure students access to written directions, word problems and other text-based
content.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �on$eptu"l pro$e44in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students might use the silo^s diameter instead of the radius to find the volume. .emind them of the
formula for area of a circle and the discussion about diameter and radius earlier in this lesson.

%t?./nt &+=5 %t+t/7/nt

1. $ere is a cylinder with height 4 units and diameter 1� units.

a. Shade the cylinder^s base.

b. 3hat is the area of the cylinder^s base� !xpress your answer in terms of .

c. 3hat is the volume of this cylinder� !xpress your answer in terms of .

2. � silo is a cylindrical container that is used on farms to hold large amounts of goods,
such as grain. +n a particular farm, a silo has a height of 18 feet and diameter of 6 feet.
Make a sketch of this silo and label its height and radius. $ow many cubic feet of grain
can this silo hold� 1se 3.14 as an approximation for .

%t?./nt $/=:9n=/

1. a. The image of the cylinder should have either its top or bottom shaded in.

b. . The radius of the base is half of 1� or � units. The area of the base is square
units since .

c. . The volume of the cylinder is the area of its base times its height, which is
cubic units, since .

Unit 5 �/==9n 	�
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2. �pproximately ��� cubic feet. The diameter of the silo^s base is 6 feet, which means the base
has a radius of 3 feet. The area of the base of the silo is square feet. . The volume
is cubic feet ( ). 1sing , the volume of the silo is approximately
��� cubic feet.

�</ *9? $/+.C 09< �9</�

+ne way to construct a cylinder is to take a rectangle (for example, a piece of paper), curl two
opposite edges together, and glue them in place.

3hich would give the cylinder with the greater
volume� #luing the two dashed edges
together, or gluing the two solid edges
together�

%t?./nt $/=:9n=/

#luing the two solid edges together will create a cylinder with the greater volume.

3hichever two lines are glued together become the height of the cylinder, and the other lines
represent the circumference of the circular base. "or the cylinder created by gluing the dashed lines
together, the height is 3 units, and the circumference is 2 units. Since circumference of a circle is
equal to times the diameter, the radius of the circular base must be . Therefore, the

volume can be determined by , which is about .�� units3.

"or the cylinder created by gluing the solid lines together, the height is 2 units, and the radius is

. Therefore, the volume can be determined by , which is about 1.43

units3.

�-ti@itC %Cnt2/=i=

The goal of this discussion is to ensure students understand how to use the area of the cylinder^s
base to calculate its volume. �onsider asking the following questions�

“$ow does knowing the area of a circular base help determine the volume of a cylinder�” (The
volume is this area multiplied by the height of the cylinder.)

“If the cylinder were on its side, how do you know which measurements to use for the
volume�” (Since we need area of the base first, the radius or diameter of the circle will always
be the measurement used for , and the height is always the distance between the bases, or
the measurement perpendicular to the bases. It doesn^t matter which direction the cylinder is
turned.)

•

•
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“3hen is it better to use approximations of pi instead of leaving it exact�” (�pproximating pi
helps us interpret an answer that has pi as a factor, like the area of a circular region or the
volume of a cylindrical container.)

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. "or each
response that is shared, ask students to restate and�or revoice what they heard using
mathematical language. �onsider providing students time to restate what they hear to a
partner, before selecting one or two students to share with the class. �sk the original speaker if
their peer was accurately able to restate their thinking. �all students� attention to any words or
phrases that helped to clarify the original statement.This will help students produce and make
sense of the language needed to communicate about diberent strategies for calculating
volume of cylinders.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

�/==9n %Cnt2/=i=
Make a display that includes the formula for a cylinder^s volume, , along with a labeled
diagram of a cylinder. This display should be kept posted in the classroom for the remaining lessons
within this unit.

Previously, students computed the volume of prisms by multiplying the area of the base by the
prism^s height. To help students summarize the ideas in this lesson, ask “$ow is finding the
volume of a cylinder like finding the volume of a prism�” and give students 2–3 minutes to write a
response. !ncourage students to use diagrams to show their thinking. Invite students to share their
ideas, displaying any diagrams for all to see.

	��5 �i;?i. (96?7/
Cool Do.n
 	 minutes
Students compute the volume of a cylinder given its height and radius. Students are given the
dimensions of the cylinder and the units.

�..</==in1

8.#.�.�

•

•

Unit 5 �/==9n 	�
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%t?./nt &+=5 %t+t/7/nt

The cylinder shown here has a height of 7 centimeters and a radius of 4 centimeters.

1. 3hat is the area of the base of the cylinder� !xpress your answer in terms of .

2. $ow many cubic centimeters of duid can fill this cylinder� !xpress your answer in terms
of .

3. #ive a decimal approximation of your answer to the second question using 3.14 to
approximate .

%t?./nt $/=:9n=/

1. cm2. The square of the radius of the base is , which is multiplied by
( ).

2. cm3. The height of the cylinder is 7, which is multiplied by the area of the base
( ).

3. 3�1.68 cm3, because

%t?./nt �/==9n %?77+<C
3e can find the volume of a cylinder with radius and height using two ideas we�ve seen
before�

The volume of a rectangular prism is a result of multiplying the area of its base by its
height.

The base of the cylinder is a circle with radius , so the base area is .

.emember that is the number we get when we divide the circumference of any circle by its
diameter. The value of is approximately 3.14.

&ust like a rectangular prism, the volume of a cylinder is the area of the base times the height.
"or example, take a cylinder whose radius is 2 cm and whose height is � cm.

•

•
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The base has an area of cm2 (since ), so the volume is cm3 (since
). 1sing 3.14 as an approximation for , we can say that the volume of the

cylinder is approximately 62.8 cm3.

In general, the base of a cylinder with radius units has area square units. If the height is
units, then the volume in cubic units is

Unit 5 �/==9n 	�
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
Sketch a cylinder.

(abel its radius 3 and its height 1�.

Shade in one of its bases.

%96?ti9n
�nswers vary.

"<9,6/7 

%t+t/7/nt
�t a farm, animals are fed bales of hay and buckets of grain. !ach bale of hay is in the shape a
rectangular prism. The base has side lengths 2 feet and 3 feet, and the height is � feet. !ach
bucket of grain is a cylinder with a diameter of 3 feet. The height of the bucket is � feet, the
same as the height of the bale.

a. 3hich is larger in area, the rectangular base of the bale or the circular base of the
bucket� !xplain how you know.

b. 3hich is larger in volume, the bale or the bucket� !xplain how you know.

%96?ti9n
a. The bucket^s base. The area of the bale^s base is 6 square feet. The area of the bucket^s base is

Bust over 7 square feet, because .

b. The bucket. The bale and the bucket have the same height, and the bucket^s base area is
larger.

"<9,6/7 �
%t+t/7/nt
Three cylinders have a height of 8 cm. �ylinder 1 has a radius of 1 cm. �ylinder 2 has a radius
of 2 cm. �ylinder 3 has a radius of 3 cm. "ind the volume of each cylinder.

%96?ti9n
�ylinder 1 has a volume of cm3.

�ylinder 2 has a volume of cm3.

�
�
�

�
�
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�ylinder 3 has a volume of cm3.

"<9,6/7 �
%t+t/7/nt
� one-quart container of tomato soup is shaped like a rectangular prism. � soup bowl shaped
like a hemisphere can hold 8 oz of liquid. $ow many bowls will the soup container fill� .ecall
that 1 quart is equivalent to 32 duid ounces (oz).

%96?ti9n
4 bowls

("rom 1nit �, (esson 12.)

"<9,6/7 5
%t+t/7/nt
Match each set of information about a circle with the area of that circle.

�. �ircle � has a radius of 4 units.

�. �ircle � has a radius of 1� units.

�. �ircle � has a diameter of 16 units.

 . �ircle   has a circumference of units.

1. square units

2. approximately 314 square units

3. square units

4. square units

%96?ti9n
�� 4

�� 2

�� 3

 � 1

"<9,6/7 �
%t+t/7/nt
Two students Boin a puzzle solving club and get faster at finishing the puzzles as they get
more practice. Student � improves their times faster than Student �.

�

�
�
�
�

Unit 5 �/==9n 	�
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a. Match the students to the (ines and .

b. 3hich student was faster at puzzle solving before practice�

%96?ti9n
a. Student � is represented by (ine . Student � is represented by (ine .

b. Student �

("rom 1nit �, (esson 8.)
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�/==9n 	�� �in.in1 �C6in./< �i7/n=i9n=

�9+6=
�alculate the value of one dimension of a cylinder, and explain (orally and in writing) the
reasoning.

�reate a table of dimensions of cylinders, and describe (orally) patterns that arise.

�/+<nin1 &+<1/t=
I can find missing information about a cylinder if I know its volume and some other
information.

�/==9n  +<<+ti@/
In this lesson, students use the formula for the volume of a cylinder to solve a variety of
problems. They compute volumes given radius and height, and find radius or height given a
cylinder^s volume and the other dimension by reasoning about the structure of the volume formula.

�6i1n7/nt=

�..</==in1

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.8�  iscussion Supports

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s figure out the dimensions of cylinders.

	��	 � �C6in./< 90 Un5n9An �/i12t
�arm �p
 	 minutes
The purpose of this warm-up is to assess students^ understanding of the volume of a cylinder.
Students learned that the volume of either a cylinder or prism is found by multiplying the area of
the base by its height. In this warm-up, students are given information to find the area of a
cylinder^s base, but they are not given the height. Students propose a volume for the cylinder and
explain why it works. Since the diameter of the base is 8, the area of the base is .

If students have trouble getting started, ask them�

“ o you have enough information to calculate the area of the base�”

•

•

•

•

•
•
•

•

Unit 5 �/==9n 	�
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“3hat is the radius�”

Identify students who use these strategies�

find the area of the base first then set up the equation .

choose a specific value for then solve for the volume.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

Think Pair Share

�+?n-2

�rrange students in groups of 2. Tell students that in a previous lesson, they learned how to find
the volume of a cylinder if they know the cylinder^s radius and height.  raw their attention to where
volume formulas are displayed in the classroom as the unit progresses. #ive students 1–2 minutes
of quiet work time followed by time to explain their reasoning to their partner. "ollow this with a
whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

3hat is a possible volume for this cylinder if the diameter is 8 cm� !xplain your reasoning.

%t?./nt $/=:9n=/

�nswers vary. Sample response� The radius of the cylinder^s base is 4 cm, which means the area of

the base is cm2 since . If the height is 1 cm, then the volume would be

cm3 since .

�-ti@itC %Cnt2/=i=

The goal of this discussion is for students to communicate how the height of a cylinder is related to
its volume. Invite students to share their solutions and their reasoning. .ecord and display the
dimensions and volumes of cylinders that correspond to solutions given by students.

•

•
•

•

•
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	��
 )2+tD= t2/ �i7/n=i9n�
�	 minutes
In this activity, students find the missing dimensions of cylinders when given the volume and the
other dimension. � volume equation representing the cylinder is given for each problem.

Identify students who use these strategies� guess and check, divide each side of the equation by the
same value to solve for missing variable, or use the structure of the volume equation to reason
about the missing variable

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

�rrange students in groups of 2. #ive students 2–3 minutes of quiet work time followed by time to
share their explanation for the first problem with their partners.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� �ctivate or supply background knowledge of
strategies students can use to solve for unknown variables in equations. �llow students to use
calculators to ensure inclusive participation in the activity.
�upport4 "$$e44i#ilit: 'or� �e.or:� �on$eptu"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to revise a response to one or both of the questions. �sk each student
to meet with 2–3 other partners in a row for feedback. Provide student with prompts for
feedback that will help students strengthen their ideas and clarify their language (e.g., “3hat
did you do first�”, “$ow do you know is...�”, and “$ow did you use the volume formula�”, etc.).
Students can borrow ideas and language from each partner to strengthen their final
explanation.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

The volume of a cylinder with radius is given by the formula .

•

•

Unit 5 �/==9n 	�
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1. The volume of this cylinder with radius � units is cubic units. This statement is true�

3hat does the height of this cylinder have to be� !xplain how you know.

2. The volume of this cylinder with height 4 units is cubic units. This statement is true�

3hat does the radius of this cylinder have to be� !xplain how you know.

%t?./nt $/=:9n=/

1. The statement is equivalent to . Since �� is 2� times 2, units.

2. The statement is equivalent to . Since 36 is 4 times �, . This
implies units.

�</ *9? $/+.C 09< �9</�

Suppose a cylinder has a volume of cubic inches, but it is not the same cylinder as the
one you found earlier in this activity.

1. 3hat are some possibilities for the dimensions of the cylinder�

2. $ow many diberent cylinders can you find that have a volume of cubic inches�

%t?./nt $/=:9n=/

1. The volume for the cylinder is , which implies . �nswers vary.
Sample responses� the cylinder could have and or and .

2. There are an infinite number of cylinders with a volume of cubic inches. No matter what
value for is chosen, a value for can be calculated using the formula .
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�-ti@itC %Cnt2/=i=

Select previously identified students to explain the strategies they used to find the missing
dimension in each problem. If not brought up in students^ explanations.  iscuss the following
strategies and explanations�

#uess and check� plug in numbers for , a value that make the statements true. Since the
solutions for these problems are small whole numbers, this strategy works well. In other
situations, this strategy may be less eecient.

 ivide each side of the equation by the same value to solve for the missing variable� for
example, divide each side of by the common factor, . It^s important to
remember is a number that can be multiplied and divided like any other factor.

1se the structure of the equation to reason about the missing variable� for example, is
double , so the missing value must be 2.

	��� �C6in./<= Ait2 Un5n9An �i7/n=i9n=
�	 minutes
The purpose of this activity is for students to use the structure of the volume formula for cylinders
to find missing dimensions of a cylinder given other dimensions. Students are given the image of a
generic cylinder with marked dimensions for the radius, diameter, and height to help their
reasoning about the diberent rows in the table..

3hile completing the table, students work with approximations and exact values of as well as
statements that require reasoning about squared values. The final row of the table asks students to
find missing dimensions given an expression representing volume that uses letters to represent the
height and the radius. This requires students to manipulate expressions consisting only of variables
representing dimensions.

!ncourage students to make use of work done in some rows to help find missing information in
other rows. Identify students who use this strategy and ask them to share during the discussion.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

#ive students 6–8 minutes of work time followed by a whole-class discussion.

If short on time, consider assigning students only some of the rows to complete.

•

•

•

•

•

Unit 5 �/==9n 	�
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �ntern"li;e �el' �e(ul"tion� �hunk this task into more manageable parts to
diberentiate the degree of dieculty or complexity. Invite students to choose and complete five
out of eight rows in the table. !ncourage students to select rows that contain varied
information.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �ttention

�nti-i:+t/. �i=-9n-/:ti9n=

Students might try to quickly fill in the missing dimensions without the proper calculations.
!ncourage students to use the volume of a cylinder equation and the given dimensions to figure
out the unknown dimensions.

%t?./nt &+=5 %t+t/7/nt

!ach row of the table has information about a particular cylinder. �omplete the table with the
missing dimensions.
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�iameter
�units�

ra�ius
�units�

area of t e �ase �s(uare
units�

 eig t
�units�

-olume �cu�ic
units�

3 �

12

11

8

1��

1�

2� 314

%t?./nt $/=:9n=/

�iameter
�units�

ra�ius
�units�

area of t e �ase �s(uare
units�

 eig t
�units�

-olume �cu�ic
units�

6 3 �

12 6 3

6 3 11

8 4 1

�.8 �.4 1��

2� 1� �.2 (or )

2� 1� 1 314

�-ti@itC %Cnt2/=i=

Select previously identified students to share their strategies. �sk students�

Unit 5 �/==9n 	�
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“3hat patterns did you see as you filled out the table�” (Sample reasoning� .ows that had the
same base area were easier to compare because their volume was the base area times
height.)

“(ook at rows 1 and 3 in the table. $ow did having one row filled out help you fill out the other
more eeciently�” (If the base areas were the same, then the radius and diameter must be the
same also.)

“$ow did you reason about the last row�”

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� Provide sentence frames to support students as they share
their strategies for completing the table. "or example, “I noticed 888888 in the (rows�columns).”
or “I noticed 888888, and it tells me that 888888 .”
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or +u4ti>$"tion�

�/==9n %Cnt2/=i=
3orking in groups of 2, tell students to choose one partner to name a value for the radius and one
partner to name a value for the volume of a cylinder. Together, partners determine the height and
make a sketch or their cylinder, including labels on the dimensions of their sketch.  isplay sketches
and invite students to share their strategies for determining height.

	��� �in. t2/ �/i12t
Cool Do.n
 	 minutes
�..</==in1

8.#.�.�

%t?./nt &+=5 %t+t/7/nt

This cylinder has a volume of cubic inches and a diameter of inches. "ind the cylinder�s
radius and height.

•

•

•

•
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%t?./nt $/=:9n=/

The radius is 2 inches, and the height is 3 inches. Since the diameter is 4 inches, the radius is half of
4 inches. The volume is , which means and .

%t?./nt �/==9n %?77+<C
In an earlier lesson we learned that the volume, , of a cylinder with radius and height is

3e say that the volume depends on the radius and height, and if we know the radius and
height, we can find the volume. It is also true that if we know the volume and one dimension
(either radius or height), we can find the other dimension.

"or example, imagine a cylinder that has a volume of cm3 and a radius of � cm, but the
height is unknown. "rom the volume formula we know that

must be true. (ooking at the structure of the equation, we can see that . That
means that the height has to be 2� cm, since .

Now imagine another cylinder that also has a volume of cm3 with an unknown radius
and a height of � cm. Then we know that

must be true. (ooking at the structure of this equation, we can see that . So the
radius must be 1� cm.

Unit 5 �/==9n 	�
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
�omplete the table with all of the missing information about three diberent cylinders.

�iameter of �ase
�units�

area of �ase �s(uare
units�

 eig t
�units�

-olume �cu�ic
units�

4 1�

6

6

%96?ti9n
�nswers vary. Sample response�

�iameter of �ase �units� area of �ase �s(uare units�  eig t �units� -olume �cu�ic units�

4 1�

6 7

1� 6

"<9,6/7 

%t+t/7/nt
� cylinder has volume and radius 3. 3hat is its height�

%96?ti9n
� units (Solve .)

"<9,6/7 �
%t+t/7/nt
Three cylinders have a volume of 2826 cm3. �ylinder � has a height of ��� cm. �ylinder � has
a height of 22� cm. �ylinder � has a height of 1�� cm. "ind the radius of each cylinder. 1se
3.14 as an approximation for .
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%96?ti9n
�ylinder � has a radius of 1 cm.

�ylinder � has a radius of 2 cm.

�ylinder � has a radius of 3 cm.

"<9,6/7 �
%t+t/7/nt
� gas company^s delivery truck has a
cylindrical tank that is 14 feet in diameter and
4� feet long.

a. Sketch the tank, and mark the radius and
the height.

b. $ow much gas can fit in the tank�

%96?ti9n
a. �nswers vary. The radius is 7 feet, and the height is 4� feet.

b. �bout 6,1�8 cubic feet (The volume of the cylinder is given by where and
. 1sing a close approximation of gives an approximate volume of 6,1�8 cubic feet, but

diberent answers may be found if a diberent approximation of is used.)

("rom 1nit �, (esson 13.)

"<9,6/7 5
%t+t/7/nt
$ere is a graph that shows the water height of the ocean between September 22 and
September 24, 2�16 in �odega �ay, ��.

�
�
�
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a. !stimate the water height at 12 p.m. on September 22.

b. $ow many times was the water height � feet� "ind two times when this happens.

c. 3hat was the lowest the water got during this time period� 3hen does this occur�

d.  oes the water ever reach a height of 6 feet�

%96?ti9n
a. 3.� feet

b. 4 times� approximately 2 p.m. and 6 p.m. on ��22, 3 p.m. and 7 p.m. on ��23

c. The lowest height was at about 11 p.m. on ��22. The water height then was about �.3 feet.

d. No, the highest it ever got was about �.8 feet.

("rom 1nit �, (esson �.)
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�/==9n 	5� &2/ (96?7/ 90 + �9n/

�9+6=
�alculate the volume of a cone and cylinder given the height and radius, and explain (orally)
the solution method.

�ompare the volumes of a cone and a cylinder with the same base and height, and explain
(orally and in writing) the relationship between the volumes.

�/+<nin1 &+<1/t=
I can find the volume of a cone in mathematical and real-world situations.

I know the formula for the volume of a cone.

�/==9n  +<<+ti@/
In this lesson students start working with cones, and learn that the volume of a cone is the

volume of a cylinder with a congruent base and the same height. "irst, students learn a method for
quickly sketching a cone, and the meaning of the r"%iu4 and )ei()t of a cone. Then they watch a
video (or if possible, a live demonstration) showing that it takes three cones of water to fill a
cylinder with the same radius and height. �t this point, it is taken as a mysterious and beautiful fact
that the volume of a cone is one third the volume of the associated cylinder. � proof of this fact
requires mathematics beyond grade level.

Students write the volume of a cone given a specific volume of a cylinder with the same base and
height, and vice versa. Then they use the formula for the volume of a cylinder learned in previous
lessons to write the general formula for the volume, , of a cone in terms of its height,

, and radius, . "inally, students practice computing the volumes of some cones. There are
opportunities for further practice in the next lesson.

�6i1n7/nt=

�..</==in1

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

M(.8�  iscussion Supports

Notice and 3onder

Think Pair Share

•

•

•
•

•

•
•
•
•

Unit 5 �/==9n 	5
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$/;?i</. "</:+<+ti9n

"or the 3hich $as a (arger 2olume activity, it is suggested that students have access to geometric
solids.

 uring the "rom �ylinders to �ones activity, students will need to view a video. �lternatively, do a
demonstration with a cone that could be filled with water and poured into a cylinder.

%t?./nt �/+<nin1 �9+6=

(et^s explore cones and their volumes.

	5�	 )2i-2 �+= + �+<1/< (96?7/�
�arm �p
 	 minutes
The purpose of this activity is for students to think about how the volume of a cone might relate to
the volume of a cylinder with the same base and height. �dditionally, students learn one method
for sketching a cone. In this activity, Bust elicit students^ best guess about how many cone-contents
would fit into the cylinder (or, what fraction of the cylinder^s volume is the cone^s volume). In the
next activity, they will watch a demonstration that verifies the actual amount.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

Think Pair Share

�+?n-2

If you have access to appropriate geometric solids that include a cylinder and a cone with congruent
bases and equal heights, consider showing these to students, even passing them around for
students to hold if time permits.

�rrange students in groups of 2. #ive students 2–3 minutes of quiet work time, followed by time to
discuss fractional amount with partner. "ollow with a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

If students think the two shapes will have the same volume, ask them to imagine dropping the cone
into the cylinder and having extra space around the cone and still inside the cylinder.

%t?./nt &+=5 %t+t/7/nt

The cone and cylinder have the same height, and the radii of their bases are equal.

•

•
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1. 3hich figure has a larger volume�

2.  o you think the volume of the smaller one
is more or less than the volume of the

larger one� !xplain your reasoning.

3. Sketch two diberent sized cones. The oval doesn^t have
to be on the bottom� "or each drawing, label the cone^s
radius with and height with .

$ere is a method for quickly sketching a cone�

 raw an oval.

 raw a point centered above the oval.

�onnect the edges of the oval to the point.

3hich parts of your drawing would be hidden
behind the obBect� Make these parts dashed lines.

%t?./nt $/=:9n=/

1. The cylinder has a larger volume.

2. �nswers vary.

3. �nswers vary.

�-ti@itC %Cnt2/=i=

Invite students to share their answers to the first two questions. The next activity includes a video
that shows that it takes 3 cones to fill a cylinder that has the same base and height as the cone, so it
is not necessary that students come to an agreement about the second question, Bust solicit
student^s best guesses, and tell them that we will find out the actual fractional amount in the next
activity.

!nd the discussion by selecting 2–3 students to share their sketches.  isplay these for all to see and
compare the diberent heights and radii. If no student draws a perpendicular height or slant height,
display the image shown here for all to see and remind students that in earlier units we learned
that height creates a right angle with something in the figure. In the case of the cones, the height is
perpendicular to the circular base.

•
•
•
•
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	5�
 �<97 �C6in./<= t9 �9n/=
�� minutes
In this activity, students use the relationship that the volume of a cone is of the volume of a

cylinder to calculate the volume of various cones. Students start by watching a video (or
demonstration) that shows that it takes the contents of 3 cones to fill the cylinder when they have
congruent bases and equal heights. Students use this information to calculate the volume of
various cones and cylinders. "or the last question, identify students who�

write the equation as (or ), where represents the volume of a cylinder with the

same base and height as the cone.

write the equation in terms of and ( ).

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

Notice and 3onder

�+?n-2

2ideo �$ow Many �ones  oes it Take to "ill a �ylinder with the Same �ase and $eight�� available
here� https���player.vimeo.com�video�3���81286.

!ither conduct a demonstration or show the video and tell students to write down anything they
notice or wonder while watching. Pause for a whole-class discussion. .ecord what students noticed
and wondered for all to see. !nsure that students notice that it takes the contents of 3 cones to fill

•

•

•

•
•
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the cylinder, or alternatively, that the volume of the cone is the volume of the cylinder. Then, set

students to work on the questions in the task, followed by a whole-class discussion.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� �s students describe what they notice and wonder about
from the video, revoice student ideas to demonstrate mathematical language use while
incorporating gestures and referring to the context in the video. This will help students to
produce and make sense of the language needed to communicate their own ideas about the
relationship between the volume of cones and cylinders.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

%t?./nt &+=5 %t+t/7/nt

� cone and cylinder have the same height and their bases are congruent circles.

1. If the volume of the cylinder is �� cm3,
what is the volume of the cone�

2. If the volume of the cone is 12� cm3,
what is the volume of the cylinder�

3. If the volume of the cylinder is ,
what is the volume of the cone� !ither
write an expression for the cone or
explain the relationship in words.

%t?./nt $/=:9n=/

1. 3� cm3. The volume of a cone is the volume of a cylinder and .

2. 36� cm3. The volume of the cylinder is 3 times larger than the volume of a cone and .

3. �nswers vary. Sample responses� (or equivalent) or “the volume of the cone is

that of the volume of the cylinder.”

�-ti@itC %Cnt2/=i=

Select previously identified students to share the volume equation they wrote for the last question.
 isplay examples for all to see and ask “�re these equations the same� $ow can you know for
sure�” (The calculated volume is the same when you use both equations.)

Unit 5 �/==9n 	5
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If no student suggests it, connect , where represents the volume of a cylinder with the same

base and height as the cone, to the volume of the cone, . .einforce that these are equivalent

expressions.

�dd the formula and a diagram of a cone to your classroom displays of the formulas

being developed in this unit.

	5�� �+6-?6+t/ &2+t �9n/
�� minutes
The purpose of this activity is for students to calculate the volume of cones given their height and
radius. Students are given a cylinder with the same height and radius and use the volume
relationship they learned in the previous activity to calculate the volume of the cone. They then
calculate the volume of a cone given a height and radius using the newly learned formula for
volume of a cone. "or the last problem, an image is not provided to give students the opportunity to
sketch one if they need it.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

�+?n-2

#ive students 3–� minutes of quiet work time followed by a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

In the first problem, students might use 1� as the radius length. �sk students what the length of 1�
in the picture is called. �sk students to recall the formula for the volume of a cylinder.

"or students who are not sure where to begin the last problem since it does not have an image,
encourage them to sketch and label their own.

%t?./nt &+=5 %t+t/7/nt

1. $ere is a cylinder and cone that have the same height and the same base area.
3hat is the volume of each figure� !xpress
your answers in terms of .

2. $ere is a cone.

•

•



236

a. 3hat is the area of the base� !xpress
your answer in terms of .

b. 3hat is the volume of the cone�
!xpress your answer in terms of .

3. � cone-shaped popcorn cup has a radius of � centimeters and a height of � centimeters.
$ow many cubic centimeters of popcorn can the cup hold� 1se 3.14 as an
approximation for , and give a numerical answer.

%t?./nt $/=:9n=/

1. �ylinder� ; cone� . To calculate the volume of the cylinder, find the area of the base

and multiply it by the height of the cylinder. The area of the base is , and the height is
4 ( ). The volume of the cone is of the cylinder^s volume, which is .

2. a. square units because .

b. cubic units because the volume is of the area of the base multiplied by the height

of the cone ( ).

3. 23�.� cm3 because with a radius of � cm and a height of � cm, the volume is calculated with
the equation .

�</ *9? $/+.C 09< �9</�

� grain silo has a cone shaped spout on the
bottom in order to regulate the dow of grain
out of the silo. The diameter of the silo is 8
feet. The height of the cylindrical part of the
silo above the cone spout is 12 feet while the
height of the entire silo is 16 feet.

$ow many cubic feet of grain are held in the
cone spout of the silo� $ow many cubic feet of
grain can the entire silo hold�

%t?./nt $/=:9n=/

The entire grain silo holds cubic feet of grain.

Unit 5 �/==9n 	5
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The cone holds cubic feet of grain. Since the radius is 4 feet and the height of the cone is also 4

feet ( ), the volume is . �alculate the volume of the cylinder ( ), and add it to

the volume of the cone to get the volume of the entire silo.

�-ti@itC %Cnt2/=i=

"or the first problem, Invite students to explain how they calculated the volume of both figures and
have them share the diberent strategies they used. If not mentioned by students bring up these
strategies�

�alculate the volume of the cylinder, then divide volume of cylinder by 3 to get the volume of
the cone.

�alculate the volume of the cylinder, then multiply volume of cylinder by to get the volume

of the cone.

�alculate the volume of the cone, then multiply volume of cone by 3 to get the volume of the
cylinder.

"or the third problem, ask students to share any sketches they came up with to help them calculate
the answer. !xplain to students that sometimes we encounter problems that don^t have a visual
example and only a written description. �y using sketches to help to visualize what is being
described in a problem, we can better understand what is being asked.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class. �ll group members
should be prepared to share if invited.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �o$i"l-e.otion"l 4,ill4� �ttention

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� ���
 �l"ri':� �riti2ue� �orre$t� Present an incorrect response to the first question that
redects a possible misunderstanding from the class. "or example, “The volume is
because .” Prompt students to critique the reasoning (e.g., ask, “ o you agree with
the author^s reasoning� 3hy or why not�”) and then write feedback to the author that identifies
the misconception and how to improve on his�her work. (isten for students who tie their
feedback to the diberence between the radius and diameter and use the academic vocabulary
(e.g., height, radius, diameter, cylinder, cone, volume, etc.). This will help students evaluate,
and improve on, the written mathematical arguments of others and highlight the distinction
between and the importance of radii when calculating volume of cylinders and cones.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44

•

•

•
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�/==9n %Cnt2/=i=
$ave students summarize the highlights of the lesson by asking�

“3hat is the relationship between the volume of a cylinder and the volume of a cone�” (The
volume of a cone is of the volume of a cylinder or the volume of the cylinder is 3 times the

volume of the cone.)

“If we know the volume of a cone, how do we calculate the volume of a cylinder that has the
same height and base area�” (3e can multiply the volume of the cone by 3.)

“If we know the volume of a cylinder, how do we calculate the volume of a cone that has the
same height and base area�” (3e can multiply the volume of the cylinder by .)

“If a cylinder and a cone have the same base, how tall does the cone have to be relative to the
cylinder so that they both have the same volume�” (The cone needs to have a height 3 times
the height of the cylinder for the two shapes to have the same volume.)

	5�� �+6-?6+t/ (96?7/= 90 &A9 �i1?</=
Cool Do.n
 	 minutes
�..</==in1

8.#.�.�

%t?./nt &+=5 %t+t/7/nt

� cone with the same base but a height 3
times taller than the given cylinder exists.
3hat is the volume of each figure� !xpress
your answers in terms of .

%t?./nt $/=:9n=/

cylinder� cubic units because

cone� cubic units because

%t?./nt �/==9n %?77+<C
If a cone and a cylinder have the same base and the same height, then the volume of the
cone is of the volume of the cylinder. "or example, the cylinder and cone shown here both

have a base with radius 3 feet and a height of 7 feet.

•

•

•

•

•
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The cylinder has a volume of
cubic feet since

. The cone has
a volume that is of that, or

cubic feet.

If the radius for both is and the height for both is , then the volume of the cylinder is .
That means that the volume, , of the cone is
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�/==9n 	5 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
� cylinder and cone have the same height and radius. The height of each is � cm, and the
radius is 2 cm. �alculate the volume of the cylinder and the cone.

%96?ti9n
�ylinder� cm3, cone� cm3

"<9,6/7 

%t+t/7/nt
The volume of this cone is cubic units.

3hat is the volume of a cylinder that has the same base area
and the same height�

%96?ti9n
, about 33� cubic units (The volume of the cylinder is exactly three times the volume of the

corresponding cone.)

"<9,6/7 �
%t+t/7/nt
� cylinder has a diameter of 6 cm and a volume of cm3.

a. Sketch the cylinder.

b. "ind its height and radius in centimeters.

c. (abel your sketch with the cylinder^s height and radius.

%96?ti9n
�nswers vary. The radius of the cylinder is 3 cm and the height of the cylinder is 4 cm since .

("rom 1nit �, (esson 14.)
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"<9,6/7 �
%t+t/7/nt
(in wants to get some custom T-shirts printed for her basketball team. Shirts cost �1� each if
you order 1� or fewer shirts and �� each if you order 11 or more shirts.

a. Make a graph that shows the total cost of buying shirts, for � through 1� shirts.

b. There are 1� people on the team.  o they save money if they buy an extra shirt� !xplain
your reasoning.

c. 3hat is the slope of the graph between � and 1�� 3hat does it mean in the story�

d. 3hat is the slope of the graph between 11 and 1�� 3hat does it mean in the story�

%96?ti9n
a.

b. 4es, 11 shirts cost ���, and 1� shirts cost �1��. !ven if they split the cost of the extra shirt,
they still save �1 altogether, or ��.1� apiece. If they can find someone to buy the extra shirt,
they save �1 each.

c. 1� dollars per shirt� the price per shirt when you buy 1� or fewer

d. � dollars per shirt� the price per shirt when you buy 11 or more

("rom 1nit �, (esson 1�.)
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"<9,6/7 5
%t+t/7/nt
In the following graphs, the horizontal axis represents time and the vertical axis represents
distance from school. 3rite a possible story for each graph.

%96?ti9n
�nswers vary. Sample response�

(eft graph� � student leaves school and walks to a friend^s house that is halfway between
school and their house. �fter spending some time at a friend^s house, the student continues
walking home.

�enter graph� �n athlete leaves school to go home for a while, then returns to school for a
game later in the evening.

.ight graph� � parent starts from their workplace and drives directly to school to pick up their
daughter.

("rom 1nit �, (esson 6.)

�

�

�
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�/==9n 	�� �in.in1 �9n/ �i7/n=i9n=

�9+6=
�alculate the value of one dimension of a cylinder, and explain (orally and in writing) the
reasoning.

�ompare volumes of a cone and cylinder in context, and Bustify (orally) which volume is a
better value for a given price.

�reate a table of dimensions of cylinders, and describe (orally) patterns that arise.

�/+<nin1 &+<1/t=
I can find missing information of about a cone if I know its volume and some other
information.

�/==9n  +<<+ti@/
�s they did with cylinders in a previous lesson, students in this lesson use the formula

to find the radius or height of a cone given its volume and the other dimension. Then they apply
their understanding about the volumes of cylinders and cones to decide which popcorn container
and price obers the best deal.  epending on the amount of guidance students are given, this last
activity can be an opportunity to explain their reasoning and critique the reasoning of others (MP3).

�6i1n7/nt=

�?i6.in1 !n

6.!!.�.�� 1nderstand solving an equation or inequality as a process of answering a question�
which values from a specified set, if any, make the equation or inequality true� 1se
substitution to determine whether a given number in a specified set makes an equation or
inequality true.

�..</==in1

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

M(.8�  iscussion Supports

Number Talk

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s figure out the dimensions of cones.

•

•

•

•

•

•

•
•
•
•
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	��	  ?7,/< &+65� &2i<.=
�arm �p
 	 minutes
The purpose of this number talk is to elicit understandings and review strategies students have for
finding the unknown value in an equation that involves the fraction . These understandings will be

helpful later in this lesson when students are solving for the unknown length of the radius or height
of a cone given its volume.

3hile four problems are given, it may not be possible to share every strategy. �onsider gathering
only two or three diberent strategies per problem, saving most of the time for the final question.

�?i6.in1 !n

6.!!.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

Number Talk

�+?n-2

.eveal one problem at a time. #ive students brief quiet think time for each problem, and ask them
to give a signal when they have an answer and a strategy. 'eep all previous problems displayed
throughout the talk. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� To support working memory, provide students with
sticky notes or mini whiteboards.
�upport4 "$$e44i#ilit: 'or� �e.or:� �r("ni;"tion

�nti-i:+t/. �i=-9n-/:ti9n=

Students might want to divide 27 by 3 or multiply 27 by to solve for . �sk students what number

you can multiply by (or divide by 3) to result in the number 27.

%t?./nt &+=5 %t+t/7/nt

"or each equation, decide what value, if any, would make it true.

•

•
•
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%t?./nt $/=:9n=/

81

�

36

6

�-ti@itC %Cnt2/=i=

�sk students to share their strategies for each problem, in particular highlighting the ways students
worked with the fraction . .ecord and display their explanations for all to see. To involve more

students in the conversation, consider asking�

“3ho can restate 888^s reasoning in a diberent way�”

“ id anyone have the same strategy but would explain it diberently�”

“ id anyone solve the problem in a diberent way�”

“ oes anyone want to add on to 88888^s strategy�”

“ o you agree or disagree� 3hy�”

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4��  isplay sentence frames to support students when they
explain their strategy. "or example, �"irst, I 88888 because . . .� or �I noticed 88888 so I . . . .� Some
students may benefit from the opportunity to rehearse what they will say with a partner before
they share with the whole class.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

	��
 �n Un5n9An $+.i?=
�ptional
 	 minutes
The purpose of this activity is for students to calculate the radius of the cone given the volume and
height. This activity is similar to an activity in a previous lesson where students calculated the radius
of a cylinder given the volume and height. � diberence here is that solving for the unknown takes
an additional step to deal with the .

!ncourage students to connect the strategies that they used in the warm-up to this problem.
Identify students who make the connections and ask them to share during the discussion.

•
•
•
•

•
•
•
•
•
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�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2. #ive students 2–3 minutes of quiet work time followed by time to
share their strategies with their partner. "ollow with a whole-class discussion.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4�  isplay sentence frames for students to use when they
share their strategies with their partners. "or example, “The radius is 8888888 because 88888 .”, or
“To find the radius, first I 888888. Then, I88888 .” or “I used the by 888888 .” �sk students to

further clarify their strategy with operational words, such as “multiply by the reciprocal,” or
“divide by.” This will help students practice and develop language for describing their strategies
for working with fractions. �e4i(n �rin$iple�4�� �upport 4en4e-.",in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students might struggle with the while solving for the unknown radius length. !ncourage

students to think about the strategies they used in the warm-up to work with the .

%t?./nt &+=5 %t+t/7/nt

The volume of a cone with radius is given by the formula .

The volume of this cone with height 3 units and radius is cubic units. This
statement is true�

3hat does the radius of this cone have to be� !xplain how you know.

%t?./nt $/=:9n=/

The radius must be 8 units because the equation simplifies to , so must be 8.

•

•

Unit 5 �/==9n 	�



247

�-ti@itC %Cnt2/=i=

Select previously identified students to share the strategies they used to calculate the radius. �sk
students, “3hich do you think is more challenging� calculating the radius of a cone or the radius of
the cylinder when the height and volume of the shapes are known� 3hy�” (I think they are the
same, you Bust have to work with when calculating the radius of the cone, which adds an extra

step.)

	��� �9n/= Ait2 Un5n9An �i7/n=i9n=
�	 minutes
The purpose of this activity is for students to use the structure of the volume formula for cones to
calculate missing dimensions of a cone given other dimensions. Students are given the image of a
generic cone with marked dimensions for the radius, diameter, and height to help their reasoning
about the diberent rows in the table.

3hile completing the table, students work with approximations and exact values of as well as
statements that require reasoning about squared values. The final row of the table asks students to
find missing dimensions given an expression representing volume that uses letters to represent the
height and the radius. This requires students to manipulate expressions consisting only of variables
representing dimensions.

!ncourage students to make use of work done in some rows to help find missing information in
other rows. Identify students who use this strategy, and ask them to share during the discussion.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

#ive students 6–8 minutes of quiet work time, followed by a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �ntern"li;e �9e$uti7e �un$tion4� �hunk this task into more manageable
parts to support students who benefit from support with organization and problem solving.
"or example ask students to complete two lines of the table at a time and then assess for
accuracy and comprehension.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �ttention

•

•
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�nti-i:+t/. �i=-9n-/:ti9n=

Students might try to quickly fill in the missing dimensions without the proper calculations.
!ncourage students to use the volume of a cone equation and the given dimensions to figure out
the unknown dimensions.

%t?./nt &+=5 %t+t/7/nt

!ach row of the table has some information about a particular cone. �omplete the table with
the missing dimensions.

�iameter
�units�

ra�ius
�units�

area of t e �ase
�s(uare units�

 eig t
�units�

-olume of cone
�cu�ic units�

4 3

6

2�

12

3 3.14

Unit 5 �/==9n 	�



249

%t?./nt $/=:9n=/

�iameter
�units�

ra�ius
�units�

area of t e �ase �s(uare
units�

 eig t
�units�

-olume of cone �cu�ic
units�

8 4 3

6

24 12

2� 1� 6

8 4 12

2 1 3 3.14

�</ *9? $/+.C 09< �9</�

� 'ru4tu. is the result of taking a cone and slicing ob a smaller cone using a cut parallel to the
base.

"ind a formula for the volume of a frustum, including deciding which quantities you are going
to include in your formula.

%t?./nt $/=:9n=/

�nswers vary. Sample response�

Imagine the original cone before the top piece is cut ob. Then we will let be the larger radius of
the frustum, be the smaller radius of the frustum, be the height of the original cone, and be
the height of the conical piece cut ob. Then the formula for the frustum is the volume of a cone with
radius and height minus the volume of the removed top, which has radius and height �

�lternatively, let be the height of the piece cut ob, and be the height of the frustum. Then we
can calculate volume using



250

�-ti@itC %Cnt2/=i=

Select previously identified students to share the strategies they used to fill in the missing
information. �sk students�

“3hich information, in your opinion, was the hardest to calculate�”

“If you had to pick two pieces of information given in the table which information would you
want� 3hy�”

Select a few rows of the table, and ask students how they might find the volume of a cylinder with
the same radius and height as the cone. (Multiply by 3)

Make sure students understand that when working with the volume formula for either a cylinder or
cone, if they know two out of three for radius, height and volume, they can always calculate the
third.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support whole-class discussion. "or each
strategy that is shared, ask students to restate and�or revoice what they heard using
mathematical language. �onsider providing students time to restate what they hear to a
partner, before selecting one or two students to share with the class. �sk the original speaker if
their peer was accurately able to restate their thinking. �all students� attention to any words or
phrases that helped to clarify the original statement. This will help students to produce and
make sense of the language needed to communicate their own ideas when calculating missing
dimensions of a cone.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or e9pl"n"tion�

	��� "9:-9<n �/+6=
�� minutes
The purpose of this activity is for students to reason about the volume of popcorn that a cone- and
cylinder-shaped popcorn cup holds and the price they pay for it. Students start by picking the
popcorn container they would buy (without doing any calculations) and then work with a partner to
answer the question of which container is a better value. This activity is designed for the discussion
to happen around a few diberent concepts�

The volume is a lower estimate because there is still some popcorn coming out the top of the
containers.

The fact that one container (the cone) looks like it has more coming out of the top might sway
students to think that the cone is a better deal. $owever, the diberence in the volume
amounts should support the fact that even with a taller and wider diameter the cone still holds
less volume than the cylinder.

•
•

•

•
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3hy would the movie theater purposefully sell a container that has less volume for more
price�

Identify groups who see these connections while they are working on the task, and ask them to
share their arguments during the discussion.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive students 1 minute of quiet think time to decide which
popcorn container they would purchase. Students are not asked to use any written calculations to
determine this answer. Poll the class and display the results for all to see which containers students
chose. 'eep this information displayed to refer back to during the discussion.

#ive students 2–3 minutes of time to work with their partner to determine which container is a
better value. "ollow with a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �e7elop �9pre44ion "n% �o..uni$"tion� Invite students to talk about their
ideas with a partner before writing them down.  isplay sentence frames to support students
when they explain their ideas. "or example, “"irst, I 88888 because. . .,” “$ow did you get. . .�”
and “�an you say more about . . .�”
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �r("ni;"tion

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay only the opening statement (i.e., “� movie
theater obers two containers.”) and the two images of the popcorn containers. �sk pairs of
students to write possible questions that could be answered with mathematics. Invite 2–3
groups to share their questions with the class. (ook for questions that ask students to compare
the volumes of the two diberent containers. Next, reveal the question of the activity. This
routine helps students consider the context of this problem and increases awareness about
language used to talk about volume of cones and cylinders.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

•

•

•
•
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�nti-i:+t/. �i=-9n-/:ti9n=

Students may try to use Bust the image to reason about which is a better deal. Make sure they
understand that the image of the two containers is not to scale.

%t?./nt &+=5 %t+t/7/nt

� movie theater obers two containers�

3hich container is the better value� 1se 3.14 as an approximation for .

%t?./nt $/=:9n=/

The cylinder cup is a better value. The cone^s volume is about 71�.�2 cubic centimeters and using
the cost of the conical cup is about 1�6.�7 cubic centimeters per dollar ( ).
The cylinder^s volume is about 7�3.6 cubic centimeters and using the cost of the cylindrical cup is
about 12�.�8 cubic centimeters per dollar ( ). Since the cylinder gives you
more volume per dollar, it is a better value.

�-ti@itC %Cnt2/=i=

Poll the class again for which container they would purchase.  isplay the new results next to the
original results for all to see during the discussion.

Select previously identified groups to share their arguments for which container has a better value.
!ncourage groups to share details of their calculations and record these for all to see in order to
mark any similarities and diberences between the groups^ arguments. �onsider asking some of the
following questions to help students think deeper about the situation�

“ o you think your volume calculations overestimate or underestimate the amount of popcorn
each container can hold�” (I think the calculations underestimate because the popcorn piles
higher than the lip of the container.)

•
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“3hy do you think movie theaters charged more for the cone�” (It may look like it has more
volume to some people since it has a larger diameter and height. It may be easier to place into
a cup holder.)

“ o you think a lot of people would buy the cone over the cylinder�” (4es. The �� cent
diberence is not a lot, and since it is taller and wider, people might think the cone is bigger.
�lthough the cylinder is a better value, there may be other considerations like how easy the
cup is to hold or put in the cup holder in the seat, or whether you have time in line to calculate
the value.)

�/==9n %Cnt2/=i=
 isplay the image of the popcorn cone from the activity Popcorn  eals, including the dimensions of
the cone. �sk students, “3hat size of cylinder cup would you need to have the same volume as the
cone�”

3orking in groups of 2, tell partners to determine the height and radius of a possible cylinder of
equivalent volume, including making a sketch with labels on the dimensions.  isplay sketches and
invite students to share the strategies they used to find their cylinders.

	��5 � %;?+</ $+.i?=
Cool Do.n
 	 minutes
�..</==in1

8.#.�.�

�+?n-2

Provide students with access to calculators.

%t?./nt &+=5 %t+t/7/nt

Noah and (in are making paper cones to hold popcorn to hand out at parent math night.
They want the cones to hold cubic inches of popcorn. 3hat are two diberent possible
values for height and radius for the cones�

%t?./nt $/=:9n=/

�nswers vary. Sample responses�

$eight and radius both 3 inches, since .

.adius 2 inches and height 6.7� inches, since .

.adius 1 inch and height 27 inches, since .

.adius � inches and height inches, since . (This cone may look more like a

plate, but it solves the problem.)

•

•

•

•

•

•

•
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%t?./nt �/==9n %?77+<C
�s we saw with cylinders, the volume of a cone depends on the radius of the base and
the height �

If we know the radius and height, we can find the volume. If we know the volume and one of
the dimensions (either radius or height), we can find the other dimension.

"or example, imagine a cone with a volume of cm3, a height of 3 cm, and an unknown
radius . "rom the volume formula, we know that

(ooking at the structure of the equation, we can see that , so the radius must be 8
cm.

Now imagine a diberent cone with a volume of cm3, a radius of 3 cm, and an unknown
height . 1sing the formula for the volume of the cone, we know that

so the height must be 6 cm. �an you see why�

Unit 5 �/==9n 	�
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
The volume of this cylinder is cubic units.

3hat is the volume of a cone that has the same base area and the same height�

%96?ti9n
, about 183 cubic units (The volume of the cone is exactly one-third the volume of the

corresponding cylinder.)

("rom 1nit �, (esson 1�.)

"<9,6/7 

%t+t/7/nt
� cone has volume cubic inches. Its height is 4 inches. 3hat is its radius�

%96?ti9n
3 inches. (The volume of a cone is given by . 3ith the information given� ;

; Then .)

"<9,6/7 �
%t+t/7/nt
� cone has volume .

a. If the cone^s radius is 1, what is its height�

b. If the cone^s radius is 2, what is its height�

c. If the cone^s radius is �, what is its height�

d. If the cone^s radius is , what is its height�
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e. If the cone�s radius in , then what is the height�

%96?ti9n
a. � units

b. units

c. units

d. units

e. units

"<9,6/7 �
%t+t/7/nt
Three people are playing near the water. Person � stands on the dock. Person � starts at the
top of a pole and ziplines into the water, then climbs out of the water. Person � climbs out of
the water and up the zipline pole. Match the people to the graphs where the horizontal axis
represents time in seconds and the vertical axis represents height above the water level in
feet.

%96?ti9n
� is the constant graph at 1�. � is the graph that includes the point . � is the graph that starts
negative and increases. (Students may label the graphs �, �, and � or describe which person^s story
matches each graph.)

("rom 1nit �, (esson 6.)

Unit 5 �/==9n 	�
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"<9,6/7 5
%t+t/7/nt
� room is 1� feet tall. �n architect wants to include a window that is 6 feet tall. The distance
between the door and the bottom of the window is feet. The distance between the ceiling
and the top of the window is feet. This relationship can be described by the equation

a. 3hich variable is independent based on the equation given�

b. If the architect wants to be 3, what does this mean� 3hat value of would work with
the given value for �

c. The customer wants the window to have � feet of space above it. Is the customer
describing or � 3hat is the value of the other variable�

%96?ti9n
a.

b. It means the architect wants the bottom of the window to be 3 feet above the door. is 6.

c. . is 4.

("rom 1nit �, (esson 3.)
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%/-ti9n� �i7/n=i9n= +n. %:2/</=

�/==9n 	�� %-+6in1 !n/ �i7/n=i9n

�9+6=
�reate a graph and an equation to represent the function relationship between the volume of
a cylinder and its height, and Bustify (orally) that the relationship is linear.

Interpret (in writing) a point on a graph representing the volume of a cone as a function of its
height, and explain (orally) how changing one dimension abects the other.

�/+<nin1 &+<1/t=
I can create a graph the relationship between volume and height for all cylinders (or cones)
with a fixed radius.

I can explain in my own words why changing the height by a scale factor changes the volume
by the same scale factor.

�/==9n  +<<+ti@/
This lesson is optional. This is the first of a series of lessons building up to the formula for the
volume of a sphere. In order to understand why that formula has the radius raised to the third
power, students start studying how the volume of a three-dimensional figure changes when you
scale one or more of its dimensions (length, width, height, radius). In this lesson they consider Bust
one of the dimensions.

In the warm-up, students graph a proportional relationship and recall that in a proportional
relationship the two quantities change by the same scale factor� when you multiply one of them by
a scale factor the other one gets multiplied by the same scale factor. In the first activity, students
consider a rectangular prism with two edges of constant length and one edge of variable length.
They graph the volume of the prism as a function of the length and see that the volume is
proportional to the length. They conclude that when you double the length the volume doubles.
Then they investigate the volume of a cone as a function of its height when you keep the radius
constant. �gain they see that the volume is proportional to the height, and that when you halve the
height you halve the volume. In the final activity they use a graph of this proportional relationship to
find the radius.

The main purpose of the lesson is to understand that when you scale Bust one of the dimensions of
a three-dimensional figure by a factor, the volume scales by the same factor. � secondary purpose
is to see some examples of linear functions arising out of geometry. (� proportional relationship is a
particular kind of linear function.)

•

•

•

•
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�6i1n7/nt=

�..</==in1

8.".�.1�
1nderstand that a function is a rule that assigns to each input exactly one output. The graph
of a function is the set of ordered pairs consisting of an input and the corresponding output.
"unction notation is not required in #rade 8.

8.".�� 1se functions to model relationships between quantities.

8.#.�� Solve real-world and mathematical problems involving volume of cylinders, cones, and
spheres.

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.�� �o-�raft Questions

M(.7� �ompare and �onnect

Think Pair Share

%t?./nt �/+<nin1 �9+6=

(et^s see how changing one dimension changes the volume of a shape.

	��	 �<i@in1 t2/ �i=t+n-/
�arm �p
 	 minutes
The purpose of this warm-up is for students to Bump back into recognizing functions and
determining if two quantities are a function of each other. Students are asked questions similar to
these throughout this lesson, and the discussion of this warm-up is meant to get students using the
language of functions, which continues throughout the rest of the activities.

�..</==in1

8.".�.1

�+?n-2

#ive students 1–2 minutes of quiet work time, followed by a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

If students struggle with the second and third questions, ask them if this is an example of a
proportional relationship. .emind them what they learned previously about proportional
relationships and how that can be used to answer these questions.

•

•
•

•

•
•
•
•

•
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%t?./nt &+=5 %t+t/7/nt

$ere is a graph of the amount of gas burned during a trip by a tractor-trailer truck as it drives
at a constant speed down a highway�

1. �t the end of the trip, how far did the truck drive, and how much gas did it use�

2. If a truck traveled half this distance at the same rate, how much gas would it use�

3. If a truck traveled double this distance at the same rate, how much gas would it use�

4. �omplete the sentence� 88888888888 is a function of 8888888888888.

%t?./nt $/=:9n=/

1. The truck drove 24� miles and used 3� gallons of gas.

2. 1� gallons. Since it is a proportional relationship, if the miles are halved then the gallons are
also halved.

3. 6� gallons. Since it is a proportional relationship, if the miles are doubled then the gallons are
also doubled.

4. #allons of gas burned is a function of miles traveled. The number of miles traveled is also a
function of the gallons of gas burned.

�-ti@itC %Cnt2/=i=

Invite students to share their answers and their reasoning for why gas burned is a function of
distance traveled. Questions to further the discussion around functions�

Unit 5 �/==9n 	�
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“(ooking at the graph, what information do you need in order to determine how much gas was
used�” (3e need to know the number of miles traveled.)

“3hat is the independent variable�  ependent variable� $ow can you tell from the graph�”
(The independent value is the distance traveled. The dependent value is the gas burned. �y
convention, the independent is on the -axis and the dependent is on the -axis.)

“3hat are some ways that we can tell from the graph that the relationship between gas
burned and distance traveled is proportional�” (The graph is a line that goes through the
origin, we can see a constant ratio between and in some points like , and

.)

	��
 �9?,6/ t2/ �.1/
�ptional
 �� minutes �t ere is a �igital -ersion of t is acti-ity�
This activity is optional. The purpose of this activity is for students to apply what they know about
functions and their representations in order to investigate the ebect of a change in one dimension
on the volume of a rectangular prism. Students use graphs and equations to represent the volume
of a rectangular prism with one unknown edge length. They then use these representations to
investigate what happens to the volume when one of the edge lengths is doubled. #roups make
connections between the diberent representations by pointing out how the graph and the equation
redect an edge length that is doubled. Identify groups who make these connections and ask them
to share during the discussion.

�..</==in1

8.".�.1

8.".�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive students 2–3 minutes of quiet work time, followed by time to
discuss the last question with their partner. "ollow with a whole-class discussion.

Students using the digital activity can generate the graph using the digital applet.

•

•

•

•
•

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �ro7i%e �$$e44 'or �):4i$"l �$tion� Provide access to tools and assistive
technologies such as a graphing software or applet. Some students may benefit from a
checklist or list of steps to be able to use the software or applet.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �on$eptu"l pro$e44in(� �ttention

�nti-i:+t/. �i=-9n-/:ti9n=

If students struggle to see how the change in volume is redected in the equation, have them
start with values from the graph and put those into the equation to see how the volume changes.

%t?./nt &+=5 %t+t/7/nt

There are many right rectangular prisms with one edge of length � units and another edge of
length 3 units. (et represent the length of the third edge and represent the volume of
these prisms.

1. 3rite an equation that represents the relationship between and .

2. #raph this equation and label the axes.

3. 3hat happens to the volume if you double the edge length � 3here do you see this in
the graph� 3here do you see it algebraically�

%t?./nt $/=:9n=/

1.

2.

Unit 5 �/==9n 	�
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3. 3hen the edge length is doubled, the volume is also doubled. +ther answers vary. Sample

response� In the graph, it can be seen that when the edge length is 4 cm, the volume is 6� cm3.

3hen the edge length doubles to 8 cm, then the volume doubles to be 12� cm3 as the graph
shows a proportional relationship. �lgebraically, if the edge length is doubled from to ,
then the volume goes from to , or , which is double the original volume.

�-ti@itC %Cnt2/=i=

The goal of the discussion is to ensure that students use function representations to support the
idea that the volume doubles when is doubled.

Select previously identified groups to share what happens to the volume when you double .
 isplay the graph and equation for all to see and have students point out where they see the ebect
of doubling in the graph (by looking at any two edge lengths that are double each other, their
volume will be double also). �sk students�

“3hich of your variables is the independent� The dependent�” (The side length, , is the
independent variable, and volume, , is dependent variable.)

“3hich variable is a function of which�” (2olume is a function of side length.)

If it has not been brought up in students^ explanations, ask what the volume equation looks like
when we double the edge length .  isplay volume equation for all to see. �sk, “$ow
can we write this equation to show that the volume doubled when doubled�” (1sing algebra, we
can rewrite as . Since the volume for was , this shows that the volume
for is twice the volume for ).

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to refine their response to the last question. �sk each student to meet
with 2–3 other partners for feedback. Provide students with prompts for feedback that will
help students strengthen their ideas and clarify their language (e.g., “3hat part of the graph
supports your reasoning�” or “�an algebraic calculations be applied to tripling the side
length�”). Students can borrow ideas and language from each partner to strengthen the final
product.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

	��� �+6@/ t2/ �/i12t
�ptional
 �� minutes �t ere is a �igital -ersion of t is acti-ity�
This activity is optional. This activity is similar to the previous (optional) one from a function point of
view, but now students investigate the volume of a cylinder instead of a rectangular prism. Students
continue working with functions to investigate what happens to the volume of a cylinder when you
halve the height. The exploration and representations resemble what was done in the previous
activity, and students continue to identify the ebect of the changing dimension on the graph and
the equation of this function. �s groups work on the task, identify those who make the connection
between the graph and equation representations, and encourage groups to look for similarities and
diberences between what they see in this activity and what they saw in the previous activity. Invite
these groups to share during the whole-class discussion.

�..</==in1

8.".�.1

8.".�

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.7� �ompare and �onnect

Think Pair Share

�+?n-2

'eep students in the same groups. Tell students that this activity is similar to the previous one, but
they will work with a cylinder instead of a rectangular prism. #ive students 2–3 minutes of quiet
work time followed by time to discuss the last question with their partner. "ollow with a whole-class
discussion.

Students using the digital activity can graph their equations using the applet.

•
•
•

•
•
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%t?./nt &+=5 %t+t/7/nt

There are many cylinders with radius � units. (et represent the height and represent the
volume of these cylinders.

1. 3rite an equation that represents the relationship between and . 1se 3.14 as an
approximation of .

2. #raph this equation and label the axes.

3. 3hat happens to the volume if you halve the height, � 3here can you see this in the
graph� $ow can you see it algebraically�

%t?./nt $/=:9n=/

1. The equation that expresses the relationship between and is .

2.

3. 3hen the height is halved, the volume is also halved. +ther answers vary. Sample response�
In the graph, it can be seen that the graph shows a proportional relationship and when the
height is the corresponding point on the line is half as high as when the height is 1.
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�lgebraically, if the height is halved from to , then the volume goes from to

, or , which is half the original volume.

�</ *9? $/+.C 09< �9</�

Suppose we have a rectangular prism with dimensions 2 units by 3 units by 6 units, and we
would like to make a rectangular prism of volume 216 cubic units by stretching one of the
three dimensions.

3hat are the three ways of doing this� +f these, which gives the prism with the smallest
surface area�

.epeat this process for a starting rectangular prism with dimensions 2 units by 6 units
by 6 units.

�an you give some general tips to someone who wants to make a box with a certain
volume, but wants to save cost on material by having as small a surface area as
possible�

%t?./nt $/=:9n=/

The volume of the starting box is 36 cubic units, so to get to 216 cubic units we need to
increase any one of the dimensions by a factor of 6. This gives the following three possibilities�

12 units by 3 units by 6 units, with a surface area of 2�2 square units.

2 units by 18 units by 6 units, with a surface area of 312 square units.

2 units by 3 units by 36 units, with a surface area of 372 square units.

The volume of the starting box is 72 cubic units, so to get to 216 cubic units we need to
increase any one of the dimensions by a factor of 3. This gives the following two possibilities
(since scaling either side of length 6 would give a box of the same dimensions�

6 units by 6 units by 6 units, with a surface area of 216 square units.

2 units by 6 units by 18 units, with a surface area of ��4 square units.

�ll five boxes we built have a volume of 216 cubic units, but have surfaces areas ranging from
216 to ��4 square units. This could make quite a diberence to the cost of enclosing 216 cubic
units� In general, it seems that there is a lot more surface area when there is a lot of imbalance
between the side lengths -- one side significantly shorter or longer than the other two. The
best result we found, and indeed the best result possible, is to make all three sides the same
length.

�-ti@itC %Cnt2/=i=

�sk previously identified groups to share their graphs and equations.

If students completed the optional activity, display student graphs from both activities and ask�

•

•

•

•

�
�
�

•

�
�

•
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“�ompare the graph in this activity to the graph in the last activity. $ow are they alike� $ow
are they diberent�”

“�ompare the equation in this activity to the equation in the last activity. $ow are they alike�
$ow are they diberent�”

“$ow can you tell that this is a linear relationship�”

"or the last question, make sure students understand that “looks like a line” is insuecient evidence
for saying a relationship is linear since the scale of the axes can make non-linear graphs look linear.
It is important students connect that the equation is linear (of the form y�mx
b) or relate back to
the relationship between the height and volume� that the volume is , or about 78.�, times the
height.

If students did not complete the optional activity, ask�

“3hich of your variables is the independent� The dependent�” (The height, , is the
independent variable, and volume, 2, is dependent variable.)

“3hich variable is a function of which�” (2olume is a function of height.)

“$ow can you tell that this is a linear relationship�”

See notes above on the last question in this list. If it has not been brought up in students^
explanations, ask what the volume equation looks like when we double the height .  isplay
volume equation for all to see. �sk how we can write this equation to show that the
volume doubled when doubled (using algebra, we can rewrite as .
Since the volume for was , this shows that the volume for is twice the volume for ).

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�epre4entin(� �i4tenin(� �pe",in(� ���
 �o.p"re "n% �onne$t� Invite students to create a visual
representation that shows what is the same and what is diberent between this activity and the
previous one. If students did not complete the optional activity, students can create multiple
representations that illustrate why volume is a function of height. #ive students time to do a
gallery walk of the displays. (ook for opportunities to highlight approaches that compare the
multiple representations of the function of volume. (ead a whole-class discussion that
connects features on the displays, such as comparing the equations and graphs. This will help
students communicate about the multiple representations of volume functions while using
mathematical language.
�e4i(n �rin$iple�4�� �pti.i;e output� �"9i.i;e .et"-"8"rene44

	��� �i1?<in1 !?t �9n/ �i7/n=i9n=
�ptional
 �� minutes

•

•

•

•

•
•
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This activity is optional. The purpose of this activity is for students to use representations of
functions to explore more about the volume of a cone. This activity dibers from the previous ones
because students are given a graph that shows the relationship between the volume of a cone and
the height of a cone. They use the graph to reason about the coordinates and their meaning.
Students use the equation for the volume of a cone and coordinates from the graph to determine
the radius of this cone and discuss the answer to this last question with their partners. Identify
students to share their strategies during the discussion.

�..</==in1

8.".�.1

8.".�

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

�+?n-2

�rrange students in groups of 2. #ive students 2–3 minutes of quiet work time followed by time to
discuss the answer and their strategies for the last question with their partner. "ollow with a
whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion�  emonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. "or
example, ask students to use diberent colors to represent the height and volume of the cone
in the graph. �sk students to use these same colors and a third color for the radius when
writing an equation.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(

•
•
•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay the graph and the context without
revealing the questions that follow. �sk pairs of students to write possible questions that could
be answered by the information contained in the graph. Then, invite pairs to share their
questions with the class. (ook for questions that ask students to interpret the relationship
between the two quantities represented in the graph and create an equation to represent that
relationship. Next, reveal the questions of the activity. This helps students produce the
language of mathematical questions and talk further about the relationships between the
height and volume of cones.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students may round at diberent points during their work, leading to slightly diberent answers.

Students can solve the equation with diberent series of steps. If they choose to

first multiply the numbers on the side with , they may round the expression to .

This would give , making slightly less than 1�, though it rounds to 1�. Solving by
multiplying each side by yields , making equal 1� exactly (if we accept 3.14 as

the value of ). This is an opportunity to discuss how rounding along the way in a solution can
introduce imprecision.

%t?./nt &+=5 %t+t/7/nt

$ere is a graph of the relationship between the height and the volume of some cones that all
have the same radius�

1. 3hat do the coordinates of the labeled point represent�
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2. 3hat is the volume of the cone with height �� 3ith height 3��

3. 1se the labeled point to find the radius of these cones. 1se 3.14 as an approximation
for .

4. 3rite an equation that relates the volume and height .

%t?./nt $/=:9n=/

1. The volume of a particular cone with a height of 1� units.

2. The approximate volume of the cone with a height of � units is 1,177.� cubic units. The
approximate volume of the cone with a height of 3� units is 7,�6� cubic units.

3. 1� units. Substituting the values of the labeled point into the volume equation, we
know that , which means .

4.

�-ti@itC %Cnt2/=i=

�sk previously identified students to share their answers and their strategies for finding the radius
in the last question.

To further the discussion, consider asking some of the following questions�

“$ow did you deal with the in the equation�”

“$ow did you deal with when you were trying to solve for the radius�”

“$ow do you know that the relationship between volume and height for these cones is a
function� $ow is this shown in the graph� In the equation�”

“Identify the independent and dependent variables in this relationship. If they were switched,
would we still have a function� !xplain how you know.”

�/==9n %Cnt2/=i=
Tell students to imagine a cylindrical water tank with a radius units and a height units.  isplay
the following prompts and ask students to respond to them in writing, encouraging them to include
sketches�

“$ow can you change a dimension of the water tank so that the volume of the tank increases
by a factor of 2�”

“$ow can you change a dimension of the water tank so that the volume of the tank increases
by a factor of �”

�fter quiet work time, invite students to share their responses. If students made a sketch, display
them for all to see.

•
•
•

•

•

•
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	��5 � �i==in1 $+.i?=
Cool Do.n
 	 minutes
�..</==in1

8.".�.1

8.#.�

%t?./nt &+=5 %t+t/7/nt

$ere is a graph of the relationship between the height and volume of some cylinders that all
have the same radius, . �n equation that represents this relationship is (use 3.14
as an approximation for ).

3hat is the radius of these cylinders�

%t?./nt $/=:9n=/

The radius is 1 foot. Substituting the information (�, 28.26) into the volume of a cylinder equation
produces . This is equivalent to , which means since .

%t?./nt �/==9n %?77+<C
Imagine a cylinder with a radius of � cm that is being filled with water. �s the height of the
water increases, the volume of water increases.

3e say that the volume of the water in the cylinder, , depends on the height of the water .
3e can represent this relationship with an equation� or Bust

•
•
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This equation represents a proportion"l rel"tion4)ip between the height and the volume. 3e
can use this equation to understand how the volume changes when the height is tripled.

The new volume would be , which is precisely 3 times as much as the
old volume of . In general, when one quantity in a proportional relationship changes by
a given factor, the other quantity changes by the same factor.

.emember that proportional relationships are examples of linear relationships, which can
also be thought of as functions. So in this example , the volume of water in the cylinder, is a
function of the height of the water.

Unit 5 �/==9n 	�



273

�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
� cylinder has a volume of cm3 and height . �omplete this table for volume of cylinders
with the same radius but diberent heights.

 eig t �cm� -olume �cm��

%96?ti9n

 eig t �cm� -olume �cm��

"<9,6/7 

%t+t/7/nt
� cylinder has a radius of 3 cm and a height of � cm.

a. 3hat is the volume of the cylinder�

b. 3hat is the volume of the cylinder when its height is tripled�

c. 3hat is the volume of the cylinder when its height is halved�
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%96?ti9n
a. cm3

b. cm3

c. cm3

"<9,6/7 �
%t+t/7/nt
� graduated cylinder that is 24 cm tall can hold 1 ( of water. 3hat is the radius of the
cylinder� 3hat is the height of the ��� ml mark� The 2�� ml mark� .ecall that 1 liter (() is

equal to 1��� milliliters (ml), and that 1 liter (() is equal to 1,��� cm3.

%96?ti9n
The radius of the cylinder is about 3.64 cm since and . The height of the

��� ml mark is 12 cm. The height of the 2�� ml mark is 6 cm.

"<9,6/7 �
%t+t/7/nt
�n ice cream shop obers two ice cream cones. The wafe cone holds 12 ounces and is �
inches tall. The sugar cone also holds 12 ounces and is 8 inches tall. 3hich cone has a larger
radius�

%96?ti9n
The wafe cone (Since its height is smaller, the radius must be larger in order to have the same
volume as the sugar cone.)

("rom 1nit �, (esson 16.)

"<9,6/7 5
%t+t/7/nt
� 6 oz paper cup is shaped like a cone with a diameter of 4 inches. $ow many ounces of
water will a plastic cylindrical cup with a diameter of 4 inches hold if it is the same height as
the paper cup�

Unit 5 �/==9n 	�
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%96?ti9n
18 oz (Since the cups are the same height and radius, the cylindrical cup must have 3 times the
volume of the conical cup.)

("rom 1nit �, (esson 1�.)

"<9,6/7 �
%t+t/7/nt
(in^s smart phone was fully charged when she started school at 8��� a.m. �t ��2� a.m., it was
��� charged, and at noon, it was 72� charged.

a. 3hen do you think her battery will die�

b. Is battery life a function of time� If yes, is it a linear function� !xplain your reasoning.

%96?ti9n
a. �nswers vary. Sample response� �pproximately ��2� p.m. (Since 1� percent of battery was lost

in 8� minutes, it would take 8�� minutes to lose all of the battery. This would give a prediction
of 13 hours and 2� minutes after the start time, so approximately ��2� p.m.)

b. �attery remaining is a function of time but not a linear function. !xplanations vary. Sample
response� It took 8� minutes for her phone to lose the first 1� percent of the battery, and then
then 16� minutes for her phone to lose another 18 percent. If the function were linear, it
would lose exactly twice as much in 16� minutes as it did in 8� minutes. It might, however, be
reasonably well-modeled by a linear function.

("rom 1nit �, (esson �.)
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�/==9n 	�� %-+6in1 &A9 �i7/n=i9n=

�9+6=
�ompare and contrast (orally) graphs of linear and nonlinear functions.

�reate an equation and a graph representing the volume of a cone as a function of its radius,
and describe (orally and in writing) how a change in radius abects the volume.

 escribe (orally and in writing) how changing the input of a certain nonlinear function abects
the output.

�/+<nin1 &+<1/t=
I can create a graph representing the relationship between volume and radius for all cylinders
(or cones) with a fixed height.

I can explain in my own words why changing the radius by a scale factor changes the volume
by the scale factor squared.

�/==9n  +<<+ti@/
This is lesson optional. The previous lesson explored some proportional relationships that
arise when we consider the volume of a rectangular prism or cone as a function of one of its
dimensions, such as side length or height. Students studied what happens to the volume of the
figure when you scale that dimension. In this lesson they see what happens to the volume when
you scale two of the dimensions. They consider a rectangular prism on a square base where you
keep the height constant and vary the side length of base, and a cone where you keep the height
constant and vary the radius of the base. In both cases you are really varying two dimensions,
because both the length and the width of the base change at the same time. �s in the previous
lesson, they consider what happens when you scale the side length or the radius by a particular
factor, and this time they discover that the volume scales by the square of the factor. "or example,
if you triple the side length of the square base of the prism, you multiply the volume by �, which is

. In general, if you scale the side length by , you multiply the volume by .

The main purpose of this lesson is to understand that if you scale two of the dimensions of a
three-dimensional figure by the same factor, the volume scales by the square of that factor. �
secondary purpose is to see some interesting examples of non-linear functions arising from
geometry.

�6i1n7/nt=

�?i6.in1 !n

6.!!.�� �pply and extend previous understandings of arithmetic to algebraic expressions.

�..</==in1

8.".�.3� Interpret the equation as defining a linear function, whose graph is a
straight line; give examples of functions that are not linear. "or example, the function

•
•

•

•

•

•

•
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giving the area of a square as a function of its side length is not linear because its graph
contains the points , and , which are not on a straight line.

8.".�� 1se functions to model relationships between quantities.

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

M(.8�  iscussion Supports

%t?./nt �/+<nin1 �9+6=

(et^s change more dimensions of shapes.

	��	 &<i:6in1 %t+t/7/nt=
�arm �p
 	 minutes
The purpose of this warm-up is for students to explore how scaling the addends or factors in an
expression abects their sum or product. Students determine which statements are true and then
create one statement of their own that is true. This will prepare students to see structure in the
equations they will encounter in the lesson. Identify students who�

choose the correct statements (b, c)

pick numbers to test the validity of statements

use algebraic structure to show that the statements are true

�sk these students to share during the discussion.

�?i6.in1 !n

6.!!.�

�+?n-2

�rrange students in groups of 2. #ive students 1–2 minutes of quiet work time followed by time to
discuss their chosen statements with their partner. "ollow with a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

, , , , and all represent positive integers. �onsider these two equations�

1. 3hich of these statements are true� Select all that apply.
a. If is tripled, is tripled.

b. If , , and are all tripled, then is tripled.

•
•

•
•

•
•
•

•
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c. If is tripled, is tripled.

d. If , , and are all tripled, then is tripled.

2. �reate a true statement of your own about one of the equations.

%t?./nt $/=:9n=/

1. b, c

2. �nswers vary. Sample response� If , , and are all tripled, then is 27 times as large. 3hen
, , and are tripled, the result is , which can be written as or .

�-ti@itC %Cnt2/=i=

�sk previously identified students to share their reasoning about which statements are true (or not
true).  isplay any examples (or counterexamples) for all to see and have students refer to them
while sharing. If using the algebraic structure is not brought up in students^ explanations, display for
all to see�

If , , and are all tripled, the expression becomes , which can be written as
by using the distributive property to factor out the 3. So if all the addends are

tripled, their sum, , is also tripled.

(ooking at the third statement, if is tripled, the expression becomes , which, by
using the associative property, can be written as . So if Bust is tripled, then ,
the product of , , and is also tripled.

	��
 � %;?+</ �+=/
�ptional
 �	 minutes
This activity is optional. The purpose of this activity is for students to examine how changing the
input of a non-linear function changes the output. In this activity, students consider how the volume
of a rectangular prism with a square base and a known height of 11 units changes if the edge
lengths of the base triple. �y studying the structure of the equation representing the volume
function, students see that tripling the input leads to an output that is � times greater. In the
following activity, students will continue this thinking with the volume function for cylinders.

Identify students who make sketches of the two rectangular prisms or write expressions of the form
or to describe the volume of the tripled rectangular prism.

�..</==in1

8.".�.3

8.".�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

•

•

•
•

•
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�+?n-2

#ive students quiet work time. (eave �–1� minutes for a whole-class discussion and follow-up
questions.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �e7elop �9pre44ion "n% �o..uni$"tion� To help get students started,
display sentence frames such as “$an is 8888 because 8888” or “I agree with 8888 because 8888”
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �r("ni;"tion

�nti-i:+t/. �i=-9n-/:ti9n=

Some students might think that because you triple then you are only tripling one dimension.
!ncourage these students to make a sketch of the prism before and after the doubling and to label
all three edge lengths to help them see that two dimensions are tripling.

%t?./nt &+=5 %t+t/7/nt

�lare sketches a rectangular prism with a height of 11 and a square base and labels the
edges of the base . She asks $an what he thinks will happen to the volume of the
rectangular prism if she triples .

$an says the volume will be � times bigger. Is he right� !xplain or show your reasoning.

%t?./nt $/=:9n=/

4es, $an is right. Sample reasoning� $an is right because when the edge length of the square
base is tripled, the area of the base is multiplied by �. This makes the volume equation, , nine
times as large as the original since .

�</ *9? $/+.C 09< �9</�

� cylinder can be constructed from a piece of paper by curling
it so that you can glue together two opposite edges (the
dashed edges in the figure).

1. If you wanted to increase the volume inside the resulting cylinder, would it make more
sense to double , , or does it not matter�

2. If you wanted to increase the surface area of the resulting cylinder, would it make more
sense to double , , or does it not matter�
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3. $ow would your answers to these questions change if we made a cylinder by gluing
together the solid lines instead of the dashed lines�

%t?./nt $/=:9n=/

1.  ouble length . Since represents the circumference of the circular base, this would result in
doubling the radius of the cylinder as well.  oubling the radius will result in 4 times the
volume.  oubling , the height of the cylinder, results in doubling the volume.

2.  ouble length .  oubling will quadruple the area of the circular bases as well as double the
area of the curved surface.  oubling will only double the curved surface.

3. If the cylinder was created by connecting the solid edges, doubling length would result in
both a larger volume and surface area because would be the length related to the radius of
the cylinder.

�-ti@itC %Cnt2/=i=

Select previously identified students to share whether they think $an is correct. If possible, begin
with students who made sketches of the two rectangular prisms to make sense of the problem.

�sk students� “If this equation was graphed with edge length on the horizontal axis and the
volume of the prism on the vertical axis, what would the graph look like�” Suggest that they
complete a table showing the volume of the rectangular prism when equals 1, 2, 3, 4, and �
units (the corresponding values of volume are 11, 44, ��, 176, and 27� cubic units) and then sketch
a graph using these points. #ive students quiet work time and then select a student to display
their table and graph for all to see. �sk students what they notice about the graph when compared
to the graphs from the previous lesson (the graph is non-linear\the volume increases by the
square of whatever the base edge-length increases by).

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� �s students explain whether they agree with $an, invite
students to restate their reasoning using mathematical language. Press for details inviting
other students to challenge or elaborate on an idea. This will help students produce and make
sense of the language needed to communicate their own ideas when reasoning about volume
and the ebects of changing dimensions.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or (ener"li;"tion�

	��� "6+Cin1 Ait2 �9n/=
�ptional
 �	 minutes �t ere is a �igital -ersion of t is acti-ity�
This activity is optional. In this activity, students continue working with function representations to
investigate how changing the radius abects the volume of a cone with a fixed height. Students
represent the relationship between the volume of the cone and the length of its radius with an

Unit 5 �/==9n 	�
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equation and graph. They use these representations to Bustify what they think will happen when the
radius of the cylinder is tripled. The work students did in the previous activity prepared them to use
the equation to see the ebect that tripling the radius has on the volume of the cone.

Identify students who use the equation versus the graph to answer the last question.

�..</==in1

8.".�.3

8.".�

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.3� �larify, �ritique, �orrect

�+?n-2

#ive students 4–7 minutes of quiet work time followed by a whole-class discussion.

"or students using the digital activity, they can generate their graph using an applet.

�nti-i:+t/. �i=-9n-/:ti9n=

3hile students calculate the volume (or write an equation) they might mistake as ,
remind students what squaring a term involves and encourage them to expand the term if they
need to see that is .

If students struggle to use the equation to see how the volume changes, encourage students to
make a sketch of the cone.

%t?./nt &+=5 %t+t/7/nt

There are many cones with a height of 7 units. (et represent the radius and represent the
volume of these cones.

1. 3rite an equation that expresses the relationship between and . 1se 3.14 as an
approximation for .

2. Predict what happens to the volume if you triple the value of .

3. #raph this equation.

•
•
•

•
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4. 3hat happens to the volume if you triple � 3here do you see this in the graph� $ow
can you see it algebraically�

%t?./nt $/=:9n=/

1.

2. �nswers vary. Sample response� The volume is � times bigger if the value of is tripled.

3.

4. �nswers vary. Sample response� 3hen the radius, , is tripled, the volume is � times as
large. Since this is a not a proportional relationship, in the graph it can be seen that when the

radius triples from 1 cm to 3 cm, the volume changes from 7.33 cm3 to 6�.�4 cm3, a value �
times as large. �lgebraically, if the radius triples from to , then the volume changes from

to .

Unit 5 �/==9n 	�
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�-ti@itC %Cnt2/=i=

The purpose of this discussion is for students to use the graph and equation to see that when you
triple the radius you get a volume that is � times as large.

�sk previously identified students to share their graphs and equations.  isplay both
representations for all to see, and ask students to point out where in each representation we see
that the volume is � times as large. �sk students�

“If the radius was quadrupled (made 4 times as large), how many times as large would the
volume be�” (The volume would be 16 times as large since .)

“If the radius was halved, how many times as large would the volume be�” (The volume would

be times as large since ).

“If the radius was scaled by an unknown factor , how many times as large would the volume
be�” (The volume would be times as large since .

If students do not see the connection between scaling the radius length with a known value like
4 and an unknown value , use several known values to help students generalize that scaling the
radius by scales the volume by .

If time allows, ask students to compare this activity to the previous. $ow do the equations
compare� $ow do the graphs compare� (In the last activity, the graph was sketched during the
discussion.)

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� ���
 �l"ri':� �riti2ue� �orre$t� Present an incorrect prediction describing what happens
to the volume of the cone when the radius is tripled that redects a possible misunderstanding
from the class. "or example, “The volume will be 3 times greater because that^s what ]triples^
means.” Prompt students to critique the reasoning by asking, “ o you agree with the
reasoning� 3hy or why not�” Invite students to write feedback to the author that identifies the
misconception and how to improve on his�her work. (isten for students who tie their feedback
to the formula and the describe the distinction between and . This will help
students evaluate, and improve on, the written mathematical arguments of others and reason
about the ebect that tripling the radius has on the volume of the cone.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �pti.i;e output �'or (ener"li;"tion�

�/==9n %Cnt2/=i=
 isplay these graphs for all to see and give students a minute to consider what they represent.

•

•

•
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�sk students�

“3hat do these graphs represent� $ow are these graphs similar�  iberent�” (The first graph
shows the relationship between the height and volume of all the cylinders with a fixed radius.
The second graph shows the relationship between the radius and volume of all the cylinders
with a fixed height. The first is linear, the second is non-linear.)

“Think about what happens when a cube^s edge lengths are doubled or tripled. 3hat happens
to the volume�” (The volume is increased by , or by .)

“3hy do you think changing the radius of a cylinder results in a graph that is not
proportional�” (Two dimensions are changing when you change the radius of a cylinder.)

	��� �+6@in1 �i7/n=i9n=
Cool Do.n
 	 minutes
�..</==in1

8.".�.3

8.".�

8.#.�.�

%t?./nt &+=5 %t+t/7/nt

There are many cylinders for which the height and radius are the same value. (et represent
the height and radius of a cylinder and represent the volume of the cylinder.

1. 3rite an equation that expresses the relationship between the volume, height, and
radius of this cylinder using and .

2. If the value of is halved, what must happen to the value of the volume �

•

•

•

•
•
•
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%t?./nt $/=:9n=/

1.

2. If the value of is halved, then the value of the volume would be of the original

volume since

%t?./nt �/==9n %?77+<C
There are many rectangular prisms that have a length of 4 units and width of � units but
dibering heights. If represents the height, then the volume of such a prism is

The equation shows us that the volume of a prism with a base area of 2� square units is a
linear function of the height. �ecause this is a proportional relationship, if the height gets
multiplied by a factor of , then the volume is also multiplied by a factor of �

3hat happens if we scale t8o dimensions of a prism by a factor of � In this case, the volume
gets multiplied by a factor of twice, or .

"or example, think about a prism with a length of 4 units, width of � units, and height of 6
units. Its volume is 12� cubic units since . Now imagine the length and width
each get scaled by a factor of , meaning the new prism has a length of , width of , and a
height of 6. The new volume is cubic units since .

� similar relationship holds for cylinders. Think of a cylinder with a height of 6 and a radius of
�. The volume would be cubic units since . Now, imagine the radius is
scaled by a factor of . Then the new volume is or cubic
units. So scaling the radius by a factor of has the ebect of multiplying the volume by �

3hy does the volume multiply by when only the radius changes� This makes sense if we
imagine how scaling the radius changes the base area of the cylinder. �s the radius increases,
the base area gets larger in two dimensions (the circle gets wider and also taller), while the
third dimension of the cylinder, height, stays the same.
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
There are many cylinders with a height of 18 meters. (et represent the radius in meters and

represent the volume in cubic meters.

a. 3rite an equation that represents the volume as a function of the radius .

b. �omplete this table, giving three possible examples.

1

c. If the radius of a cylinder is doubled, does the volume double� !xplain how you know.

d. Is the graph of this function a line� !xplain how you know.

%96?ti9n
a.

b. �nswers vary. Sample response�

1

2

4

c. No, the volume does not double, it is multiplied by four. !xplanations vary.

d. It is not a line. The three points in the table do not lie on a straight line.

Unit 5 �/==9n 	�
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"<9,6/7 

%t+t/7/nt
�s part of a competition,  iego must spin around in a circle 6 times and then run to a tree.
The time he spends on each spin is represented by and the time he spends running is . $e
gets to the tree 21 seconds after he starts spinning.

a. 3rite an equation showing the relationship between and .

b. .earrange the equation so that it shows as a function of .

c. If it takes  iego 1.2 seconds to spin around each time, how many seconds did he spend
running�

%96?ti9n
a.

b.

c. 13.8 seconds

("rom 1nit �, (esson 3.)

"<9,6/7 �
%t+t/7/nt
The table and graph represent two functions. 1se the table and graph to answer the
questions.

1 2 3 4 � 6

3 -1 � 4 � -1
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a. "or which values of is the output from the table less than the output from the graph�

b. In the graphed function, which values of give an output of ��

%96?ti9n
a. 2 and 3

b. �, �, and 1�

("rom 1nit �, (esson 7.)

"<9,6/7 �
%t+t/7/nt
� cone has a radius of 3 units and a height of 4 units.

a. 3hat is this volume of this cone�

b. �nother cone has quadruple the radius, and the same height. $ow many times larger is
the new cone^s volume�

%96?ti9n
a. cubic units

b. 16 times larger (The new cone^s volume is , 4 times larger. Quadrupling the radius

makes the volume 42 times larger.)

Unit 5 �/==9n 	�
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�/==9n 	�� �=ti7+tin1 + �/7i=:2/</

�9+6=
�alculate the volume of a cylinder and cone with the same radius and height, and Bustify (orally
and in writing) that the volumes are an upper and lower bound for the volume of a
hemisphere of the same radius.

!stimate the volume of a hemisphere using the formulas for volume of a cone and cylinder,
and explain (orally) the estimation strategy.

�/+<nin1 &+<1/t=
I can estimate the volume of a hemisphere by calculating the volume of shape I know is larger
and the volume of a shape I know is smaller.

�/==9n  +<<+ti@/
The purpose of this lesson is to introduce students to working with spheres by using shapes they
are now familiar with\cubes, cones, and cylinders\to estimate the volume of a hemisphere. In the
previous lesson, students saw that changing the radius of a cone by a factor of scales the volume
by a factor of . $ere, the connection between spheres and cubes is made in the first activity to
help them build understanding for why changing the radius of a sphere (or, in the case of this
lesson, hemisphere) by a factor of changes the volume by a factor of . "or example, think about
a cube with side length 2 units that has a volume of

If the length, width, and height are all scaled by a factor of , then each edge length would be
units and the new volume would be

cubic units, which is times the original volume. The first activity sets the expectation that spheres
work the same way, so that the in the formula for the volume of a sphere of radius , given in the
next lesson, makes sense.

In the second activity, students fit a hemisphere inside a cylinder, and use the volume of the
cylinder to make an estimate of the volume of the hemisphere. Then they do the same thing with a
cone that fits inside the hemisphere. The volume of the hemisphere has to be between the volume
of the cone and the volume of the cylinder, both of which students can calculate from work in
previous lessons. So this activity gives a range of possibilities for volume of the hemisphere. In the
next lesson, students will see the exact formula.

�6i1n7/nt=

�..</==in1

8.#.�� Solve real-world and mathematical problems involving volume of cylinders, cones, and
spheres.

•

•

•

•
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8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.6� Three .eads

Notice and 3onder

Think Pair Share

$/;?i</. �+t/<i+6=

%:2/<i-+6 9,4/-t=

$/;?i</. "</:+<+ti9n

If possible, have some physical examples of hemispheres on hand for students to see. !xamples
could be glass paperweights or dome lids. �lternatively, have a sphere, such as a globe or
basketball, with a marked equator to clearly divide it into two hemispheres.

%t?./nt �/+<nin1 �9+6=

(et^s estimate volume of hemispheres with figures we know.

	��	  9ti-/ +n. )9n./<� &A9 %2+:/=
�arm �p
 	 minutes
The purpose of this warm-up is for students to review how to manipulate the formulas for volume
of a cylinder and cone and consider what they look like when the height and radius are the same.
Students will encounter these shapes again later in the lesson.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

Notice and 3onder

�+?n-2

�rrange students in groups of 2. Tell students that they will look at an image, and their Bob is to
think of at least one thing they notice and at least one thing they wonder.  isplay the image for all
to see. �sk students to give a signal when they have noticed or wondered about something. #ive
students 1 minute of quiet think time, and then 1 minute to discuss the things they notice with their
partner, followed by a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

$ere are two shapes.

•

•
•
•
•

•

•

Unit 5 �/==9n 	�
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3hat do you notice� 3hat do you wonder�

%t?./nt $/=:9n=/

Things students may notice�

If the height and radius are the same for both the cylinder and cone, then the volume of the
cone is one-third the volume of the cylinder.

3hen the radius is the same as the height, the cone and cylinder seem much wider than tall.

3hen the height and radius are the same, the volume acts as a function of one variable.

Things students may wonder�

3hy would we want a cone or cylinder where the height and radius are the same�

 oes the volume of this type of cone or cylinder change in the same way a cube^s volume
does�

�ould we put the cone inside the cylinder to create a new shape, since their dimensions
match�

�-ti@itC %Cnt2/=i=

Select students to share things they have noticed and things they have wondered. !ncourage
students to think about the relationship with the dimension and the volume of each of these
shapes. !nsure students understand that the two equations have no variable for height since the

was replaced by due to the height and radius being the same for both shapes.

	��
 �/7i=:2/</= in �9B/=
�	 minutes
In this activity, students think about a hemisphere fitting inside the smallest possible box (or
rectangular prism). Students reason that the smallest box in which a hemisphere can fit has a
square base with edge length that is the same as the diameter of the hemisphere, and its height will
be the radius of the hemisphere. "urther, if we calculate the volume of the box, we have an upper
bound for the volume of the hemisphere. This activity prepares students for the next, where they
will calculate the upper and lower bounds for the volume of a hemisphere by considering cylinders
and cones that fit outside or inside the hemisphere.

•

•
•

•
•

•



292

�..</==in1

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.6� Three .eads

�+?n-2

�sk students if they are familiar with the word 4p)ere, and if they can think of examples of spheres.
Some examples they might come up with are� ping pong balls, soap bubbles, baseballs, volleyballs,
a globe. If students don^t come up with many examples, ober your own, or perhaps display an
Internet image search for “sphere.” If you brought in any examples of physical spheres, display
these or allow students to hold them. !xplain to students that the radius of a sphere is the distance
from the center of the sphere (the point in the exact middle) to any point on the sphere. If you
brought in physical examples of spheres, ask students to rank them from smallest diameter to
largest diameter.

�sk students if they are familiar with the word hemisphere, and if they can think of examples of
hemispheres. Some examples are hemispherical (or ]half^) balance boards, half of !arth, a dome or
planetarium, and convex security mirrors.  isplay an example, illustration, or diagram of a
hemisphere for all to see, pointing out how the radius is the distance from the center of the dat side
of the sphere to any point on the curved surface of the sphere.

Tell students that in this activity, they will think about building a box (or rectangular prism) around a
hemisphere. �rrange students in groups of 2. �sk students to quietly work through the first
question and then share their reasoning with their partner. Pause for a whole-class discussion, and
invite students to share their responses. The purpose of this problem is to see how the
measurements of a hemisphere determine the dimensions of the prism. !nsure everyone
understands the box must have edge lengths 6, 6, and 3 inches, and that the hemisphere must
have a volume that is less than cubic inches (since ).  iscuss how much less
students t)in, the volume of the sphere is and their reasoning, then have students move onto the
second problem with their partner.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �e7elop �"n(u"(e "n% �:.#ol4� �reate a display of important terms and
vocabulary. Invite students to suggest language or diagrams to include that will support their
understanding of� sphere and hemisphere.
�upport4 "$$e44i#ilit: 'or� �e.or:� �"n(u"(e

•

•

Unit 5 �/==9n 	�
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�e"%in(� �pe",in(� �i4tenin(� ���� �)ree �e"%4� 1se this routine to support comprehension of
the situation before looking at the questions. In the first read, students read the problem with
the goal of comprehending the situation (e.g., Mai has a paperweight that is a dome. She wants
to design a box for it.). If needed, discuss the meaning of unfamiliar terms at this time. 1se the
second read to identify the important quantities by asking students what can be counted or
measured (e.g., the radius of the dome, the area of the base of the dome, the side lengths of
the box). In the third read, ask students to brainstorm possible strategies to answer the
questions. This helps students connect the language in the word problem and the reasoning
needed to solve the problem keeping the intended level of cognitive demand in the task.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(

�nti-i:+t/. �i=-9n-/:ti9n=

Students may believe that since this box is not a cube, but a rectangular prism, the volume will not
increase by 8 when the side lengths are doubled. Since volume of a rectangular prism is the product
of length, width, and height, the side lengths do not need to be equal; if e7er: side length is doubled,
then the volume will be increased by .

%t?./nt &+=5 %t+t/7/nt

1. Mai has a dome paperweight that she can use as a magnifier. The paperweight is
shaped like a hemisphere made of solid glass, so she wants to design a box to keep it in
so it won�t get broken. $er paperweight has a radius of 3 cm.

a. 3hat should the dimensions of the inside of box be so the box is as small as
possible�

b. 3hat is the volume of the box�

c. 3hat is a reasonable estimate for the volume of the paperweight�

2. Tyler has a diberent box with side lengths that are twice as long as the sides of Mai�s
box. Tyler�s box is Bust large enough to hold a diberent glass paperweight.

a. 3hat is the volume of the new box�

b. 3hat is a reasonable estimate for the volume of this glass paperweight�
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c. $ow many times bigger do you think the volume of the paperweight in this box is
than the volume of Mai�s paperweight� !xplain your thinking.

%t?./nt $/=:9n=/

1. a. 6 cm by 6 cm by 3 cm. The radius of the hemispherical paperweight is only half of the
box^s side length. gives us the entire length of the side. The height is the same as
the radius.

b. 1�8 cubic centimeters. 1�8 is .

c. �nswers vary. �orrect responses should be less than 1�8 cubic centimeters. The box^s
volume is , and since there is space in the box that the hemisphere does not take
up, the volume of the hemisphere has to be less than the volume of the box.

2. a. 864 cubic centimeters. If every side length is doubled then the volume gets 8 times
larger, and 864 is .

b. �nswers vary. �orrect responses should be less than 864 cubic centimeters. There is still
space in the box that the hemisphere does not take up, so the volume of the hemisphere
has to be less than the volume of the box.

c. �nswers vary. Sample response� !ight times bigger. If the volume of a box gets 8 times
bigger and the hemisphere has to fit inside the new box, then the hemisphere^s volume
must also get 8 times bigger.

�-ti@itC %Cnt2/=i=

Invite students to share their answers to the second question. The purpose of this discussion is for
students to see that since a rectangular prism^s volume gets larger by a factor of when edge
lengths are doubled then it would make sense for a hemisphere^s volume to do the same. !nsure
that students understand the volume calculated for the box holding the hemisphere is greater than
the actual volume of the hemisphere because of the space left around the paperweight in the box
and that this will be the upper bound of the volume of a sphere.

Tell students that in the next activity they are going to investigate a better way to estimate the
volume of a hemisphere. If time allows, ask students to suggest shapes they are already familiar
with that they could use to find the volume of a hemisphere.

	��� �=ti7+tin1 �/7i=:2/</=
�	 minutes
In this activity, students use diberent solid figures to estimate an upper and lower bound for the
volume of a hemisphere. "or the upper bound, the hemisphere fits snugly inside a cylinder whose
height and radius are equal to the radius of the hemisphere. "or the lower bound, the cone fits
snugly inside the hemisphere, and its radius and height also equal the radius and height of the
hemisphere.

Unit 5 �/==9n 	�
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Select students who use the reasoning from the first problem to assist them in answering the
second problem to share during the �ctivity Synthesis. "or example, since the cylinder and cone
have the same dimensions, the volume of the cone must be that of the cylinder.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

Think Pair Share

�+?n-2

'eep students in the same groups.  isplay the image of a hemisphere of radius � that fits snugly
inside a cylinder of the same radius and height.

�sk “$ow does the hemisphere abect the height of the cylinder�” and then give students one
minute of quiet think time, then one minute to discuss their response with a partner. �sk partners
to share their responses. If not mentioned by students, point out that the height of the cylinder is
equal to the radius of the hemisphere.

#ive students work time for the activity followed by a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� Provide examples of actual 3-  models of cylinders,
hemispheres, and cones for students to view or manipulate. �sk students to use the 3- 
models and the volumes calculated in each question to estimate the volume of the
hemisphere.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(� �on$eptu"l pro$e44in(

•

•
•
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�nti-i:+t/. �i=-9n-/:ti9n=

Students may not realize that the radius of the hemisphere determines the height of the cone and
cylinder. If students struggle with identifying the needed information, remind them of the previous
activity in which the radius of the cylinder was also the height of the box (rectangular prism). �sk
students how that can help them determine the dimensions of the cone or cylinder.

%t?./nt &+=5 %t+t/7/nt

1. � hemisphere with radius � units fits snugly into a cylinder of the same radius and
height.

a. �alculate the volume of the cylinder.

b. !stimate the volume of the hemisphere. !xplain your reasoning.

2. � cone fits snugly inside a hemisphere, and they share a radius of �.

a. 3hat is the volume of the cone�

b. !stimate the volume of the hemisphere. !xplain your reasoning.

3. �ompare your estimate for the hemisphere with the cone inside to your estimate of the
hemisphere inside the cylinder. $ow do they compare to the volumes of the cylinder
and the cone�

%t?./nt $/=:9n=/

1. a. . The cylinder^s volume can be calculated using .

b. �nswers vary. �orrect responses should be less than the volume of the cylinder.

2. a. . The cone^s volume can be calculated using .

b. �nswers vary. �orrect responses should be greater than the volume of the cone and less
than the volume of the cylinder from the previous question.

Unit 5 �/==9n 	�
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3. �nswers vary. Sample response� The volume of the hemisphere will be greater than the
volume of the cone but less than the volume of the cylinder.

�</ *9? $/+.C 09< �9</�

!stimate what fraction of the volume of the cube is occupied by the pyramid that shares the
base and a top vertex with the cube, as in the figure.

%t?./nt $/=:9n=/

In fact, the pyramid is precisely of the volume of the cube. +ne way to see this is by decomposing

the cube into three pyramids each congruent to the original.

�-ti@itC %Cnt2/=i=

�sk previously identified students to share their responses to the first two problems.  raw
attention to any connections made between the two problems.

The purpose of this discussion is for students to recognize how the upper and lower bounds for the
volume of a hemisphere are established by the cylinder and cone. �onsider asking the following
question�

“3hat do the volumes of the cone and cylinder tell us about the volume of the hemisphere�”
(The volume of the hemisphere has to be between the two volumes.)

“ id anyone revise their original estimate for the hemisphere based on the calculation of the
volume of the cone�” (�nswers vary. If students estimated low values after calculating the
volume of a cylinder, some may have needed to adBust their estimates.)

•

•
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“�ompare the equations for volume of a cylinder and cone where radius and height are equal.
If the volume of the hemisphere has to be between these two, what might an equation for the
volume of a hemisphere look like�” (�ylinder volume� ; �one volume� . �

possible hemisphere volume might be the average of these two, or .)

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� �i4tenin(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give
students a structured opportunity to revise and refine their response to the last question. �sk
students to meet with 2–3 partners in a row for feedback. Provide students with prompts for
feedback that will help them to strengthen their ideas and clarify their language (e.g., “3hy do
you thinka�”, “$ow did you compare the volume of the two shapes�”, and “$ow does the first�
second question help�”, etc.). Students can borrow ideas and language from each partner to
strengthen their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

�/==9n %Cnt2/=i=
To have students describe some of the important highlights of the lesson, ask�

“$ow did we use a cylinder to estimate a volume of a hemisphere that is an overestimate�”

“$ow did we use a cone to estimate a volume of a hemisphere that is an underestimate�”

“$ow did we get a closer estimate for the volume of a hemisphere�”

“$ow did we use today^s work to estimate the volume of a sphere�”

!xplain to students that we used figures we know how to find the volume of (a cone and cylinder) to
try and estimate the volume of a figure we do not know how to find the volume of (a sphere). In the
next lesson, we will do something similar to learn how to find the volume of a sphere and see how
close our reasoning today was to the actual calculation.

	��� � �i<<9< �9B
Cool Do.n
 	 minutes
�..</==in1

8.#.�

%t?./nt &+=5 %t+t/7/nt

� hemisphere-shaped security mirror fits exactly inside a rectangular prism box with a square
base that has edge length 1� inches. 3hat is a reasonable estimate for the volume of this
mirror�

•

•
•
•
•

•
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%t?./nt $/=:9n=/

�nswers vary. Sample responses include�

(ess than ��� cubic inches. The volume of the box that the mirror fits in is , and the
mirror does not take up all the space in the box.

(ess than cubic inches. The volume of the cylinder that the mirror fits in is , and
the mirror does not take up all the space in the cylinder.

More than cubic inches. The volume of the cone that fits in the mirror is , and

the mirror is larger than the cone.

%t?./nt �/==9n %?77+<C
3e can estimate the volume of a hemisphere by comparing it to other shapes for which we
know the volume. "or example, a hemisphere of radius 1 unit fits inside a cylinder with a
radius of 1 unit and height of 1 unit.

Since the hemisphere is in4i%e the cylinder, it
must have a smaller volume than the cylinder
making the cylinder�s volume a reasonable
over-estimate for the volume of the
hemisphere.

The volume of this particular cylinder is about

3.14 units3 since , so we know the
volume of the hemisphere is less than 3.14
cubic units.

1sing similar logic, a cone of radius 1 unit and height 1 unit fits inside of the hemisphere of
radius 1 unit.

Since the cone is in4i%e the hemisphere, the
cone must have a smaller volume than the
hemisphere making the cone�s volume a
reasonable under-estimate for the volume of
the hemisphere.

The volume of this particular cone is about

1.�� units3 since , so

we know the volume of the hemisphere is
more than 1.�� cubic units.

�veraging the volumes of the cylinder and the cone, we can estimate the volume of the

hemisphere to be about 2.1� units3 since . �nd, since a hemisphere is half of

•

•

•
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a sphere, we can also estimate that a sphere with radius of 1 would be double this volume, or

about 4.2� units3.

Unit 5 �/==9n 	�
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�/==9n 	� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
� baseball fits snugly inside a transparent display cube. The length of an edge of the cube is
2.� inches.

Is the baseball^s volume greater than, less than, or equal to cubic inches� !xplain how
you know.

%96?ti9n
(ess than cubic inches. The baseball fits inside the cube, and the cube^s volume is cubic
inches. Therefore, the baseball^s volume is less than cubic inches.

"<9,6/7 

%t+t/7/nt
There are many possible cones with a height of 18 meters. (et represent the radius in
meters and represent the volume in cubic meters.

a. 3rite an equation that represents the volume as a function of the radius .

b. �omplete this table for the function, giving three possible examples.

2

c. If you double the radius of a cone, does the volume double� !xplain how you know.

d. Is the graph of this function a line� !xplain how you know.

%96?ti9n
a.

b. �nswers vary. Sample response�
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2

4

�

c. No, the volume does not double. It is multiplied by four. !xplanations vary.

d. It is not a line. The three points in the table do not lie on a straight line.

("rom 1nit �, (esson 18.)

"<9,6/7 �
%t+t/7/nt
� hemisphere fits snugly inside a cylinder with a radius of 6 cm. � cone fits snugly inside the
same hemisphere.

a. 3hat is the volume of the cylinder�

b. 3hat is the volume of the cone�

c. !stimate the volume of the hemisphere by calculating the average of the volumes of the
cylinder and cone.

%96?ti9n
a. cm3

b. cm3

c. cm3

"<9,6/7 �
%t+t/7/nt

a. "ind the hemisphere^s diameter if its radius is 6 cm.

b. "ind the hemisphere^s diameter if its radius is m.

c. "ind the hemisphere^s diameter if its radius is �.��8 ft.

d. "ind the hemisphere^s radius if its diameter is 6 cm.

Unit 5 �/==9n 	�
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e. "ind the hemisphere^s radius if its diameter is m.

f. "ind the hemisphere^s radius if its diameter is �.��8 ft.

%96?ti9n
a. 12 cm

b. m (or equivalent)

c. 18.�16 ft

d. 3 cm

e. m (or equivalent)

f. 4.��4 ft

"<9,6/7 5
%t+t/7/nt
�fter almost running out of space on her phone, !lena checks with a couple of friends who
have the same phone to see how many pictures they have on their phones and how much
memory they take up. The results are shown in the table.

num�er of p otos 2,�23 3,148 1,87�

memory use� in �
 8,�72 1�,1�6 6,�37

a. �ould this information be reasonably modeled with a linear function� !xplain your
reasoning.

b. !lena needs to delete photos to create 1,2�� M� of space. !stimate the number of
photos should she delete.

%96?ti9n
a. 4es, all the points are close to , where represents the memory usage and

represents the number of photos.

b. �bout 37� photos ( )

("rom 1nit �, (esson �.)
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�/==9n 
�� &2/ (96?7/ 90 + %:2/</

�9+6=
�alculate the volume of a sphere, cylinder, and cone which have a radius of and height of ,
and explain (orally) the relationship between their volumes.

�reate an equation to represent the volume of a sphere as a function of its radius, and explain
(orally and in writing) the reasoning.

�/+<nin1 &+<1/t=
I can find the volume of a sphere when I know the radius.

�/==9n  +<<+ti@/
The purpose of this lesson is for students to recognize that the volume of a sphere with radius is

and begin to use the formula. Students inspect an image of a sphere that snugly fits inside

a cylinder (they each have the same radius, and the height of the cylinder is equal to the diameter
of the sphere), and use their intuition to guess about how the volume of the sphere relates to the
volume of the cylinder, building on the work in the previous lesson. Then, they watch a video that
shows a sphere inside a cylinder, and the contents of a cone (with the same base and height as the
cylinder) are poured into the remaining space. This demonstration shows that for these figures, the
cylinder contains the volumes of the sphere and cone together. "rom this observation, the volume
of a specific sphere is computed. Then, the formula for the volume of a sphere is derived. (�t

this point, this is taken to be true for any sphere even though we only saw a demonstration
involving a particular sphere, cone, and cylinder. � general proof of the formula for the volume of a
sphere would require mathematics beyond grade level.)

�6i1n7/nt=

�..</==in1

8.#.�� Solve real-world and mathematical problems involving volume of cylinders, cones, and
spheres.

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

M(.7� �ompare and �onnect

Notice and 3onder

$/;?i</. "</:+<+ti9n

"or the � Sphere in a �ylinder activity, students will need to view a video.

•

•

•

•

•

•
•
•
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�



305

%t?./nt �/+<nin1 �9+6=

(et^s explore spheres and their volumes.


��	 %5/t-2 + %:2/</
�arm �p
 	 minutes
The purpose of this activity is for students to practice sketching spheres and labeling the radius and
diameter of the sphere.

�..</==in1

8.#.�

�+?n-2

#ive students 1–2 minutes of quiet work time, followed by a whole-class discussion.

%t?./nt &+=5 %t+t/7/nt

$ere is a method for quickly sketching a sphere�

 raw a circle.

 raw an oval in the
middle whose edges
touch the sphere.

1. Practice sketching some spheres. Sketch a few diberent sizes.

2. "or each sketch, draw a radius and label it .

%t?./nt $/=:9n=/

1. �nswers vary.

2. �nswers vary.

�-ti@itC %Cnt2/=i=

Invite students to share their sketches. �sk students to share what the diameter would look like if
they did not already draw one in. .emind students that sketches can be used to help visualize a
problem where an image might not be provided. In today^s lesson, they will be working with
activities that might or might not have images provided and they should sketch or label any images
provided to use as a tool to help understand the problem thoroughly.


��
 � %:2/</ in + �C6in./<
�� minutes

•

•
•
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In this activity, students begin by looking at an image of a sphere in a cylinder. The sphere and
cylinder have the same radius and the height of the cylinder is equal to the diameter of the sphere.
Students consider the image and reason about how the volumes of the two figures compare to get
a closer estimate of the volume of the sphere.

Then students watch a video that shows a sphere inside a cylinder set up like the image. � cone
with the same base and height as the cylinder is introduced and its contents poured into the
sphere, completely filling the empty space between the sphere and the cylinder. Students are asked
to record anything they notice and wonder as they watch the video and a list is created as a class.

+nce students are told that the cylinder, cone, and sphere all have the same radius length and the
cylinder and cone have equal heights, they are asked to figure out the volumes of the cylinder and
cone and are given time to discuss with a partner how to find the volume of the sphere. They are
asked to write an explanation in words first before doing actual calculations so that they can reason
about the relationships shown in the video and how they can use those relationships to figure out
the unknown volume.

Identify students who discuss either method for calculating the volume of the sphere�

subtract the volume of the cone from the volume of the cylinder.

make the connection that a cone is of the cylinder so the sphere must be the that fills up

the rest of the cylinder.

�..</==in1

8.#.�

�n=t<?-ti9n+6 $9?tin/=

M(.7� �ompare and �onnect

Notice and 3onder

�+?n-2

�rrange students in groups of 2.  isplay for all to see�

� sphere fits snugly into a cylinder so that its circumference touches the curved surface of the
cylinder and the top and bottom touch the bases of the cylinder.

•
•

•

•
•
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�sk, “In the previous lesson we thought about hemispheres in cylinders. $ere is a sphere in a
cylinder. 3hich is bigger, the volume of the cylinder or the volume of the sphere�  o you think the
bigger one is twice as big, more than twice as big, or less than twice as big�” then give students 1
minute of quiet think time. Invite students to share their responses and keep their answers
displayed for all to see throughout the lesson so that they can be referred to during the (esson
Synthesis.

Show the video and tell students to write down anything they notice or wonder while watching. �sk
students to share the things they noticed and wondered. .ecord and display their responses for all
to see. If not mentioned by students, be sure these things are brought up�

Notice�
The sphere fits inside the cylinder.

The sphere is filled up.

There is space around the sphere inside the cylinder.

It takes the volume of one cone to fill up the remaining spaces in the cylinder.

3onder�
 o the sphere and the cylinder have the same radius�

 o the cone and cylinder have the same radius�

 o the cone and cylinder have the same height�

Tell students that the sphere inside the cylinder seen in the video is the same as the one in the
picture shown previously. �sk students� “does this give us any answers to the list of wonders�” (4es,
this tells us that the sphere and cylinder have the same radius.)

Tell students that the cone and cylinder have the same height and base area. �sk students�

•
�
�
�
�

•
�
�
�
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“ oes this give us any more answers to the list of wonders�” (4es, the cone and cylinder have
the same height and radius.)

“3hat does that mean about the volume of the cone and the volume of the cylinder in the
video�” (The volume of the cone is the volume of the cylinder.)

Show the video one more time and ask students to think about how we might calculate the volume
of the sphere if we know the radius of the cone or cylinder. #ive students 1 minute of quiet think
time followed by time for a partner discussion. #ive students time to work on the task followed by a
whole-class discussion.

2ideo �2olume of a �ylinder, Sphere, and �one� available here� https���player.vimeo.com�video�
3�4138133.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion�  emonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. "or
example, ask students to color code the radii and heights in each of the figures and when
calculating volume.
�upport4 "$$e44i#ilit: 'or�  i4u"l-4p"ti"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�epre4entin(� ���
 �o.p"re "n% �onne$t� 1se this routine to compare and contrast the diberent
ways students calculated the volume of the sphere. �sk students to consider what is the same
and what is diberent about each method used.  raw students^ attention to the diberent
calculations (e.g., or ) that equate to the volume of the
sphere and how these calculations are related to the volume of the cone and cylinder. In this
discussion, emphasize language used to help students make sense of strategies used to
calculate the volume of the sphere. These exchanges strengthen students^ mathematical
language use and reasoning of volume.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

�nti-i:+t/. �i=-9n-/:ti9n=

If students struggle to keep track of all the dimensions of the diberent figures, encourage them to
label the images with the appropriate dimensions.

•

•
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%t?./nt &+=5 %t+t/7/nt

$ere are a cone, a sphere, and a cylinder that all have the same radii and heights. The radius
of the cylinder is � units. 3hen necessary, express all answers in terms of .

1. 3hat is the height of the cylinder�

2. 3hat is the volume of the cylinder�

3. 3hat is the volume of the cone�

4. 3hat is the volume of the sphere� !xplain your reasoning.

%t?./nt $/=:9n=/

1. 1� units. The top of the sphere touches the top of the cylinder, so the diameter of the sphere
is the height of the cylinder.

2. cubic units because .

3. cubic units because .

4. cubic units. �nswers vary. Sample response� Subtracting the volume of the cone from the

volume of the cylinder gives the volume of the sphere. So the volume of the sphere is

cubic units because .

�-ti@itC %Cnt2/=i=

Select previously identified students to share their methods for calculating the volume of the
sphere. �sk students to compare the two methods mentioned in the narrative�

“3hat is diberent about these two methods�” (+ne is using the fact that the volume of the
cone is of the volume of the cylinder so the sphere^s volume must make up the other . The

other subtracts the volumes we know in order to get the unknown volume of sphere.)

“3hat do the two methods have in common�” (�oth methods are calculating the same amount
but in diberent ways.)

 isplay for all to see.

•

•
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�sk students� “3hat does this expression represent�” (The volume of the cylinder minus the volume
of the cone.)

 raw students^ attention back to the guesses they made at the start of the activity about how much
bigger the cylinder^s volume is than the sphere. �sk students if we can answer that question now.
(Note� if students do not make the connection that the sphere^s volume is the volume of the

cylinder, they will have another chance to look at the relationship in the next activity.)


��� %:2/</= in �C6in./<=
�� minutes
The purpose of this activity is to build from the concrete version in the previous activity to a
generalized formula of a sphere with an unknown radius. The previous activity prepared students
with strategies to work through this task where they must manipulate the variables in the volume
equations. Students first calculate the volume of the cylinder and cone in the activity and use what
they learned in the previous activity to calculate the volume of the sphere. "inally, they are asked
about the relationship between the volume of the cylinder and sphere, which connects back to the
discussion of the previous activity.

Identify students who�

recognize that the volume of the sphere is the volume of the cylinder and use that to easily

come up with the general formula for volume of a sphere .

use the subtraction method discussed in the previous activity.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.�� �o-�raft Questions

�+?n-2

Tell students that they are going to consider a diberent sphere inside of a cylinder along with a cone
of the same height and radius as the sphere. This is similar to the previous activity; however, in this
activity, the length of the radius is unknown. #ive students 4–6 minutes of quiet work time
followed by a whole-class discussion.

•

•

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �on7er4in(� ���� �o-�r"'t �ue4tion4�  isplay the three images of the shapes along with
the task statement without revealing the questions that follow. �sk students to write possible
questions that could be answered about this situation. Invite students to share their questions
with a partner, and select 2–3 groups to share with the class. (isten for questions that require
students to reason about the relationships between the volume of the three diberent shapes.
Next, reveal the questions of the activity. This helps students produce the language of
mathematical questions and talk about the relationships between the volumes of the diberent
shapes in this task.
�e4i(n �rin$iple�4�� �"9i.i;e .et"-"8"rene44� �upport 4en4e-.",in(

%t?./nt &+=5 %t+t/7/nt

$ere are a cone, a sphere, and a cylinder that all have the same radii and heights. (et the
radius of the cylinder be units. 3hen necessary, express answers in terms of .

1. 3hat is the height of the cylinder in terms of �

2. 3hat is the volume of the cylinder in terms of �

3. 3hat is the volume of the cone in terms of �

4. 3hat is the volume of the sphere in terms of �

�. � volume of the cone is the volume of a cylinder. The volume of the sphere is what

fraction of the volume of the cylinder�

%t?./nt $/=:9n=/

1. because the diameter of the sphere is the height of the cylinder

2. because

3. because

4. because

�.
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�-ti@itC %Cnt2/=i=

Select previously identified students to share their methods for calculating the volume of a sphere.
 isplay for all to see the two diberent strategies side by side and ask students�

“3hich method did you use to calculate the volume of the sphere�”

“(ook at the method that you did not use. !xplain to a partner why that method works.”

“3hich method do you prefer� 3hy�”

If students did not use both of the methods described in the narrative and outlined below, add
them to the list of methods for students to compare before asking the questions.  isplay both
methods side by side for all to see and ask the same questions.

The method�

Subtraction method�

�lthough either method works, there are reasons students might choose one over the other. The
subtraction method is a bit more involved as it requires the distributive property to combine like
terms and subtracting from 2. It might make more sense to students, however, since it describes

the video they saw in that the volume of the sphere is the diberence between the volumes of the
cylinder and cone. The method is a bit simpler in terms of manipulating expressions, but

students might not fully understand why the volume of the sphere is the volume of the cylinder.

�dd the formula and a diagram of a sphere to your classroom displays of the formulas

being developed in this unit.

•
•
•
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�/==9n %Cnt2/=i=
 isplay for all to see the equation . Tell students “� quick estimate for the volume of a
sphere of radius that you can use if you don^t have a calculator is . (No fraction or �) $ow
good of an approximation do you think this is� �an you come up with a better one�” �sk students to
calculate the volume of a sphere with a radius of 1� inches using�

the actual volume formula (4188.7� cubic inches)

the approximation formula (4��� cubic inches)

their own approximation formula. (Possible formula� . 42�� cubic inches)

#ive students quiet think time, then time to compare their improved approximations with a partner
and decide which of their formulas is the ]best approximation.^ Invite partners to share their choices
with the class. .ecord and display student-created volume of a sphere approximation formulas for
all to see.


��� (96?7/= 90 %:2/</=
Cool Do.n
 	 minutes
�..</==in1

8.#.�.�

%t?./nt &+=5 %t+t/7/nt

.ecall that the volume of a sphere is given by the formula .

1. $ere is a sphere with radius 4 feet. 3hat is the volume of the sphere� !xpress your
answer in terms of .

2. � spherical balloon has a diameter of 4 feet. �pproximate how many cubic feet of air
this balloon holds. 1se 3.14 as an approximation for , and give a numerical answer.

%t?./nt $/=:9n=/

1. or cubic feet because

•
•
•

•
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2. 33.4� cubic feet because

%t?./nt �/==9n %?77+<C
Think about a sphere with radius units that fits snugly inside a cylinder. The cylinder must
then also have a radius of units and a height of units. 1sing what we have learned about
volume, the cylinder has a volume of , which is equal to cubic units.

3e know from an earlier lesson that the volume of a cone with the same base and height as a
cylinder has of the volume. In this example, such a cone has a volume of or

Bust cubic units.

If we filled the cone and sphere with water, and then poured that water into the cylinder, the
cylinder would be completely filled. That means the volume of the sphere and the volume of
the cone add up to the volume of the cylinder. In other words, if is the volume of the
sphere, then

This leads to the formula for the volume of the sphere,

Unit 5 �/==9n 
�
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�/==9n 
� "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
a. � cube^s volume is �12 cubic units. 3hat is the length of its edge�

b. If a sphere fits snugly inside this cube, what is its volume�

c. 3hat fraction of the cube is taken up by the sphere� 3hat percentage is this� !xplain or
show your reasoning.

%96?ti9n
a. 8 units

b. cubic units

c. , which is slightly more than ���. Sample explanation� The volume of the sphere as a

fraction of the volume of the cube is . To make this fraction easier to work with, note

that

Since is slightly more than 3, then is slightly more than ���.

"<9,6/7 

%t+t/7/nt
Sphere � has radius 2 cm. Sphere � has radius 4 cm.

a. �alculate the volume of each sphere.

b. The radius of Sphere � is double that of Sphere �. $ow many times greater is the
volume of ��

%96?ti9n
a. Sphere �� cm3, Sphere �� cm3

b. The volume of Sphere � is 8 times greater than the volume of Sphere �, which is 23 times.
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"<9,6/7 �
%t+t/7/nt
Three cones have a volume of cm3. �one � has a radius of 2 cm. �one � has a radius of
3 cm. �one � has a radius of 4 cm. "ind the height of each cone.

%96?ti9n
�one � has a height of 144 cm.

�one � has a height of 64 cm.

�one � has a height of 36 cm.

In each case, the height can be found by solving the formula for .

("rom 1nit �, (esson 16.)

"<9,6/7 �
%t+t/7/nt
The graph represents the average price of regular gasoline in the 1nited States in dollars as a
function of the number of months after &anuary 2�14.

a. $ow many months after &anuary 2�14 was the price of gas the greatest�

b.  id the average price of gas ever get below �2�

c.  escribe what happened to the average price of gas in 2�14.

%96?ti9n
a. �

b. 4es, in the 24th, 2�th, and 26th months

�
�
�
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c. �nswers vary. Sample response� The average price of gas rose from &anuary until � months
later (&une) and then decreased for the rest of the year.

("rom 1nit �, (esson �.)

"<9,6/7 5
%t+t/7/nt
Match the description of each sphere to its correct volume.

�. Sphere �� radius of 4 cm

�. Sphere �� diameter of 6 cm

�. Sphere �� radius of 8 cm

 . Sphere  � radius of 6 cm

1. cm3

2. cm3

3. cm3

4. cm3

%96?ti9n
�� 2

�� 3

�� 4

 � 1

"<9,6/7 �
%t+t/7/nt
3hile conducting an inventory in their bicycle shop, the owner noticed the number of bicycles
is 2 fewer than 1� times the number of tricycles. They also know there are 41� wheels on all
the bicycles and tricycles in the store. 3rite and solve a system of equations to find the
number of bicycles in the store.

%96?ti9n
, . There are 178 bicycles in the store.

("rom 1nit 4, (esson 1�.)

�
�
�
�
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�/==9n 
	� �C6in./<=� �9n/=� +n. %:2/</=

�9+6=
�alculate the value of the radius of a sphere with a given volume using the structure of the
equation, and explain (orally) the solution method.

 etermine what information is needed to solve a problem involving volumes of cones,
cylinders, and spheres. �sk questions to elicit that information.

�/+<nin1 &+<1/t=
I can find the radius of a sphere if I know its volume.

I can solve mathematical and real-world problems about the volume of cylinders, cones, and
spheres.

�/==9n  +<<+ti@/
In this lesson, students use the formula for the volume of a sphere to solve various problems. They
have opportunities to analyze common errors that people make when using this formula. They also
use the structure of an equation to find the radius of a sphere when they know its volume. "inally,
they have opportunities to practice using all of the new volume formulas they have learned in this
unit to solve mixed problems with spheres, cylinders, and cones, reasoning about the ebect of
diberent dimensions on the volume of diberent figures.

�6i1n7/nt=

�..</==in1

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.4� Information #ap �ards

M(.8�  iscussion Supports

$/;?i</. �+t/<i+6=
"</�:<int/. =6i:=� -?t 0<97 -9:i/= 90 t2/ 
Instructional 7+=t/<
&996= 09< -</+tin1 + @i=?+6 .i=:6+C
�ny way for students to create work that can be 
easily displayed to the class. !xamples� chart

paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.

•

•

•
•

•

•
•
•
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$/;?i</. "</:+<+ti9n
Print and cut up slips from the Info #ap� 1nknown  imensions Instructional master. Prepare 1 
set of slips for every 2 students. Provide students with access to make a visual display during the 
(esson Synthesis.

%t?./nt �/+<nin1 �9+6=

(et^s find the volume of shapes.


	�	 %:2/</ �<1?7/nt=
�arm �p
 	 minutes
The purpose of this warm-up is to catch errors students are making in calculating the volume of a
sphere. Monitor for students who use the formula for a cylinder or cone, who use instead of ,
or who forget to include as a factor in the computation.

�..</==in1

8.#.�.�

�+?n-2

�rrange students in groups of 2. Tell students that if they have a hard time visualizing this sphere,
they can sketch it. #ive students 1–2 minutes of quiet work time followed by time to discuss their
responses with their partner.

%t?./nt &+=5 %t+t/7/nt

"our students each calculated the volume of a sphere with a radius of � centimeters and they
got four diberent answers.

$an thinks it is 1�8 cubic centimeters.

&ada got cubic centimeters.

Tyler calculated �72 cubic centimeters.

Mai says it is cubic centimeters.

 o you agree with any of them� !xplain your reasoning.

%t?./nt $/=:9n=/

Mai^s calculation is correct. !xplanations vary. Sample explanation� The volume of a sphere is found
with the formula . 1sing � for the radius, the volume is .

�-ti@itC %Cnt2/=i=

"or each answer, ask students to indicate whether or not they agree.  isplay the number of
students who agree with each answer all to see. Invite someone who agreed with to explain
their reasoning. �sk students if they think they know what the other students did incorrectly to get

•

•
•
•
•
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their answers. (To get 1�8, $an and &ada likely used instead of , and Tyler probably didn^t
realize that multiplying by is necessary.)


	�
 %:2/</D= $+.i?=
�ptional
 	 minutes
The purpose of this activity is for students to think about how to find the radius of a sphere when its
volume is known. Students can examine the structure of the equation for volume and reason about
a number that makes the equation true. They can also notice that is a factor on each side of the
equation and divide each side by . �oth strategies simplify the solution process and minimize the
need for rounding. 3atch for students who substitute a value for to each side of the equation,
who use the structure of the equation to reason about the solution, or who solve another way, so
strategies can be shared and compared in the whole-class discussion.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

�+?n-2

�llow students 3–4 minutes work time followed by a whole-class discussion.

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give students a
structured opportunity to revise and refine their response to the question, “3hat is the value
of for this sphere� !xplain how you know.” �sk each student to meet with 2–3 other partners
in a row for feedback. Provide students with prompts for feedback that will help them to
strengthen their ideas and clarify their language (e.g., “3hat did you do first�”, “3hy did
youa�”, and “$ow did you deal with �”, etc.). Students can borrow ideas and language from
each partner to strengthen their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

�nti-i:+t/. �i=-9n-/:ti9n=

Students who substituted a value for and solved the resulting equation might have rounded along
the way, making the value for the radius slightly less than 6 while the actual value is exactly 6. This is
a good opportunity to talk about the ebects of rounding and how to minimize the error that
rounding introduces.

•

•
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%t?./nt &+=5 %t+t/7/nt

The volume of this sphere with radius is . This statement is true�

3hat is the value of for this sphere� !xplain how you know.

%t?./nt $/=:9n=/

6 units. !xplanations vary. Sample responses� !xamine the equation . appears on

both sides of the equation. This means that the remaining factors on each side must be equal, so
. Multiplying each side by gives . The number 6 yields 216 when cubed.

�-ti@itC %Cnt2/=i=

The purpose of the discussion is to examine how students reasoned through each step in solving
for the unknown radius. �sk previously identified students to share their responses.

�onsider asking students the following questions to help clarify the diberent approaches students
took�

“ appears on both sides of the volume equation.  id you deal with this as a first step or later
in the solution process�”

“$ow did you deal with the fraction in the equation�”

“If the final step in your solution was solving for when , how did you solve� If you
found that was a diberent number, how did you solve�”

•

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e� �reak the class into small discussion groups and then
invite a representative from each group to report back to the whole class. �ll group members
should be prepared to share if invited.
�upport4 "$$e44i#ilit: 'or� �ttention� �o$i"l-e.otion"l 4,ill4


	�� �n09 �+:� Un5n9An �i7/n=i9n=
�� minutes
In this info gap activity, students determine and request the information needed to answer
questions related to volume equations of cylinders, cones, and spheres.

The info gap structure requires students to make sense of problems by determining what
information is necessary, and then to ask for information they need to solve it. This may take
several rounds of discussion if their first requests do not yield the information they need (MP1). It
also allows them to refine the language they use and ask increasingly more precise questions until
they get the information they need (MP6).

$ere is the text of the cards for reference and planning�

�..</==in1

8.#.�.�•

Unit 5 �/==9n 
	



323

�n=t<?-ti9n+6 $9?tin/=

M(.4� Information #ap �ards

�+?n-2

Tell students that they will continue to refresh their skills of working with proportional relationships.
!xplain the Info #ap structure and consider demonstrating the protocol if students are unfamiliar
with it.

�rrange students in groups of 2. In each group, distribute a problem card to one student and a data
card to the other student. �fter you review their work on the first problem, give them the cards for
the second problem and instruct them to switch roles.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�n("(e.ent� �e7elop �''ort "n% �er4i4ten$e�  isplay or provide students with a physical copy of
the written directions. �heck for understanding by inviting students to rephrase directions in
their own words. 'eep the display of directions visible throughout the activity.
�upport4 "$$e44i#ilit: 'or� �e.or:� �r("ni;"tion

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�on7er4in(� This activity uses M(.4 Information #ap to give students a purpose for discussing
information necessary solve problems involving the volume of shapes.  isplay questions or
question starters for students who need a starting point such as� “�an you tell me . . . (specific
piece of information)”, and “3hy do you need to know . . . (that piece of information)�”
�e4i(n �rin$iple�4�� �ulti7"te �on7er4"tion

�nti-i:+t/. �i=-9n-/:ti9n=

Students may have a dieculty making sense of the relationships between the dimensions of the
two figures. !ncourage these students to sketch the figures and label them carefully.

%t?./nt &+=5 %t+t/7/nt

4our teacher will give you either a pro#le. $"r% or a %"t" $"r%.  o not show or read your card
to your partner.

•
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If your teacher gives you the pro#le. $"r%�

1. Silently read your card and think about
what information you need to be able to
answer the question.

2. �sk your partner for the specific
information that you need.

3. !xplain how you are using the
information to solve the problem.

�ontinue to ask questions until you have
enough information to solve the
problem.

4. Share the pro#le. $"r% and solve the
problem independently.

�. .ead the %"t" $"r% and discuss your
reasoning.

If your teacher gives you the %"t" $"r%�

1. Silently read your card.

2. �sk your partner <!)"t 4pe$i>$
in'or."tion %o :ou nee%�= and wait for
them to "4, for information.

If your partner asks for information that
is not on the card, do not do the
calculations for them. Tell them you don^t
have that information.

3. �efore sharing the information, ask “!):
%o :ou nee% t)"t in'or."tion�” (isten to
your partner^s reasoning and ask
clarifying questions.

4. .ead the pro#le. $"r% and solve the
problem independently.

�. Share the %"t" $"r% and discuss your
reasoning.

Pause here so your teacher can review your work. �sk your teacher for a new set of cards
and repeat the activity, trading roles with your partner.

%t?./nt $/=:9n=/

Problem card 1� The volume of the sphere is cm3. Students can calculate this value by finding
the radius of the cone and then using the volume formula for a sphere, or they can use the fact that
the volume of a sphere is twice that of the volume of a cone with the same dimensions.

Problem �ard 2� Possible solution paths�

1se the volume of the cone and to find , so the volume of the sphere is cm3.

Since the radius and height of the cone and sphere are equal, the volume of the sphere must

be twice the volume of the cone, or cm3.

�-ti@itC %Cnt2/=i=

Select several groups to share their answers and reasoning for each of the problems. If any
students made sketches with labeled dimensions, display these for all to see. In particular, contrast
students who used volume formulas versus those who remembered that the volume of a cone is
half the volume of a sphere with the same dimensions (radius and height).

�onsider asking these discussion questions�

•
•

Unit 5 �/==9n 
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"or students who had a Problem �ard�
“$ow did you decide what information to ask for� $ow did the information on your card
help�”

“$ow easy or diecult was it to explain why you needed the information you were asking
for�”

“#ive an example of a question that you asked, the clue you received, and how you made
use of it.”

“$ow many questions did it take for you to be able to solve the problem� 3hat were
those questions�”

“3as anyone able to solve the problem with a diberent set of questions�”

"or students who had a  ata �ard�
“3hen you asked your partner why they needed a specific piece of information, what
kind of explanations did you consider acceptable�”

“3ere you able to tell from their questions what volume question they were trying to
answer� If so, how� If not, why might that be�”


	�� &2/ $i12t �it
�� minutes
In this activity, students once again consider diberent figures with given dimensions, this time
comparing their capacity to contain a certain amount of water. The goal is for students to not only
apply the correct volume formulas, but to slow down and think about how the dimensions of the
figures compare and how those measurements abect the volume of the figures.

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

�+?n-2

�rrange students in groups of 2. �llow � minutes of quiet work time, then a partner
discussion followed by a whole-class discussion.

•
�

�

�

�

�
•

�

�

•

•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�epre4ent"tion� �ntern"li;e �o.pre)en4ion� Provide appropriate reading accommodations and
supports to ensure students access to written directions, word problems and other text-based
content.
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �on$eptu"l pro$e44in(

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� Provide sentence frames to support students as they work
with their partner and explain their reasoning. "or example, “I think 8888 , because 88888 .”, or “I
(agree�disagree) because 888888 .”, or “The volume is (greater than�less than) 88888 , which
means 88888 .”
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output 'or �e9pl"n"tion�

�nti-i:+t/. �i=-9n-/:ti9n=

Students might think that doubling a dimension doubles the volume. $elp students recall and
reason that changes in the radius, because it is squared or cubed when calculating volume, have a
greater abect.

%t?./nt &+=5 %t+t/7/nt

� cylinder with diameter 3 centimeters and height 8 centimeters is filled with water.  ecide
which figures described here, if any, could hold all of the water from the cylinder. !xplain
your reasoning.

1. �one with a height of 8 centimeters and a radius of 3 centimeters.

2. �ylinder with a diameter of 6 centimeters and height of 2 centimeters.

3. .ectangular prism with a length of 3 centimeters, width of 4 centimeters, and height of
8 centimeters.

Unit 5 �/==9n 
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4. Sphere with a radius of 2 centimeters.

%t?./nt $/=:9n=/

The cone, cylinder, and rectangular prism can hold the water. The sphere cannot. !xplanations vary.
Sample response�

The volume of the given cylinder is , or around �6.� cubic centimeters�

( ).

1. �one� . Since the volume is greater than , the cone can

hold the water.

2. �ylinder� . Since the volume is equal to , the cylinder can
hold the water.

3. .ectangular prism� . Since the volume is greater than �6.�, the rectangular
prism can hold the water.

4. Sphere� . Since the volume is less than , the sphere cannot

hold the water.

�</ *9? $/+.C 09< �9</�

� thirsty crow wants to raise the level of water in a cylindrical container so that it can reach
the water with its beak.

The container has diameter of 2 inches and a height of � inches.

The water level is currently at 6 inches.

The crow can reach the water if it is 1 inch from the top of the container.

In order to raise the water level, the crow puts spherical pebbles in the container. If the
pebbles are approximately inch in diameter, what is the fewest number of pebbles the

crow needs to drop into the container in order to reach the water�

%t?./nt $/=:9n=/

The current volume of water is cubic inches and the volume required is
cubic inches. This means that the diberence in volumes is cubic

inches. !ach pebble has volume cubic inches. In order to raise the water

by a volume of 6.28 cubic inches, pebbles need to be added. Since fractional
pebbles are not possible, the crow needs to add �7 pebbles.

�-ti@itC %Cnt2/=i=

The purpose of this discussion is to compare volumes of diberent figures by computation and also
by considering the ebect that diberent dimensions have on volume.

•
•
•
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�sk students if they made any predictions about the volumes before directly computing them and,
if yes, how they were able to predict. Students might have reasoned, for example, that the second
cylinder had double the radius of the first, which would make the volume 4 times as great, but the
height was only as great so the volume would be the same. +r they might have seen that the

cone would have a greater volume since the radius was double and the height the same, making
the volume (if it were another cylinder) 4 times as great, so the factor of for the cone didn^t bring

the volume down below the volume of the cylinder.

�/==9n %Cnt2/=i=
In this unit, students have learned how to find the volume of cylinders, cones, and spheres, how to
find an unknown dimension when the volume and another dimension are known, and how to
reason about the ebects of diberent dimensions on volume. �ssign groups of 2–3 students one of
the questions shown here and provide them with the tools to make a visual display explaining their
response. !ncourage students to make their displays as though they are explaining the answer to
the question to someone who is not in the class and to make up values for dimensions to use to
illustrate their ideas. Suggest sketches of figures where appropriate.

“ escribe some relationships between the volumes of cylinders, cones, and spheres.”

“$ow do we find a missing dimension when we know the volume and another dimension of a
cylinder, cone, or sphere (or Bust the volume in the case of the sphere)�”

“3hat happens to the volume of a cylinder or cone when its height is doubled� Tripled�”

“3hat happens to the volume of a sphere when its height is doubled� Tripled�”

“3hat happens to the volume of a cylinder, cone, or sphere when its radius is doubled�
Tripled�”

“3hat happens to the volume of a cylinder or cone when its height is doubled and its radius is
halved�”

“3hat happens to the volume of a cylinder or cone when its radius is doubled and its height is
halved�”


	�5  /A �9?< %:2/</=
Cool Do.n
 	 minutes
Students synthesize the material they have learned about using the volume of a sphere formula by
sorting diberent representations of the equation.

�..</==in1

8.#.�.�

•
•

•
•
•

•

•

•
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%t?./nt &+=5 %t+t/7/nt

Some information is given about each sphere. +rder them from least volume to greatest
volume. 4ou may sketch a sphere to help you visualize if you prefer.

Sphere �� $as a radius of 4

Sphere �� $as a diameter of 6

Sphere �� $as a volume of 64

Sphere  � $as a radius double that of sphere �.

%t?./nt $/=:9n=/

�, �, �,  

Sphere �� $as a radius of 4, so its volume is .

Sphere �� $as a diameter of 6, so its radius is 3, and its volume is .

Sphere �� $as a volume of 64 .

Sphere  � $as a radius twice as large as sphere �, so its radius is 6, and its volume is .

%t?./nt �/==9n %?77+<C
The formula

gives the volume of a sphere with radius . 3e can use the formula to find the volume of a
sphere with a known radius. "or example, if the radius of a sphere is 6 units, then the volume
would be

or approximately cubic units. 3e can also use the formula to find the radius of a sphere
if we only know its volume. "or example, if we know the volume of a sphere is cubic
units but we don�t know the radius, then this equation is true�

That means that , so the radius has to be 3 units in order for both sides of the
equation to have the same value.
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Many common obBects, from water bottles to buildings to balloons, are similar in shape to
rectangular prisms, cylinders, cones, and spheres\or even combinations of these shapes�
1sing the volume formulas for these shapes allows us to compare the volume of diberent
types of obBects, sometimes with surprising results.

"or example, a cube-shaped box with side length 3 centimeters holds less than a sphere
with radius 2 centimeters because the volume of the cube is 27 cubic centimeters ( ),
and the volume of the sphere is around 33.�1 cubic centimeters ( ).

Unit 5 �/==9n 
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�/==9n 
	 "<+-ti-/ "<9,6/7=
"<9,6/7 	

%t+t/7/nt
� scoop of ice cream has a 3-inch diameter. $ow tall should the ice cream cone of the same
diameter be in order to contain all of the ice cream inside the cone�

%96?ti9n
6 inches (The volume of the ice cream is , which must be the same as the volume of the

cone given by . Set these two expressions equal to each other and solve for .)

"<9,6/7 

%t+t/7/nt
�alculate the volume of the following shapes with the given information. "or the first three
questions, give each answer both in terms of and by using to approximate . Make
sure to include units.

a. Sphere with a diameter of 6 inches

b. �ylinder with a height of 6 inches and a diameter of 6 inches

c. �one with a height of 6 inches and a radius of 3 inches

d. $ow are these three volumes related�

%96?ti9n
a. , about 113.�4 cubic inches

b. , about 16�.�6 cubic inches

c. , about �6.�2 cubic inches

d. �nswers vary. Sample response� The volume of the cone plus the volume of the sphere equals
the volume of the cylinder. This is like the video in a previous lesson where the sphere fits
snugly inside of the cylinder, and after pouring a cone-ful of water, the cylinder fills completely
to the top. The cone takes up of the cylinder, and the sphere takes up the other .

"<9,6/7 �
%t+t/7/nt
� coin-operated bouncy ball dispenser has a large glass sphere that holds many spherical
balls. The large glass sphere has a radius of � inches. !ach bouncy ball has radius of 1 inch
and sits inside the dispenser.
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If there are 243 bouncy balls in the large glass sphere, what proportion of the large glass
sphere^s volume is taken up by bouncy balls� !xplain how you know.

%96?ti9n
�bout 33� (or ). The large glass sphere has radius � inches, so its volume in cubic inches is

. This is about 3��2 cubic inches. !ach bouncy ball has radius 1 inch. The volume of

243 bouncy balls in cubic inches is . This is about 1�17 cubic inches. To find the

proportion taken up by bouncy balls, divide . �bout 33� of the space is taken up by

bouncy balls. �y using the exact volume, the result is exactly .

"<9,6/7 �
%t+t/7/nt
� farmer has a water tank for cows in the shape of a cylinder with radius of 7 ft and a height
of 3 ft. The tank comes equipped with a sensor to alert the farmer to fill it up when the water
falls to 2�� capacity. 3hat is the volume of the tank be when the sensor turns on�

%96?ti9n
�bout �2 cubic feet (The volume of the cylinder is given by , which is approximately
462 cubic feet. The sensor turns on when 2�� of this volume remains, and 2�� of 462 is a little
more than �2 cubic feet.)

("rom 1nit �, (esson 13.)
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%/-ti9n� �/t�= "?t �t t9 )9<5

�/==9n 

� (96?7/ �= + �?n-ti9n 90 � � �

�9+6=
 escribe (orally) how a change in the radius of a sphere abects the volume.

Interpret (orally and in writing) functions that represent the volume of a sphere, cone, and
cylinder, using diberent representations.

�/+<nin1 &+<1/t=
I can compare functions about volume represented in diberent ways.

�/==9n  +<<+ti@/
The purpose of this optional culminating lesson is to give students more experience working with
non-linear functions that arise out of the work students have been doing with the volume of
cylinders, cones, and spheres. In the first activity, students reason about how scaling the
radius abects the volume of a sphere, similar to their earlier work considering how volume is
abected by changing one or two dimensions of cylinder or cone.

In the second activity, students work with three diberent functions (represented three diberent
ways) showing the height of water in three diberent shapes as a function of the volume of water.
They consider questions such as�

3hich container is largest�

�t what volume of water poured is the height of water in the containers the same�

"or what range of water volume poured does a particular container have the greatest height
of water�

$ow do the representations show the maximum height of each container�

�6i1n7/nt=

�..</==in1

8.".��  efine, evaluate, and compare functions.

8.#.�.�� 'now the formulas for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

M(.8�  iscussion Supports

Notice and 3onder

•
•

•

•
•
•

•

•
•

•
•
•
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Think Pair Share

$/;?i</. �+t/<i+6=

%t<+i12t/.1/=
� rigid edge that can be used for drawing line
segments. Sometimes a ruler is okay to use as a

straightedge, but sometimes it is preferable to
use an unruled straightedge, like a blank index
card.

$/;?i</. "</:+<+ti9n

Provide access to straightedges for the activity � �ylinder, a �one, and a Sphere.

%t?./nt �/+<nin1 �9+6=

(et^s compare water heights in diberent containers.



�	 �i==in1 �n09<7+ti9n�
�arm �p
 	 minutes
In this warm-up, students reason about the volume and dimensions of a cylinder based on
information given about a sphere of the same height. The purpose of this warm-up is for students
to recognize when they do not have enough information to reach a single answer. 3hile they can
determine the height of the cylinder, the radius is completely undefined, which means the volume
of the cylinder could be anything.

�..</==in1

8.#.�.�

�+?n-2

#ive students quiet work time followed by a whole-class discussion.

�nti-i:+t/. �i=-9n-/:ti9n=

Some students may not understand why the second problem talks about “possible” volumes if they
assume the radius of the cylinder is the same as the sphere. �sk these students to explain how they
found the radius of the cylinder to help them notice that the problem never gives that information.

%t?./nt &+=5 %t+t/7/nt

� cylinder and sphere have the same height.

1. If the sphere has a volume of cubic units, what is the height of the cylinder�

2. 3hat is a possible volume for the cylinder� �e prepared to explain your reasoning.

%t?./nt $/=:9n=/

1. 6 units

2. �nswers vary. Students could answer anything here as the radius is undetermined. 'nowing
the height, though, creates a function with variables and . Students Bust need to pick an ,

•

•
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and they have a volume that works. #oing the other way is harder but possible. Teachers can
hint here that there is a way to figure out what number was squared, looking ahead to 8.8.

�-ti@itC %Cnt2/=i=

�sk students to share how they calculated the height of the cylinder. If any students made a sketch,
display these for all to see.

Select at least � students to give a possible volume for the cylinder and record these for all to see.
�sk students,

“3hy do we not know what the volume of the cylinder is�” (3e don^t know the radius, only the
height, so the volume could be anything.)

“Is knowing the height of a sphere enough information to determine the volume�” (4es. The
volume of a sphere is based on the radius, which is half the height.)

Tell students that in the next activity, they will investigate how changes to the radius of a sphere
changes the volume of the sphere.



�
 %-+6in1 (96?7/ 90 + %:2/</
�ptional
 �	 minutes
�uilding on work in previous lessons where students investigated how changing one or two
dimensions abects the volume of a shape, in this activity, students scale the radius of a sphere and
compare the resulting volumes. They will predict how doubling or halving the radius of a
sphere abects the volume.

Identify students using diberent reasoning to answer the last question. "or example, some students
may calculate the radius of the larger sphere in order to find of that value to get to the volume of

the smaller sphere while others may reason about the volume formula and how volume changes
when the radius goes from to .

�..</==in1

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.1� Stronger and �learer !ach Time

Think Pair Share

�+?n-2

�rrange students in groups of 2. #ive 2–3 minutes of quiet work time to complete the first problem
on their own, then time to discuss their solutions with a partner. #roups then finish the remaining
problems together followed by a whole-group discussion.

•

•

•

•
•
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�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �e7elop �9pre44ion "n% �o..uni$"tion� Invite students to talk about their
ideas with a partner before writing them down.  isplay sentence frames to support students
when they explain their ideas. "or example, “It looks likea,” “Is it always true thata�” and “3e
can agree thata”
�upport4 "$$e44i#ilit: 'or� �"n(u"(e� �r("ni;"tion

�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

!ritin(� �pe",in(� �epre4entin(� ���� �tron(er "n% �le"rer �"$) �i.e� 1se this routine to give
students a structured opportunity to revise and refine their response to the question, “3hat
happens to the volume of this sphere if its radius is halved�” �sk each student to meet with 2–3
other partners in a row for feedback. Provide students with prompts for feedback that will help
them to strengthen their ideas and clarify their language (e.g., “$ow did you determine it was
888 times larger�”, “3hy do you thinka�”, and “$ow does the previous question help us to solve
this question�”, etc.). Students can borrow ideas and language from each partner to strengthen
their final version.
�e4i(n �rin$iple�4�� �pti.i;e output �'or e9pl"n"tion�

�nti-i:+t/. �i=-9n-/:ti9n=

Students may not correctly use exponent rules for . Students also may need to be reminded of
exponent rules for fractions.

%t?./nt &+=5 %t+t/7/nt

1. "ill in the missing volumes in terms of . �dd two more radius and volume pairs of your
choosing.

ra�ius 1 2 3 1�� r

-olume

a. $ow does the volume of a sphere with radius 2 cm compare to the volume of a
sphere with radius 1 cm�

b. $ow does the volume of a sphere with radius cm compare to the volume of a

sphere with radius 1 cm�

Unit 5 �/==9n 





337

2. � sphere has a radius of length .
a. 3hat happens to the volume of this sphere if its radius is doubled�

b. 3hat happens to the volume of this sphere if its radius is halved�

3. Sphere Q has a volume of ��� cm3. Sphere S has a radius as large as Sphere Q. 3hat

is the volume of Sphere S�

%t?./nt $/=:9n=/

1. �nswers vary for the radius and volume pairs of students^ choosing. The rest of the table
should look as follows�

ra�ius 1 2 3 1�� r

-olume 36

a. The volume of a sphere with radius 2 is 8 times as large as the volume of a sphere with
radius 1.

b. The volume of a sphere with radius is as large as the volume of a sphere with radius

1.

2. a. � sphere with two times the radius will have volume , which is 8

times larger than the original.

b. � sphere with a radius half the original will have , which is of the

original volume.

3. 4 cm3. If the radius is as large, the volume will be as large, or . Therefore, sphere S

will be , or 4 cm3.

�-ti@itC %Cnt2/=i=

 isplay the completed table for all to see, and invite groups to share a pair they added to the table
along with their responses to the first two problems.

Select previously identified students to share their responses to the last question. If students did
not reason about the question using the formula for volume of a sphere (that is, by reasoning that if

the radius is as large then ), ask students to consider their responses

to the second part of the second question, but replace with .
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�� � �C6in./<� + �9n/� +n. + %:2/</
�ptional
 �	 minutes
The purpose of this activity is for students to bring together several ideas they have been working
with. In particular� calculating volume and dimensions of round obBects, comparing functions
represented in diberent ways, interpreting the slope of a graph in context, reasoning about specific
function values, and reasoning about when functions have the same value.

3hile students are only instructed to add a graph of the cylinder to the given axes, watch for
students who plot the values for the sphere as well and ask to share their graphs during the �ctivity
Synthesis.

�..</==in1

8.".�

8.#.�.�

�n=t<?-ti9n+6 $9?tin/=

M(.8�  iscussion Supports

Notice and 3onder

�+?n-2

Tell students to close their books or devices and display the graph in the activity for all to see. Tell
students that the graph represents water filling a container.

Tell students that their Bob is to think of at least one thing they notice and at least one thing they
wonder. �sk students to give a signal when they have noticed or wondered about something. #ive
students 1 minute of quiet think time, and then 1 minute to discuss the things they notice with their
partner. Possible responses�

Things students may Notice�

The graph is not a linear function.

The graph is a piecewise function.

The maximum height of the function is 6 inches.

Things students may 3onder�

3hat is the shape of the container�

3hat is happening when the height stops at 6 inches�

3hy does the volume increase but the height stay constant on the far right�

•
•

•
•

•
•
•

•
•
•
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 iscuss possible responses for questions that students wondered. If not suggested by students, ask
what would happen if you kept pouring water into a container even though the water level had
reached the top. !nsure students understand that the height stops at 6 inches because that is how
tall the container is. �ny more water poured into the container at that point Bust overdows.

�rrange students in groups of 2–3. Provide access to straightedges. #ive groups work time followed
by a whole-class discussion.

�--/== 09< %t?./nt= Ait2 �i=+,i6iti/=

�$tion "n% �9pre44ion� �ntern"li;e �9e$uti7e �un$tion4� �hunk this task into more manageable
parts to support students who benefit from support with organization and problem solving.
"or example, present one question at a time.
�upport4 "$$e44i#ilit: 'or� �r("ni;"tion� �ttention

�nti-i:+t/. �i=-9n-/:ti9n=

3atch for students struggling to compare in diberent representations and suggest graphing the
points in the table.

"or the fourth question, if students calculate volume of water when the height is 6 inches for each
shape, direct them to determine whether there is a time when any of the containers have the same
height and the same volume of water. (�nother way to think of this is an intersection in the graph.)

%t?./nt &+=5 %t+t/7/nt

Three containers of the same height were filled with water at the same rate. +ne container is
a cylinder, one is a cone, and one is a sphere. �s they were filled, the relationship between
the volume of water and the height of the water was recorded in diberent ways, shown here�

�ylinder�

�one�

•
•
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Sphere�

-olume �in��  eig t �in�

� �

8.38 1

2�.32 2

�6.�� 3

83.76 4

1�4.72 �

113.�4 6

12� 6

2�� 6

1. The maximum volume of water the cylinder can hold is . 3hat is the radius of the
cylinder�

2. #raph the relationship between the volume of water poured into the cylinder and the
height of water in the cylinder on the same axes as the cone. 3hat does the slope of
this line represent�

3. 3hich container can fit the largest volume of water� The smallest�

•
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4. �bout how much water does it take for the cylinder and the sphere to have the same
height� The cylinder and the cone� !xplain how you know.

�. "or what approximate range of volumes is the height of the water in the cylinder greater
than the height of the water in the cone� !xplain how you know.

6. "or what approximate range of volumes is the height of the water in the sphere less
than the height of the water in the cylinder� !xplain how you know.

%t?./nt $/=:9n=/

1. 2 in. 3e know the maximum volume of water is in3 and the height of the cylinder is 6 in
since it is the same as the sphere. �s such, since must be true.

2.

The slope of the line is . This means that for each volume increase of 1 in3, the height

increases by in.

3. The cone can hold the most water since the graph shows approximately 127.23 in3 when the

cone is full. The cylinder can hold the smallest amount of water, in3.

4. Since the data for volume and height of the spherical container is discrete, we can only say
that the volumes and heights must be equal somewhere between the two points at
and . �n approximation between these two points is that when the volume is about

2� in3, the height is about 1.� in for both the cylinder and sphere. "or the cylinder and cone,
we can see the intersection of the two points on the graph from problem 2, which occurs

approximately when the volume is �8 in3 and the height is 4.� in.
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�. 3hen the volume is between �8 in3 and 12� in3, the height of water in the cylinder is greater
than the height of water in the cone.

6. 3hen the volume is between about 2� in3 (or the data point chosen for the first part of

problem 4) and 113 in3, the height of water in the cylinder is greater than the height of water
in the sphere.

�-ti@itC %Cnt2/=i=

Select previously identified students who graphed the data from the table in order to complete the
problems.  isplay one or two of these representations for all to see.

�onsider asking the following questions�

“If I showed you this graph without telling you which function represented each shape, how
could you figure out which one represents the cone, the cylinder, and the sphere�” (The graph
of the cylinder must be linear, since the shape of the container as the water level rises never
changes. The graph of the cone would first fill quickly, but then fill more slowly as it got wider
near the top. (Note� it helps to know the cone is tip down here.) The graph of the sphere would
change partway through, since it would start fast, slow down toward the middle where the
sphere is widest, then speed up again as the sphere narrows, and the table data, or discrete
points, is the only representation that does that.)

“�an you use the information provided about each function to determine the radius of the
sphere and cone�” (The radius of the sphere is half the height, so the radius is 3 in. The cone

has a volume of 127.23 in3, so we can tell that is about 2�.2�. 3e can use guess-and-check
to find , since 2�.2� is between 16 and 2�. 3e can check what happens when , which
does give a value of 2�.2� for . So the radius of the cone is about 4.� in.)

“"or each of these graphs, is volume a function of height�” (No, when the height reaches 6
inches, the extra water spills out, so the volume keeps increasing. Therefore, if height is the
input, there are multiple outputs of volume for each graph.)

“3hat could we change in order to make volume a function of height for this scenario�” (If we
stopped pouring when height was 6 inches, there would not be multiple volumes for one
height.)

•

•

•

•
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�--/== 09< �n16i=2 �+n1?+1/ �/+<n/<=

�pe",in(� ���� �i4$u44ion �upport4� 1se this routine to support student responses to the
question� “If I showed you the graph (of the cone) without telling you which function
represented each shape, how could you figure out which one represents the cone, the cylinder,
and the sphere�” Provide students with a sentence frame such as� “ The graph represents the
volume of the 888888 because 888888 .” or “The graph of a 888888 would 888888 .” This will help
students produce and make sense of the language needed to reason about the relationship
between volume and height of diberent shapes.
�e4i(n �rin$iple�4�� �upport 4en4e-.",in(� �pti.i;e output �'or +u4ti>$"tion�
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Family Support Materials
Functions and Volume
Here are the video lesson summaries for Grade 8, Unit 5: Functions and Volume. Each
video highlights key concepts and vocabulary that students learn across one or more
lessons in the unit. The content of these video lesson summaries is based on the written
Lesson Summaries found at the end of lessons in the curriculum. The goal of these videos
is to support students in reviewing and checking their understanding of important
concepts and vocabulary. Here are some possible ways families can use these videos:

Keep informed on concepts and vocabulary students are learning about in class.

Watch with their student and pause at key points to predict what comes next or think
up other examples of vocabulary terms (the bolded words).

Consider following the Connecting to Other Units links to review the math concepts
that led up to this unit or to preview where the concepts in this unit lead to in future
units.

Grade 8, Unit 5: Functions and Volume Vimeo YouTube

Video 1: Inputs and Outputs (Lessons 1–3) Link Link

Video 2: Representing and Interpreting Functions (Lessons
4–7)

Link Link

Video 3: Linear Functions and Rates of Change (Lessons 8–10) Link Link

Video 4: Cylinders and Cones (Lessons 11–16) Link Link

Video 5: Spheres (Lessons 19–21) Link Link

Video 1

•
•

•
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Video �VLS G8U5V1 Inputs and Outputs (Lessons 1–3)� available here:
https:		player.vimeo.com	video	493392446.

Video �

Video �VLS G8U5V2 Representing and Interpreting Functions (Lessons 4–7)� available here:
https:		player.vimeo.com	video	498502033.

Video �

Video �VLS G8U5V3 Linear Functions and Rates of Change (Lessons 8–10)� available here:
https:		player.vimeo.com	video	490206352.

Video �

Video �VLS G8U5V4 Cylinders and Cones (Lessons 11–16)� available here:
https:		player.vimeo.com	video	493397357.

Video 5

Video �VLS G8U5V5 Spheres (Lessons 19–21)� available here: https:		player.vimeo.com	
video	498158048.


onnectin� to 
t�er Units

Coming soon•
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	nputs and �utputs
Family Support Materials �

This week, your student will be working with �unctions. � function is a rule that produces a
single output for a given input.

#ot all rules are functions. For example, hereJs a rule: the input is KNrst letter of the monthL
and the output is Kthe month.L If the input is �, what is the output� � function must give a
single output, but in this case the output of this rule could be �anuary, �une, or �uly, so the
rule is not a function.

Here is an example of a rule that is a function: input a number, s>uare it, then multiply the
result by . Using for the input and for the output, we can draw a diagram to represent
the function:

We could also represent this function with an e>uation, . We say that the input of
the function, , is the inde�endent $ariable and the output of the function, , is the
de�endent $ariable. We can choose any value for , and then the value of depends on
the value of . We could also represent this function with a table or as a graph. �epending
on the >uestion we investigate, diMerent representations have diMerent advantages. ,ou
may recogniGe this rule and know that the area of a circle depends on its radius.

Here is a task to try with your student:

�ada can buy peanuts for �0.20 per ounce and raisins for �0.25 per ounce. She has �12 to
spend on peanuts and raisins to make trail mix for her hiking group.

1. How much would 10 ounces of peanuts and 16 ounces of raisins cost� How much
money would �ada have left�

2. Using for pounds of peanuts and for pounds of raisins, an e>uation relating how
much of each they buy for a total of �12 is . If �ada wants 20 ounces
of raisins, how many ounces of peanuts can she aMord�

3. �ada knows she can rewrite the e>uation as . In �adaJs e>uation, which is
the independent variable� Which is the dependent variable�

Solution:

Grade 8 Unit 5
Functions and Volume



1. 10 ounces of peanuts would cost �2 since . 16 ounces of raisins would
cost �4 since . Together, they would cost �ada �6, leaving her with �6.

2. 35 ounces of peanuts. If �ada wants 20 ounces of raisins, then
must be true, which means .

3. is the independent variable and is the dependent variable for �adaJs e>uation.

Grade 8 Unit 5
Functions and Volume




inear Functions and 
ates o� ��an�e
Family Support Materials �

This week, your student will be working with graphs of functions. The graph of a function is
all the pairs (input, output), plotted in the coordinate plane. �y convention, we always put
the input Nrst, which means the inputs are represented on the horiGontal axis and the
outputs on the vertical axis.

For a graph representing a context, it is important to specify the >uantities represented on
each axis. For example this graph shows ElenaJs distance as a function of time. If it is
distance from home, then Elena starts at some distance from home (maybe at her friendJs
house), moves further away from her home (maybe to a park), stays there a while, and
then returns home. If it is distance from school, the story is diMerent.

The story also changes depending on the scale on the
axes: is distance measured in miles and time in hours, or
is distance measured in meters and time in seconds�

Here is a task to try with your student:

"atch each of the following situations with a graph (you can use a graph multiple times).
�eNne possible inputs and outputs, and label the axes.

1. #oah pours the same amount of milk from a bottle every morning.

2. � plant grows the same amount every week.

3. The day started very warm but then it got colder.

4. � cylindrical glass contains some partially melted ice. The more water you pour in, the
higher the water level.

Grade 8 Unit 5
Functions and Volume



Solution:

1. Graph �, input is time in days, output is amount of milk in the bottle

2. Graph �, input is time in weeks, output is height of plant

3. Graph C, input is time in hours, output is temperature

4. Graph �, input is volume of water, output is height of water

In each case, the horiGontal axis is labeled with the input, and the vertical axis is labeled
with the output.

Grade 8 Unit 5
Functions and Volume
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This week your student will be working with volumes of three�dimensional ob7ects. We can
determine the volume of a cylinder with radius and height using two ideas that weJve
seen before:

The volume of a rectangular prism is a result of multiplying the area of its base by its
height.

The base of the cylinder is a circle with radius , so the base area is .

�ust like a rectangular prism, the volume of a cylinder is the area of the base times the
height. For example, letJs say we have a cylinder whose radius is 2 cm and whose height is
5 cm like the one shown here:

The base has an area of cm3. Using this, we can calculate the volume to be 20-

pi� cm3 since If we use 3.14 as an approximation for , we can say that the

volume of the cylinder is approximately 62.8 cm3. Students will also investigate the volume
of cones and how their volume is related to the volume of a cylinder with the same radius
and height.

Here is a task to try with your student:

•

•
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This cylinder has a height and radius of 5 cm. Leave your answers in terms of .

1. What is the diameter of the base�

2. What is the area of the base�

3. What is the volume of the cylinder�

Solution:

1. 10 cm. The diameter is , and .

2. cm2. The area is times the radius s>uared, or .

3. 125 cm3. The volume is the area of the base times the height. The area of the base

here is 25 , so the volume is cm3 since .

Grade 8 Unit 5
Functions and Volume
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This week, your student will compare the volumes of diMerent ob7ects. "any common
ob7ects, from water bottles to buildings to balloons, are similar in shape to rectangular
prisms, cylinders, cones, and spheresIor even combinations of these shapes. We can use
the volume formulas for these shapes to compare the volume of diMerent types of ob7ects.

For example, letJs say we want to know which has more volume: a cube�shaped box with
an edge length of 3 centimeters or a sphere with a radius of 2 centimeters.

The volume of the cube is 27 cubic centimeters since . The volume of the
sphere is about 33.51 cubic centimeters since . Therefore,

we can tell that the cube�shaped box holds less than the sphere.

Here is a task to try with your student:

� globe Nts tightly inside a cubic box. The box has an edge length of 8 cm.

1. What is the volume of the box�

2. Estimate the volume of the globe: is it more or less than the volume of the box� How
can you tell�

3. What is the diameter of the globe� The radius�

4. The formula for the volume of a sphere (like a globe) is . What is the actual

volume of the sphere� How close was your estimate in the previous problem�

Solution:

1. 512 cm3. The box is a cube, so its volume is cubic centimeters.

2. �nswers vary. The number should be less than 512 cm3 since the volume of the globe
must be less than the volume of the box. %ossible explanation: it Nts entirely inside
the box, so it takes up less space. Since you can Nt the globe inside the box and there
is still space left over, the box has more volume.

3. Since the globe Nts tightly inside the cubic box, the diameter of the globe must be the
same as the edge length of the box, 8 cm. This means the radius is 4 cm.

Grade 8 Unit 5
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4. or about 268 cm3. Since the side length of the cube is 8 cm, the radius of the

globe is half of that, or 4 cm. The volume of the globe is therefore .

Grade 8 Unit 5
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Functions and Volume: Check Your Readiness
(A)

1. Jada is three years older than twice her brother’s age.

Select all the equations that correctly represent the relationship between Jada’s age
and her brother’s age .

A.

B.

C.

D.

E.

F.

Grade 8 Unit 5
Check Your Readiness (A)



2

	. Select all the proportional relationships.

A.

B. A train is tra8eling at a constant speed o) 
� /iles per hour.  he nu/ber o)
hours the train has been tra8eling is .  he nu/ber o) /iles the train has
tra8eled is .

C.  he relationship is represented by this table�

� �


 


� 1	

� 	�

D. � where and are both positi8e nu/bers.

E.


.  here are 1
 cups in a gallon.  he equation gi8es the nu/ber o) cups in
ter/s o) the nu/ber o) gallons. "rite another equation )or this situation� gi8ing the
nu/ber o) gallons in ter/s o) the nu/ber o) cups�

Grade 8 Unit 5
Check Your Readiness (A)
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�. �i8en the equation �

a. "hen is 1� what 8alue o) /akes the equation true�

b. "hen is �1.�� what 8alue o) /akes the equation true�

c. "hen is �.�� what 8alue o) /akes the equation true�

�. �ere is a rectangular pris/.

a. "hat is the sur)ace area o) the pris/�

b. "hat is the 8olu/e o) the pris/�

Grade 8 Unit 5
Check Your Readiness (A)
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. A circular <eld has area square )eet.

a. "hat is the radius o) the <eld�

b. "hat is the dia/eter o) the <eld�

c. "hat is the circu/)erence o) the <eld� to the nearest )oot�

�. A rectangle has length and width .

Select all the state/ents that /ust be true.

A.  he peri/eter is .

B.  he peri/eter is .

C.  he peri/eter is .

D.  he peri/eter is .

E.  he peri/eter is .

F.  he area is .

�.  he area is .

�.  he area is .

Grade 8 Unit 5
Check Your Readiness (A)



5

Functions and Volume: Check Your Readiness
(B)

1. Noah is three years younger than four times the age of his brother. Select all the
equations that correctly represent the relationship between Noah’s age and his
brother’s age .

A.

B.

C.

D.

E.

F.

2. A rectangular prism has length , width ,
and height . Select all the statements
that must be true.

A. The volume is

B. The volume is

C. The volume is

D. The surface area is

E. The surface area is

F. The surface area is

Grade 8 Unit 5
Check Your Readiness (B)
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�. Select all the proportional relationships.

A.

B.

� �

� �

� 12

� 1


12 1�

C.
da� 1 2 � �

n���er �� �ell ���ne� ��ld 
 1� 1
 2�

D. , where and are both positive numbers.

E. Clare borrowed �1�� from her father. She pays him back �1� each week. is
the amount of money Clare still owes, and is the number of weeks�

Grade 8 Unit 5
Check Your Readiness (B)
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�. A recipe for salad dressing calls for tablespoon of vinegar for every tablespoon of

oil. The equation gives the amount of vinegar needed ( ) in terms of the

amount of olive oil used ( ). $rite another equation describing the recipe, this time
giving in terms of .


. �iven the equation �

a. $hen is 2, what value of makes the equation true�

b. $hen is �2.
, what value of makes the equation true�

c. $hen is �1�.
, what value of makes the equation true�

Grade 8 Unit 5
Check Your Readiness (B)
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�. �ere is a rectangle�

a. $hat is the area of the rectangle�

b. $hat is the perimeter of the rectangle�

�. The area of a circular table is in2.

a. $hat is the radius of the table�

b. $hat is the circumference of the table, to the nearest inch�

c. $hat is the diameter of the table�

Grade 8 Unit 5
Check Your Readiness (B)
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Functions and Volume: Mid-Unit Assessment
(A)
You may use graph paper and a four-function or scientific calculator, but not a graphing
calculator.

1. Select all the functions whose graphs include the point .

A.

B.

C.

D.

E.

2. This graph shows the temperature in Diego’s house between noon and midnight one
day.

Select all the true statements.

A. Time is a function of temperature.

B. The lowest temperature occurred between 4:00 and 5:00.

C. The temperature was increasing between 9:00 and 10:00.

D. The temperature was 74 degrees twice during the 12-hour period.

E. There was a four-hour period during which the temperature did not change.

Grade 8 Unit 5
Mid-Unit Assessment (A)
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. This table shows a linear relationship between the amount of water in a tan- and
time.

ti�e ��in�te�� �ater ��all�n��

0 
0

5 20

10 10

"hich of these statements is true�

A. The water in the tan- is increasing at a rate of 2 gallons per minute.

B. The water in the tan- is increasing at a rate of 10 gallons per minute.

C. The water in the tan- is decreasing at a rate of 2 gallons per minute.

D. The water in the tan- is decreasing at a rate of 10 gallons per minute.

4. Elena goes for a long wal-. This graph shows her time and distance tra7eled
throughout the wal-.

"hat was her fastest speed, in miles per hour�

Grade 8 Unit 5
Mid-Unit Assessment (A)



11

5. �in counts 5 bacteria under a microscope. She counts them again each day for four
days, and finds that the number of bacteria doubled each day;from 5 to 10, then
from 10 to 20, and so on.

�s the population of bacteria a function of the number of days� �f so, is it linear�
E9plain your reasoning.


. Draw a graph of Andre’s distance as a function of time for this situation:

"hen the football play started, Andre ran forward 20 yards, then turned around and
ran 5 yards bac-. �e stood in that spot for 
 seconds, then wal-ed bac- to where he
began.

�abel the a9es appropriately. You do not ha7e to include numbers on the a9es or the
coordinates of points on your graph.

7. Two plumbing companies charge money for each hour of wor-, plus a one-time fee.

Grade 8 Unit 5
Mid-Unit Assessment (A)
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A �lus �lumbing charges
according to this table: ti�e �
��r�� 	��t �d�llar��

1 140

4 
20


 440

�uality �lumbing charges
according to this graph:

a. �ow much does A �lus �lumbing cost for each hour of wor-, and what is the
one-time fee� E9plain or show your reasoning.

b. �ow much does �uality �lumbing charge for each hour of wor-, and what is the
one-time fee� E9plain or show your reasoning.

c. Can A �lus �lumbing and �uality �lumbing e7er charge the same total for the
same amount of time� E9plain or show your reasoning.

Grade 8 Unit 5
Mid-Unit Assessment (A)
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Functions and Volume: Mid-Unit Assessment
(B)
You may use graph paper and a four-function or scientific calculator, but not a graphing
calculator.

1. Which point is on the graph of the function ?

A.

B.

C.

D.

2. This table shows a linear relationship between the the age of a newborn baby in
weeks and their weight.

age (weeks) weight (pounds)

1 6

3 8

10 15

12 17

Select all the true statements.

A. The weight of the baby increases at a constant rate of 2 lbs every week.

B. The weight of the baby increases at a constant rate of 1 lb every week.

C. The weight of the baby increases at a constant rate of ½ lb every week.

D. Age is a function of weight.

E. Weight is a function of age.

Grade 8 Unit 5
Mid-Unit Assessment (B)
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3. The graph shows the amount of water in a bathtub starting at 10�00. Select all true
statements.

A. The tub was filling faster at 10�1� than at 10�01.

B. At 10�06, the tub was neither filling nor draining.

C. The ma:imum amount of water in the tub was about 35 gallons.

D. The amount of water in the tub stayed the same from 10�16 to 10�20.

E. �t took � minutes for the tub to drain.

�. Mai hiked up a trail for �0 minutes. The graph shows the elevation in feet that she
reached throughout her hike. �ame the time period where Mai gained elevation at
the fastest rate.

Grade 8 Unit 5
Mid-Unit Assessment (B)
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5. A tree planted today has a height of 5 feet and grows one foot each month.

�s the height of the tree a function of the number of months? �f so, is it a linear or a
nonlinear function? E:plain your reasoning.

6. Draw a graph of �in>s distance as a function of time for this situation�

�in walked a half-mile to school at a constant rate. �ive minutes after arriving at
school, �in reali<ed that she had left her permission slip at home. �in began sprinting
home, but when she was halfway there she got tired and walked the rest of the way.

�abel the a:es appropriately. You do not have to include numbers on the a:es or the
coordinates of points on your graph.

Grade 8 Unit 5
Mid-Unit Assessment (B)
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7. Two cleaning services charge money for each hour of work, plus a one-time fee.

Sparkle Team Cleaners charges
according to this table�

ti�e
(hours)

	ost
(dollars)

1 28

2 36

� 52

5 60

8 8�

So �resh � So Clean charges according to this
graph�

a. A customer would like a company to visit their home and give a 3uote for their
services, without doing further work. Which company is the most cost e?ective
for this customer? E:plain your answer.

b. Another customer would like the company to perform seven hours of work.
Which company should this customer choose?

c. What is the smallest number of hours of work for which Sparkle Team Cleaners
is cheapest?

Grade 8 Unit 5
Mid-Unit Assessment (B)
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Functions and Volume: End-of-Unit
Assessment (A)
You may use any type of calculator.

1. A cylinder has volume 78 cm . What is the volume of a cone with the same radius
and height?

A. 26 cm

B. 39 cm

C. 156 cm

D. 234 cm

2. The graph shows the relationship between the radius and volume for many cones
whose height is 6 inches.

Select all the true statements about such cones.

A. The relationship between radius and volume is linear.

B. The relationship between radius and volume is not linear.

C. If the radius of the cone doubles, the volume of the cone doubles.

D. If the radius of the cone doubles, the volume of the cone is multiplied by 4.

E. If the radius of the cone is 2 inches, the volume of the cone is about 25 cubic
inches.

Grade 8 Unit 5
End-of-Unit Assessment (A)
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3. A sphere has radius 2.7 centimeters.

What is its volume, to the nearest cubic centimeter?

A. 23

B. 26

C. 62

D. 82

4. �or cones with radius 6 units, the e1uation relates the height of the
cone, in units, and the volume of the cone, in cubic units.

a. S+etch the graph of this e1uation on the a8es.

b. Is there a linear relationship between height and volume? E8plain how you
+now.

Grade 8 Unit 5
End-of-Unit Assessment (A)
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5. A cylinder has radius 1.6 meters. Its volume is 95 cubic meters. �ind its height to the
nearest tenth of a meter.

6. Cones A and B both have volume cubic units, but have di:erent dimensions.
Cone A has radius 6 units and height 4 units. �ind one possible radius and height for
Cone B. E8plain how you +now Cone B has the same volume as Cone A.

7. There are many cylinders
with a height of 9 inches. �et

represent the radius in
inches and represent the
volume in cubic inches.

1

2

3

a. Complete the table relating the radius and volume of cylinders with height
9 inches. Write each volume as a multiple of , or round to the nearest cubic
inch.

b. Is there a linear relationship between the radius and the volume of these
cylinders? E8plain how you +now.

c. If a cylinder with height 9 inches and radius is ;lled with water, it can ;ll a
certain pitcher. �ow many of these pitchers can a cylinder with height 9 inches
and radius ;ll? E8plain how you +now.

Grade 8 Unit 5
End-of-Unit Assessment (A)
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Functions and Volume: End-of-Unit
Assessment (B)
You may use any type of calculator.

1. Which is closest to the difference in the volume of the two cylinders?

A B

A. 15,795 cm3

B. 2,534 cm3

C. 806 cm3

D. 512 cm3

2. A sphere has a volume of cm3. What is its radius in centimeters?

A. 4.5

B. 9

C. 11

D. 18

Grade 8 Unit 5
End-of-Unit Assessment (B)
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3.  he *raph shows the relationship %etween
a sphere=s radius and volume.

�elect all the statements that are true a%out this relationship.

A. �f the radius dou%les, the volume dou%les.

B. �f the radius dou%les the volume %ecomes a%out 4 times %i**er.

C. �f the radius dou%les, the volume %ecomes a%out 8 times %i**er.

D.  he relationship is linear.

E.  he relationship is not linear.

4. �or cylinders with radius 2 units, let represent the hei*ht of the cylinder, in units,
and the represent the volume of the cylinder, in cu%ic units.

a. Complete the ta%le relatin* the hei*ht and volume of
cylinders with radius 2 inches. Write each volume as a
multiple of , or round to the nearest cu%ic unit.

%. �s there a linear relationship %etween hei*ht and volume?
E:plain how you -now.

1

2

3

Grade 8 Unit 5
End-of-Unit Assessment (B)
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5. A cone and cylinder have the same hei*ht and their %ases are con*ruent circles. �f the

volume of the cylinder is 120 in3, what is the volume of the cone?

6.  hree students each calculated the volume of a sphere with a radius of 6
centimeters.

Die*o found the volume to %e cu%ic centimeters.

Andre appro:imated 904 cu%ic centimeters.

�oah calculated 226 cu%ic centimeters.

Do you a*ree with any of them? E:plain your reasonin*.

◦
◦
◦

Grade 8 Unit 5
End-of-Unit Assessment (B)
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7.  here are many cones with a hei*ht of 12 inches. �et represent the radius and
represent the volume of these cones.

a. Write an e3uation that e:presses the relationship %etween and . Use 3.14 as
an appro:imation for .

%. �lot points that show the volume when , , , and . �how
your reasonin*.

c. A vendor at a street fair sells popcorn in cones, all of hei*ht 9 inches.  he
sharin*-si<e cone has 3 times the radius of the s-inny-si<e cone. A%out how
many times more popcorn does the sharin* cone hold than the s-inny cone?

Grade 8 Unit 5
End-of-Unit Assessment (B)
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Unit 5 �==/==7/nt=
�==/==7/nt � �2/-5 *9?< $/+.in/== ���
"<9,6/7 	
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

This problem is designed to expose some common errors that arise when writing equations to
represent the relationship between quantities. �hoices � and ! are correct.

Students who made other choices may have made these errors. �hoice � represents the
statement “&ada is twice the age of someone three years older than her brother.” In choice �, the
operations are done in the correct order, but they are the inverse of the operations required.
�hoice   incorrectly switches the ages of &ada and her brother. �hoice " is close, but incorrect. The

correct equation can be separated into two fractions to obtain .

If most students struggle with this item, plan to budget class time to discuss the first and third
practice problems. This item is also relevant to �ctivity 3. Prior to this lesson, the third practice
problem in (esson 1 also provides an opportunity to review writing equations in two variables. Plan
to ober tape diagrams as a tool from previous work to help students who struggle to connect
equations and situations.

%t+t/7/nt
&ada is three years older than twice her brother^s age.

Select all the equations that correctly represent the relationship between &ada^s age and her
brother^s age .

�.

�.

�.

 .

!.

".

%96?ti9n
6���, �!�7

Unit 5 �==/==7/nt=

Assessment Answer Keys
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�6i1n/. %t+n.+<.=
7.!!.�.4

"<9,6/7 

The content assessed in this problem is first encountered in (esson 8� (inear "unctions.

3ork with linear functions, which begins in (esson 8, builds ob of students^ understanding of
proportional relationships. �hoice � is worth special attention� it is an example of a linear function
that does not represent a proportional relationship.

If most students struggle with this item, plan to revisit the definition of proportional relationships.
Students worked with these relationships in the unit �(inear .elationships,� so you may want to
revisit practice problems from that unit as well. Note that the lesson ��onnecting .epresentations
to "unctions� has an optional activity that reviews connecting tables, situations, and equations. If
students struggle to recall previous work with proportions, find opportunities to highlight this work
before this lesson.

%t+t/7/nt
Select all the proportional relationships.

�.

�. � train is traveling at a constant speed of 6� miles per hour. The number of hours the
train has been traveling is . The number of miles the train has traveled is .

�. The relationship is represented by this table�

/ y

3 6

4 12

� 24

 . , where and are both positive numbers.

!.
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%96?ti9n
6���, � �7

�6i1n/. %t+n.+<.=
7..P.�.2.a

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 8� (inear "unctions.

This problem gives a proportional relationship using an equation of the form . In solving the
problem, students are prompted to remember that this equation can be written in the equivalent
form .

If most students struggle with this item, plan to discuss in �ctivity 2 the connection between the two
equations that are possible for each part of the activity. 4ou may choose to pose this item again as
part of the �ool- own for this lesson. Note that working with equations to think about relationships
between say, volume and height for a fixed radius, relies on being able to rewrite simpler
proportions for a targeted value. Plan to practice this in the work up to (essons 14 and 16.

%t+t/7/nt
There are 16 cups in a gallon. The equation gives the number of cups in terms of the
number of gallons. 3rite another equation for this situation, giving the number of gallons in
terms of the number of cups�

%96?ti9n
(or equivalent)

�6i1n/. %t+n.+<.=
7..P.�.2.c

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

3hen students use equations to find input�output values of functions, they will need to substitute
numbers for variables. This problem also assesses signed number arithmetic. �heck to make sure
students notice that, while parts a and b ask for values of given , part c asks for the value of
given .

In part a, students might simply add 2.� to 3 and get an answer of �.�. They may subtract 2.� from
-3 to get an answer of -�.�. In part b, students who forget that “a negative times a negative is a
positive” will get an answer of -2.

�==/==7/nt� �2/-5 *9?< $/+.in/== ���
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If most students struggle with this item, plan to revisit it before �ctivity 3 to ensure that students
understand the intention of substituting a value we know in order to find a value that makes an
equation true. If students need additional practice, these and similar problems can be incorporated
into an �lgebra Talk.

%t+t/7/nt
#iven the equation �

1. 3hen is 1, what value of makes the equation true�

2. 3hen is -1.�, what value of makes the equation true�

3. 3hen is 8.�, what value of makes the equation true�

%96?ti9n
1. -�.�

2. 7

3. -2

�6i1n/. %t+n.+<.=
6.!!.�.2.c, 7.NS.�.1, 7.NS.�.2

"<9,6/7 5
The content assessed in this problem is first encountered in (esson 12� $ow Much 3ill "it�.

2erify that students perform the right calculation, but also that they use the appropriate units. This
is a good problem to remind students about the notation for square and cubic units.

If most students struggle with this item, plan to spend time after (esson 12 reviewing finding the
volume of rectangular prisms using the first and second practice problems.

%t+t/7/nt
$ere is a rectangular prism.

1. 3hat is the surface area of the prism�

2. 3hat is the volume of the prism�
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%96?ti9n
1. 6�.6 in ( )

2. 28.8 in ( )

�6i1n/. %t+n.+<.=
7.#.�.6

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 13� The 2olume of a �ylinder.

This problem is especially helpful for explaining why an approximation for should only be used
when necessary. If students begin by approximating the work is much harder.

If most students struggle with this item, plan to spend additional time on �ctivity 1 and revisit this
item at the end of �ctivity 1. Students may not be familiar with using pi in a reported area as
opposed to calculating area. �e sure to discuss how this is one way to report measures, and
knowing that pi is a little more than 3 gives us an idea of which whole numbers the measure is close
to.

%t+t/7/nt
� circular field has area square feet.

1. 3hat is the radius of the field�

2. 3hat is the diameter of the field�

3. 3hat is the circumference of the field, to the nearest foot�

%96?ti9n
1. 12� feet (the radius solves , then and since it is positive)

2. 24� feet (twice the radius)

3. 7�4 feet ( , then use an approximation for )

�6i1n/. %t+n.+<.=
7.#.�.4

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

If students have trouble here, ask them to explain their choices; their dieculties may involve
interpreting the variables rather than the geometry or the formulas.

�==/==7/nt� �2/-5 *9?< $/+.in/== ���
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If most students struggle with this item, plan to spend additional time reviewing what students
already know about calculating measures of geometric figures. This item assesses both students�
knowledge of area and perimeter (useful when working on volume in (esson 12 and beyond) and
reasoning about geometric formulas using variables, which is used to introduce functions in (esson
3. Plan to revisit this item after (esson 3.

%t+t/7/nt
� rectangle has length and width .

Select all the statements that must be true.

�. The perimeter is .

�. The perimeter is .

�. The perimeter is .

 . The perimeter is .

!. The perimeter is .

". The area is .

#. The area is .

$. The area is .

%96?ti9n
6���, �!�, �#�7

�6i1n/. %t+n.+<.=
3.M .�.7, 3.M . .8
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�==/==7/nt � �2/-5 *9?< $/+.in/== ���
"<9,6/7 	
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

This problem is designed to expose some common errors that arise when writing equations to
represent the relationship between quantities. �hoices � and   are correct. Students who made
other choices may have made these errors. Students selecting choice � incorrectly wrote the terms
of the expression in the order they were given. �hoice � represents the statement, “Noah is four
times the age of someone three years younger than his brother.” �hoice ! switches the ages of
Noah and his brother. �hoice " is close, but incorrect. The correct equation can be separated into
two fractions to obtain .

If most students struggle with this item, plan to budget class time to discuss the first and third
practice problems. This item is also relevant to �ctivity 3. Prior to this lesson, the third practice
problem in (esson 1 also provides an opportunity to review writing equations in two variables. Plan
to ober tape diagrams as a tool from previous work to help students who struggle to connect
equations and situations.

%t+t/7/nt
Noah is three years younger than four times the age of his brother. Select all the equations
that correctly represent the relationship between Noah^s age and his brother^s age .

�.

�.

�.

 .

!.

".

%96?ti9n
6���, � �7

�6i1n/. %t+n.+<.=
7.!!.�.4

"<9,6/7 

The content assessed in this problem is first encountered in (esson 12� $ow Much 3ill "it�.

�==/==7/nt� �2/-5 *9?< $/+.in/== ���
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If students have trouble here, ask them to explain their choices; their dieculties may involve
interpreting the variables rather than the geometry or the formulas.

%t+t/7/nt
� rectangular prism has length , width ,
and height . Select all the statements that
must be true.

�. The volume is

�. The volume is

�. The volume is

 . The surface area is

!. The surface area is

". The surface area is

%96?ti9n
6���, �!�7

�6i1n/. %t+n.+<.=
3.M .�.7

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 8� (inear "unctions.

3ork with linear functions, which begins in (esson �, builds ob of students^ understanding of
proportional relationships. Some students may think that choice � does not represent a
proportional relationship, since the point is not explicitly marked on the graph. �hoices � and
! are both instructive examples of linear relationships that are not proportional. Students not
selecting choice   may be thrown by the fact that the constant of proportionality is a unit fraction�
they know that is not a proportional relationship.

If most students struggle with this item, plan to revisit the definition of proportional relationships.
Students worked with these relationships in the unit �(inear .elationships,� so you may want to
revisit practice problems from that unit as well. Note that the lesson ��onnecting .epresentations
to "unctions� has an optional activity that reviews connecting tables, situations, and equations. If
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students struggle to recall previous work with proportions, find opportunities to highlight this work
before this lesson.

%t+t/7/nt
Select all the proportional relationships.

�.

�.

� 6

3 �

6 12

� 1�

12 18

�.
�ay 1 2 3 4

num�er of cell p ones sol� � 1� 1� 2�

 . , where and are both positive numbers.

!. �lare borrowed �1�� from her father. She pays him back �1� each week. is the
amount of money �lare still owes, and is the number of weeks�

�==/==7/nt� �2/-5 *9?< $/+.in/== ���
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%96?ti9n
6���, ���, � �7

�6i1n/. %t+n.+<.=
7..P.�.2.a

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 8� (inear "unctions.

This problem gives a proportional relationship using an equation of the form . In solving the

problem, students may isolate the variable algebraically, or they may simply recall that an equation
of this type can be rewritten in the equivalent form .

If most students struggle with this item, plan to discuss in �ctivity 2 the connection between the two
equations that are possible for each part of the activity. 4ou may choose to pose this item again as
part of the �ool- own for this lesson. Note that working with equations to think about relationships
between say, volume and height for a fixed radius, relies on being able to rewrite simpler
proportions for a targeted value. Plan to practice this in the work up to (essons 14 and 16.

%t+t/7/nt
� recipe for salad dressing calls for tablespoon of vinegar for every tablespoon of oil. The

equation gives the amount of vinegar needed ( ) in terms of the amount of olive oil

used ( ). 3rite another equation describing the recipe, this time giving in terms of .

%96?ti9n
or

�6i1n/. %t+n.+<.=
7..P.�.2.c

"<9,6/7 5
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

3hen students use equations to find input or output values of functions, they will need to
substitute numbers for variables. This problem also assesses signed number arithmetic. �heck to
make sure students notice that, while parts a and b ask for the value of , part c asks for the value
of .

If most students struggle with this item, plan to revisit it before �ctivity 3 to ensure that students
understand the intention of substituting a value we know in order to find a value that makes an
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equation true. If students need additional practice, these and similar problems can be incorporated
into an �lgebra Talk.

%t+t/7/nt
#iven the equation �

1. 3hen is 2, what value of makes the equation true�

2. 3hen is -2.�, what value of makes the equation true�

3. 3hen is -16.�, what value of makes the equation true�

%96?ti9n
1. -11.�

2. 11

3. 3

�6i1n/. %t+n.+<.=
6.!!.�.2.c, 7.NS.�.1, 7.NS.�.2

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 3� !quations for "unctions.

2erify that students perform the right calculation, but also that they use the appropriate units. This
is a good problem to remind students about the notation for square units.

%t+t/7/nt
$ere is a rectangle�

1. 3hat is the area of the rectangle�

2. 3hat is the perimeter of the rectangle�

�==/==7/nt� �2/-5 *9?< $/+.in/== ���
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%96?ti9n
1. 28 cm2

2. 22 cm

�6i1n/. %t+n.+<.=
7.#.�.6

"<9,6/7 �
The content assessed in this problem is first encountered in (esson 13� The 2olume of a �ylinder.

This problem is especially helpful for explaining why an approximation for should only be used
when necessary. If students begin by approximating the work is much harder.

If most students struggle with this item, plan to spend additional time on �ctivity 1 and revisit this
item at the end of �ctivity 1. Students may not be familiar with using pi in a reported area as
opposed to calculating area. �e sure to discuss how this is one way to report measures, and
knowing that pi is a little more than 3 gives us an idea of which whole numbers the measure is close
to.

%t+t/7/nt
The area of a circular table is in2.

1. 3hat is the radius of the table�

2. 3hat is the circumference of the table, to the nearest inch�

3. 3hat is the diameter of the table�

%96?ti9n
1. 1� inches ( , , .)

2. �4 square inches ( , then use an approximation for .)

3. 3� inches. (Twice the radius)

�6i1n/. %t+n.+<.=
7.#.�.4
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�==/==7/nt � �i.�Unit �==/==7/nt ���
&/+-2/< �n=t<?-ti9n=
#ive this assessment after lesson 1�. #raphing calculators should not be used. 1se of a
four-function or scientific calculator is acceptable. Provide access to graph paper.

%t?./nt �n=t<?-ti9n=
4ou may use graph paper and a four-function or scientific calculator, but not a graphing calculator.

"<9,6/7 	
� student selecting choice � misunderstands the overall concept relating a function to its graph. �
student selecting choices � or � may be mixing variables, or working backwards from the point

, looking for relationships.

%t+t/7/nt
Select all the functions whose graphs include the point .

�.

�.

�.

 .

!.

%96?ti9n
6� �, �!�7

�6i1n/. %t+n.+<.=
8.".�.1

"<9,6/7 

It is easy to read choice � too quickly\time is not a function of temperature, but temperature is a
function of time. Students selecting � may either be making this careless error or may be having
genuine trouble with the definition of a function. Students selecting � have identified the time
period in which the temperature decreases most quickly, but not the period that contains the
lowest temperature. Students selecting � are having trouble distinguishing between increasing and
decreasing intervals on a graph, or perhaps they are looking at the wrong time interval. Students
failing to select   may be having trouble thinking about where to look for multiple occurrences of
74 degrees (visualizing a horizontal line drawn at the 74-degree mark is helpful). Students failing to
select ! may likewise be unsure how to look for intervals of no change.

�==/==7/nt� �i.�Unit �==/==7/nt ���
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%t+t/7/nt
This graph shows the temperature in  iego^s house between noon and midnight one day.

Select all the true statements.

�. Time is a function of temperature.

�. The lowest temperature occurred between 4��� and ����.

�. The temperature was increasing between ���� and 1����.

 . The temperature was 74 degrees twice during the 12-hour period.

!. There was a four-hour period during which the temperature did not change.

%96?ti9n
6� �, �!�7

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 �
Students selecting � have calculated the correct rate but are interpreting it incorrectly as an
increase instead of a decrease. Students selecting   are correctly interpreting the change as a
decrease, but have calculated only the change in gallons, not the rate of change. Students
selecting � have made both these errors.

%t+t/7/nt
This table shows a linear relationship between the amount of water in a tank and time.
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time �minutes� .ater �gallons�

� 3�

� 2�

1� 1�

3hich of these statements is true�

�. The water in the tank is increasing at a rate of 2 gallons per minute.

�. The water in the tank is increasing at a rate of 1� gallons per minute.

�. The water in the tank is decreasing at a rate of 2 gallons per minute.

 . The water in the tank is decreasing at a rate of 1� gallons per minute.

%96?ti9n
�

�6i1n/. %t+n.+<.=
8.".�.4

"<9,6/7 �
Students answering 2 may be using the longest section of the graph, where !lena walks 4 miles in 2
hours. Students answering 3 may think the first section is the steepest, but it is not. Students
answering something other than 2, 3, or 4 may have a deeper misunderstanding about rates of
change.

%t+t/7/nt
!lena goes for a long walk. This graph shows her time and distance traveled throughout the
walk.

�==/==7/nt� �i.�Unit �==/==7/nt ���



16

3hat was her fastest speed, in miles per hour�

%96?ti9n
4

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 5
If necessary, clarify for students that it does not matter that the population of bacteria might be
diberent at diberent times each day\we are only using the population at each time of day that (in
checks.

%t+t/7/nt
(in counts � bacteria under a microscope. She counts them again each day for four days, and
finds that the number of bacteria doubled each day\from � to 1�, then from 1� to 2�, and
so on.

Is the population of bacteria a function of the number of days� If so, is it linear� !xplain your
reasoning.

%96?ti9n
It is a function, but it is not a linear function. It is a function because there is a single output (the
number of bacteria) for each input (the number of days). It is not a linear function because the rate
of change does not stay the same throughout. �lternately, the points on the graph of this function
clearly do not make a straight line.

Minimal Tier 1 response�

3ork is complete and correct.•
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Sample� 4es, because there is one output for every input. (+r� 4es, because each day has only
one number of bacteria.) No, because the number of bacteria don^t go up by the same amount
each day.

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� explanation appeals to the fact that the day is the independent variable, but
does not get at the “one output for each input” definition of function; one well-explained
correct answer along with another answer that is poorly explained but correct, or along with
an incorrect answer that shows some understanding.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� an incorrect answer to one or both questions that does not show significant
understanding; both responses are dawed in some way.

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.3

"<9,6/7 �
3hen Budging the quality of a student^s graph, look for a few details� first, the slope of the run
forward and run back should be similar, with the stopping point for the run back about of the

way back from the maximum. Second, there should be a clear horizontal line corresponding to
standing in place. Third, there should be a less steep line back to the horizontal axis, to indicate the
walk back to the start.

%t+t/7/nt
 raw a graph of �ndre^s distance as a function of time for this situation�

3hen the football play started, �ndre ran forward 2� yards, then turned around and ran �
yards back. $e stood in that spot for 3 seconds, then walked back to where he began.

•

•
•

•
•

�==/==7/nt� �i.�Unit �==/==7/nt ���
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(abel the axes appropriately. 4ou do not have to include numbers on the axes or the
coordinates of points on your graph.

%96?ti9n
�nswers vary. Sample response�

Minimal Tier 1 response�

3ork is complete and correct.

Sample� See diagram, as well as notes in narrative.

•
•



19

�cceptable errors� axes are labeled only as “distance�time” or “yards�seconds.”

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� axes unlabeled or labeled incorrectly; graph does not meet one of the criteria
mentioned in the narrative.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� graph does not meet two or more criteria mentioned in the narrative; graph
fails to meet one of the criteria mentioned in the narrative and the axes are unlabeled�
incorrect.

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 �
(ook for students^ work in part c in particular; it is not necessary to calculate the amount of time.
!rrors in part a or part b will reveal whether students have dieculty interpreting functions defined
by ordered pairs or by graphs. In part c, it is suecient Bustification to add a reasonably accurate
graph of � Plus Plumbing^s pricing scheme to the existing graph, showing an unlabeled intersection
point.

%t+t/7/nt
Two plumbing companies charge money for each hour of work, plus a one-time fee.

� Plus Plumbing charges
according to this table� time � ours� cost ��ollars�

1 14�

4 32�

6 44�

•

•
•

•
•

�==/==7/nt� �i.�Unit �==/==7/nt ���
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Quality Plumbing charges
according to this graph�

1. $ow much does � Plus Plumbing cost for each hour of work, and what is the one-time
fee� !xplain or show your reasoning.

2. $ow much does Quality Plumbing charge for each hour of work, and what is the
one-time fee� !xplain or show your reasoning.

3. �an � Plus Plumbing and Quality Plumbing ever charge the same total for the same
amount of time� !xplain or show your reasoning.

%96?ti9n
1. The cost for each hour of work is �6�, and the one-time fee is �8�.  etermine the cost per

hour by finding the rate of change� . Then determine the one-time fee by

subtracting �6� from �14�.

2. The cost for each hour of work is ���, and the one-time fee is �1��.  etermine the cost per
hour by finding the slope of the line, which is ��.  etermine the one-time fee by using the

-intercept of the graph.

3. 4es. !xplanations vary. Sample response� � Plus Plumbing has a lower one-time fee but costs
more per hour, so it will eventually catch up to Quality Plumbing.

Minimal Tier 1 response�

3ork is complete and correct, with complete explanation or Bustification.

�cceptable errors� omitting units (�).

Sample�

1. The cost is �6�, because The fee is �8� because .

•
•
•
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2. The cost is ���, because the graph goes up by �� every hour. The fee is �1�� because for �
hours, they charge �1��.

3. � Plus starts with a lower price but costs more each hour. This means the graphs must
intersect.

Tier 2 response�

3ork shows good conceptual understanding and mastery, with either minor errors or correct
work with insuecient explanation or Bustification.

Sample errors� correct work�explanation for part c based on mistakes in parts a and b;
approach to part c involves a correct system of equations with arithmetic mistakes in the
solution method; work calculating slope�rate of change involves arithmetic mistakes.

Tier 3 response�

3ork shows a developing but incomplete conceptual understanding, with significant errors.

Sample errors� approach to parts a and b shows some understanding that the goal is to find a
constant number to add each hour that will result in the numbers in the table, but the work is
not systematic and involves errors; badly misinterpreting the table�graph, such as reversing
the columns�coordinates, with reasonable work following that; approach to part c involves a
correct system of equations but no reasonable approach to solving the system; work for parts
a and b is correct but work for part c is conceptually dawed.

Tier 4 response�

3ork includes maBor errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

Sample errors� no evidence of understanding the connection between charge per hour and
the information in the table and graph; error types from tier 3 response on parts a, b, and c.

�6i1n/. %t+n.+<.=
8.!!.�, 8.".�.2, 8.".�.4

•

•

•
•

•

•

�==/==7/nt� �i.�Unit �==/==7/nt ���



22

�==/==7/nt � �i.�Unit �==/==7/nt ���
&/+-2/< �n=t<?-ti9n=
#ive this assessment after lesson 1�. #raphing calculators should not be used. 1se of a
four-function or scientific calculator is acceptable. Provide access to graph paper.

%t?./nt �n=t<?-ti9n=
4ou may use graph paper and a four-function or scientific calculator, but not a graphing calculator.

"<9,6/7 	
Students selecting � or � are probably unsure of how to approach the problem, taking the numbers
directly from the equation. Students selecting   have switched the input�output pair.

%t+t/7/nt
3hich point is on the graph of the function �

�.

�.

�.

 .

%96?ti9n
�

�6i1n/. %t+n.+<.=
8.".�.1

"<9,6/7 

Students selecting � looked at the first two rows of the weight column and did not realize that the
increase was over two weeks. Students selecting � may not understand how to find the constant
rate of change. Students selecting one of   or !, but not both, may not realize that both can be true
at once, or may think only   is true because age is the independent variable.

%t+t/7/nt
This table shows a linear relationship between the the age of a newborn baby in weeks and
their weight.



23

age �.ee"s� .eig t �poun�s�

1 6

3 8

1� 1�

12 17

Select all the true statements.

�. The weight of the baby increases at a constant rate of 2 lbs every week.

�. The weight of the baby increases at a constant rate of 1 lb every week.

�. The weight of the baby increases at a constant rate of T lb every week.

 . �ge is a function of weight.

!. 3eight is a function of age.

%96?ti9n
6���, � �, �!�7

�6i1n/. %t+n.+<.=
8.".�.4

"<9,6/7 �
Students selecting � may think that because the point with -coordinate is higher on the graph, this
corresponds to a faster rate of change . Students selecting � may be confusing the constant rate of
change with a constant amount of water in the tub, or may have a deeper misunderstanding about
interpreting graphs.

%t+t/7/nt
The graph shows the amount of water in a bathtub starting at 1����. Select all true
statements.

�==/==7/nt� �i.�Unit �==/==7/nt ���
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�. The tub was filling faster at 1��14 than at 1���1.

�. �t 1���6, the tub was neither filling nor draining.

�. The maximum amount of water in the tub was about 3� gallons.

 . The amount of water in the tub stayed the same from 1��16 to 1��2�.

!. It took 4 minutes for the tub to drain.

%96?ti9n
6���, ���, �!�7

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 �
�heck to see if students understand what “time period” means in this context. Some students may
answer 1�–22 minutes, looking at the longest section of the graph. Students answering 32–4�
minutes may simply be choosing the section of the graph corresponding to the greatest height.

%t+t/7/nt
Mai hiked up a trail for 4� minutes. The graph shows the elevation in feet that she
reached throughout her hike. Name the time period where Mai gained elevation at the
fastest rate.
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%96?ti9n
22 to 26 minutes

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 5
Students may want to include a table or a graph to get a visual of how tall the trees get each month.

%t+t/7/nt
� tree planted today has a height of � feet and grows one foot each month.

Is the height of the tree a function of the number of months� If so, is it a linear or a nonlinear
function� !xplain your reasoning.

%96?ti9n
It is a linear function. It is a function because there is a single output (the height of the tree) for each
input (the number of months). It is linear because the growth rate of 1 foot per month is a constant
rate of change. �lternately, we know this is a linear function because it has equation ℎ .

Minimal Tier 1 response�

3ork is complete and correct.

Sample� 4es, because there is one output for every input. (+r� 4es, because each month the
tree has a constant rate of growth.)

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

•
•

•

�==/==7/nt� �i.�Unit �==/==7/nt ���



26

Sample errors� explanation appeals to the fact that the month is the independent variable, but
does not get at the �one output for each input� definition of function; one well-explained
correct answer along with another answer that is poorly explained but correct, or along with
an incorrect answer that shows some understanding.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� an incorrect answer to one or both questions that does not show significant
understanding; both responses are dawed in some way.

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.3

"<9,6/7 �
3hen Budging the quality of a student^s graph, look for a few details� the slopes of the walking
segments should be similar (with opposite sign). � horizontal line should represent the � minute
wait time. The slope of the sprint home should be steeper than the walking slopes. The change
from sprinting from walking should occur “halfway home” - that is, at half of the maximum distance.

%t+t/7/nt
 raw a graph of (in^s distance as a function of time for this situation�

(in walked a half-mile to school at a constant rate. "ive minutes after arriving at school, (in
realized that she had left her permission slip at home. (in began sprinting home, but when
she was halfway there she got tired and walked the rest of the way.

(abel the axes appropriately. 4ou do not have to include numbers on the axes or the
coordinates of points on your graph.

%96?ti9n
�nswers vary. Sample response�

•

•
•
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Minimal Tier 1 response�

3ork is complete and correct.

Sample� See diagram, as well as notes in narrative.

�cceptable errors� axes are labeled only as “distance�time” .

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� axes unlabeled or labeled incorrectly; graph does not meet one of the criteria
mentioned in the narrative.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� graph does not meet two or more criteria mentioned in the narrative; graph
fails to meet one of the criteria mentioned in the narrative and the axes are unlabeled�
incorrect.

�6i1n/. %t+n.+<.=
8.".�.�

"<9,6/7 �
Students should be able to use a graph, table, and equation interchangeably. (ook for students who
write equations for the two companies^ pricing schemes and use the equations throughout the
problem. +ther methods involve finding the hourly rate for each company and using this to find
data points not visible in the table or graph, and plotting the points from the table directly onto the
graph for comparison.

•
•
•

•
•

•
•

�==/==7/nt� �i.�Unit �==/==7/nt ���
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%t+t/7/nt
Two cleaning services charge money for each hour of work, plus a one-time fee.

Sparkle Team �leaners charges
according to this table�

time
� ours�

cost
��ollars�

1 28

2 36

4 �2

� 6�

8 84

So "resh � So �lean charges according to this graph�

1. � customer would like a company to visit their home and give a quote for their services,
without doing further work. 3hich company is the most cost ebective for this customer�
!xplain your answer.

2. �nother customer would like the company to perform seven hours of work. 3hich
company should this customer choose�

3. 3hat is the smallest number of hours of work for which Sparkle Team �leaners is
cheapest�

%96?ti9n
1. So "resh and So �lean. To find the dat fee for Sparkle Team, notice that they charge 8 dollars

per hour. Subtract �8 from �28, the cost for 1 hour of cleaning, to find a dat fee of �2�. The dat
fee for So "resh and So �lean is the -intercept, 1� dollars.

2. Sparkle Team. Since Sparkle Team charges �8 per hour, subtract �8 from �84, the cost for 8
hours of cleaning, to find that seven hours of cleaning costs �76. "rom the graph, we can see
that So "resh and So �lean charges �1� per hour. The point is on the graph, so 7 hours
of cleaning must cost �8�.

3. 3 hours. Sparkle Team �leaners charges �44 for 3 hours of work, while So "resh and So �lean
charges �4�. (2.� hours is also an acceptable solution� it^s the point when both companies
charge the same amount and the answers students will find if they solve a system of
equations.)

Minimal Tier 1 response�
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3ork is complete and correct, with complete explanation or Bustification.

�cceptable errors� omitting units (�).

Sample�

1. It^s �1� vs. �2�, so. So "resh and �lean costs less.

2. Sparkle Team is �76 and "resh and �lean is �8�, so Sparkle Team.

3. 3 hours, because Sparkle Team Bust barely passes "resh and �lean with �44 vs. �4�.

Tier 2 response�

3ork shows good conceptual understanding and mastery, with either minor errors or correct
work with insuecient explanation or Bustification.

Sample errors� correct work�explanation for part c based on mistakes in parts a and b;
approach to part c involves a correct system of equations with arithmetic mistakes in the
solution method; work calculating slope�rate of change involves arithmetic mistakes.

Tier 3 response�

3ork shows a developing but incomplete conceptual understanding, with significant errors.

Sample errors� approach to parts a and b shows some understanding that finding a starting
point and a constant rate of change is needed, but the work is not systematic and involves
errors; badly misinterpreting the table�graph, such as reversing the columns�coordinates, with
reasonable work following that; approach to part c involves a correct system of equations but
no reasonable approach to solving the system; work for parts a and b is correct but work for
part c is conceptually dawed.

Tier 4 response�

3ork includes maBor errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

Sample errors� no evidence of understanding the connection between charge per hour and
the information in the table and graph; error types from tier 3 response on parts a, b, and c.

�6i1n/. %t+n.+<.=
8.!!.�, 8.".�.2, 8.".�.4

•
•
•

•

•

•
•

•

•

�==/==7/nt� �i.�Unit �==/==7/nt ���
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�==/==7/nt � �n.�90�Unit �==/==7/nt ���
&/+-2/< �n=t<?-ti9n=
Students will need a calculator for approximating , and may find it helpful in several problems.
Note that some calculators have the ability to store formulas in memory. If you want to test
whether students know formulas, you might take steps to clear the calculator memory or provide
scientific calculators that don^t allow for anything to be stored in memory.

%t?./nt �n=t<?-ti9n=
4ou may use any type of calculator.

"<9,6/7 	
Students selecting � or � might have a strong visual misconception about the volume of the two
shapes, or might accidentally think they can apply the rule for a triangle^s area. Students selecting
 have the relationship backwards.

%t+t/7/nt
� cylinder has volume 78 cm . 3hat is the volume of a cone with the same radius and height�

�. 26 cm

�. 3� cm

�. 1�6 cm

 . 234 cm

%96?ti9n
�

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 

Students selecting � instead of � have a misunderstanding about linear functions, and may have
used some information about cones to come to this conclusion. Students selecting � instead of  
may have thought proportional reasoning applies, but it does not here. Students failing to select !
may need a reminder about the relationship between a function and its graph, or may have made
an error in calculating the volume of the cone directly.

%t+t/7/nt
The graph shows the relationship between the radius and volume for many cones whose
height is 6 inches.
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Select all the true statements about such cones.

�. The relationship between radius and volume is linear.

�. The relationship between radius and volume is not linear.

�. If the radius of the cone doubles, the volume of the cone doubles.

 . If the radius of the cone doubles, the volume of the cone is multiplied by 4.

!. If the radius of the cone is 2 inches, the volume of the cone is about 2� cubic inches.

%96?ti9n
6���, � �, �!�7

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.3, 8.#.�.�

"<9,6/7 �
Students selecting � used the formula instead. Students selecting � left out the in their
calculation (the volume is close to ). Students selecting � left the out of their calculation or

misapplied the formula for the volume of a cylinder.

Students should arrive at the same correct answer for any reasonable choice of the approximation
of .

%t+t/7/nt
� sphere has radius 2.7 centimeters.

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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3hat is its volume, to the nearest cubic centimeter�

�. 23

�. 26

�. 62

 . 82

%96?ti9n
 

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
Students should arrive at similar graphs for any reasonable choice of the approximation of .
Teachers who prefer to assign specific approximations are fine to do so.

%t+t/7/nt
"or cones with radius 6 units, the equation relates the height of the cone, in
units, and the volume of the cone, in cubic units.

1. Sketch the graph of this equation on the axes.
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2. Is there a linear relationship between height and volume� !xplain how you know.

%96?ti9n

1. See graph.

2. 4es. !xplanations vary. Sample explanation� there is a linear relationship because the equation
relating height and volume is in the same form as . �lternate explanation� there is a
linear relationship because there is a proportional relationship, and all proportional
relationships are linear.

Minimal Tier 1 response�

3ork is complete and correct.

Sample�

1. See graph.

2. 4es, because the volume is times the height.

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� some points in part a are incorrectly plotted, but the explanation for part b is
correct based on independent Bustification; answer for part b is something like “the graph
looks like a line” without further Bustification that the graph is linear.

Tier 3 response�

•
•

•
•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� any explanation for part b that does not appeal to slope, proportionality, the
form of the equation for a line, or other concepts related to linearity; an incorrect graph in part
a, with an incorrect answer to part b (including answers based on the non-linearity of the
graph).

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.4

"<9,6/7 5
3atch for students ignoring the in the calculation, acting as though the volume is . Students
who answer 37.1 meters have made this error.

Students should arrive at similar graphs for any reasonable choice of the approximation of .
Teachers who prefer to assign specific approximations are fine to do so.

%t+t/7/nt
� cylinder has radius 1.6 meters. Its volume is �� cubic meters. "ind its height to the nearest
tenth of a meter.

%96?ti9n
11.8 meters. If the height in meters is , then the equation is true. 1sing 3.14 as
an approximation for gives the equation , and the solution to this equation is .

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
To check students^ answers, see that their choices for and make the equation true.
Some students will not use the information about �one �, and that^s fine.

%t+t/7/nt
�ones � and � both have volume cubic units, but have diberent dimensions. �one � has
radius 6 units and height 4 units. "ind one possible radius and height for �one �. !xplain how
you know �one � has the same volume as �one �.

%96?ti9n
�nswers and explanations vary. Sample explanations�

�one � has radius 3 units and height 16 units. 3hen the radius is halved, the height must be
multiplied by 4 to keep the volume the same.

•
•

•
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�one � could have any radius and height as long as , or . +ne possible

solution is radius 2 units and height 36 units, but there are others.

Minimal Tier 1 response�

3ork is complete and correct.

�cceptable errors� omission of units; work demonstrates that the volume of �one � is but
does not directly compare to �one �.

Sample� .adius 4 and height �, which has volume . This is cubic units, the

same as �one �.

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� arithmetic errors involving scaling; carefully written work reveals arithmetic
errors involving the volume formula of a cone; scaling arguments involving a similar but
incorrect volume formula, such as the formula for the volume of a cylinder.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� conceptual errors involving scaling; calculations are done using an incorrect
volume formula; incorrect answer with no or little work shown; correct answer with no work
shown and no comparison to �one �.

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
3hile the problem does not require students to write an equation for the volume in terms of the
radius, it is likely students will do this\the equation is .

To determine whether there is a linear relationship, students may plot points or calculate the slope
(or rate of change) between two pairs of points. �t this stage in their learning, it is not expected that
students will reason that a relationship is linear or quadratic based on the form of an equation.

•

•
•

•

•
•

•
•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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%t+t/7/nt
There are many cylinders with
a height of � inches. (et
represent the radius in inches
and represent the volume in
cubic inches.

1

2

3

1. �omplete the table relating the radius and volume of cylinders with height � inches.
3rite each volume as a multiple of , or round to the nearest cubic inch.

2. Is there a linear relationship between the radius and the volume of these cylinders�
!xplain how you know.

3. If a cylinder with height � inches and radius is filled with water, it can fill a certain
pitcher. $ow many of these pitchers can a cylinder with height � inches and radius
fill� !xplain how you know.

%96?ti9n

1.

1 or 28

2 or 113

3 or 2�4

2. No. The three points in the table are not on the same line, because the slope between the
pairs of points is not the same� the slope between and is about 8� cubic inches per
inch, but the slope between and is about 141 cubic inches per inch.

3. 4 pitchers, because scaling up the radius is scaling up in two dimensions. 3hen you scale up in
two dimensions, the scale factor gets squared. .

Minimal Tier 1 response�

3ork is complete and correct, with complete explanation or Bustification.

�cceptable errors� minor rounding mistakes, omission of units.

Sample�

1. See table.

•
•
•
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2. No. "rom a 1-inch to a 2-inch radius, the volume goes up by 8�, but from a 2-inch to a 3-inch
radius, the volume goes up by 141.

3. 4 pitchers, because if you double the radius of a cone, the volume gets quadrupled.

Tier 2 response�

3ork shows good conceptual understanding and mastery, with either minor errors or correct
work with insuecient explanation or Bustification.

Sample errors� good work on parts b and c with errors in part a; work in part b states that
points do not lie along the same line or do not fit a consistent slope, but does not provide
numerical evidence; correct answer to part c without Bustification.

�cceptable errors� a good argument about linearity in part b is based on incorrect table entries
in part a.

Tier 3 response�

3ork shows a developing but incomplete conceptual understanding, with significant errors.

Sample errors� argument in part b condates “linear” with “proportional”; argument in part b
does not involve comparing rates in some way; answer to part c is “2 pitchers,” regardless of
Bustification.

Tier 4 response�

3ork includes maBor errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

Sample errors� errors in applying the formula for the volume of a cone prevent meaningful
work on any of the problem parts; two or more error types under Tier 3 response.

�6i1n/. %t+n.+<.=
8.".�.3, 8.#.�.�

•

•

•

•
•

•

•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���



38

�==/==7/nt � �n.�90�Unit �==/==7/nt ���
&/+-2/< �n=t<?-ti9n=
Students will need a calculator for approximating , and may find it helpful in several problems.
Note that some calculators have the ability to store formulas in memory. If you want to test
whether students know formulas, you might take steps to clear the calculator memory or provide
scientific calculators that don^t allow for anything to be stored in memory.

%t?./nt �n=t<?-ti9n=
4ou may use any type of calculator.

"<9,6/7 	
Students selecting � may have squared both the radius and the height before determining the
diberence. Students selecting � may have squared as well as the radius. Students selecting  may
have calculated the volume of �ylinder � with having a radius of � instead of 2.�.

%t+t/7/nt
3hich is closest to the diberence in the volume of the two cylinders�

� �

�. 1�,7�� cm3

�. 2,�34 cm3

�. 8�6 cm3

 . �12 cm3

%96?ti9n
�
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�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 

Students selecting � used the formula instead of cubing . Students selecting � may have

failed to multiply by the reciprocal of while solving for . Students selecting � may have made

both errors mentioned above. Students should arrive at the same correct answer for any
reasonable choice of the approximation of .

%t+t/7/nt
� sphere has a volume of cm3. 3hat is its radius in centimeters�

�. 4.�

�. �

�. 11

 . 18

%96?ti9n
�

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
Students selecting � instead of � may have thought proportional reasoning applies, but it does not
here. Students selecting � instead of � may be remembering examples involving cones and
cylinders of a given height, in which the volume does become 4 times bigger when doubling the
radius. The diberence here is that a sphere^s volume is a cubic function of its radius. Students
selecting   instead of ! have a misunderstanding about linear functions.

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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%t+t/7/nt
The graph shows the relationship between a
sphere^s radius and volume.

Select all the statements that are true about this relationship.

�. If the radius doubles, the volume doubles.

�. If the radius doubles the volume becomes about 4 times bigger.

�. If the radius doubles, the volume becomes about 8 times bigger.

 . The relationship is linear.

!. The relationship is not linear.

%96?ti9n
6���, �!�7

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.3, 8.#.�.�

"<9,6/7 �
3hile most students will argue that the relationship is linear based on the constant diberences in
the table, they may also find a constant of proportionality or appeal to the equation relating height
and volume, .

%t+t/7/nt
"or cylinders with radius 2 units, let represent the height of the cylinder, in units, and the
represent the volume of the cylinder, in cubic units.
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1. �omplete the table relating the height and volume of cylinders
with radius 2 inches. 3rite each volume as a multiple of , or
round to the nearest cubic unit.

2. Is there a linear relationship between height and volume�
!xplain how you know.

1

2

3

%96?ti9n

1.

1

2

3

2. 4es. !xplanations vary. Sample explanation� there is a linear relationship because the points
would lie on the same line, the rate of change is the same. �lternate explanation� there is a
linear relationship because there is a proportional relationship, and all proportional
relationships are linear.

Minimal Tier 1 response�

3ork is complete and correct.

Sample�

1. See table.

2. 4es, because the points would lie on the same line. The rate of change is the same.

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� one volume in part a is incorrect, but the explanation for part b is correct
based on independent Bustification; answer for part b is something like “because 8 is two times
4”, but does not extend the proportionality argument to address the entire table.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� any explanation for part b that does not appeal to slope, proportionality, the
form of the equation for a line, or other concepts related to linearity; the table completed

•
•

•
•

•
•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���



42

incorrectly for part a, with an incorrect answer to part b (including answers based on an
incorrect table).

�6i1n/. %t+n.+<.=
8.".�.1, 8.".�.4, 8.#.�.�

"<9,6/7 5
"or this question, students can use the fact that the volume of a cone is of the volume of a

cylinder with the same height and same base. Students may also use the volume of the cylinder to
solve for the radius and in turn use the radius to determine the volume of the cone.

%t+t/7/nt
� cone and cylinder have the same height and their bases are congruent circles. If the volume

of the cylinder is 12� in3, what is the volume of the cone�

%96?ti9n
4� in3

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
There are two correct answers for this question. �oth are approximations of the sphere^s volume,
with one expressed in terms of . Students selecting Noah have applied the wrong formula for
volume of a sphere.

%t+t/7/nt
Three students each calculated the volume of a sphere with a radius of 6 centimeters.

 iego found the volume to be cubic centimeters.

�ndre approximated ��4 cubic centimeters.

Noah calculated 226 cubic centimeters.

 o you agree with any of them� !xplain your reasoning.

%96?ti9n
 iego and �ndre are both correct. Sample explanation�

 iego� , , , .

�ndre also got , but multiplied 288 by 3.14 and rounded his answer to ��4.

•
•
•
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 iego expressed his answer in terms of , whereas �ndre^s answer is the volume to the nearest
cubic centimeter.

Minimal Tier 1 response�

3ork is complete and correct.

�cceptable errors� saying that �ndre is incorrect with the rationale that using a multi-digit
approximation of yields an answer closer to ��� cm.

Sample�  iego and �ndre are both correct. , so  iego got and �ndre

multiplied 288 by 3.14 instead of to get ��4.

Tier 2 response�

3ork shows general conceptual understanding and mastery, with some errors.

Sample errors� identifying only �ndre or only  iego as being correct, not explaining that
�ndre^s answer involves an approximation for ; correctly identifying �ndre and  iego as
correct but with no or very little explanation.

Tier 3 response�

Significant errors in work demonstrate lack of conceptual understanding or mastery.

Sample errors� calculations are done using an incorrect volume formula; incorrect answer with
no or little work shown; correct answer with no work shown.

�6i1n/. %t+n.+<.=
8.#.�.�

"<9,6/7 �
Students will have the easiest time plotting the points if they approximate in their equation.

%t+t/7/nt
There are many cones with a height of 12 inches. (et represent the radius and represent
the volume of these cones.

1. 3rite an equation that expresses the relationship between and . 1se 3.14 as an
approximation for .

•
•

•

•
•

•
•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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2. Plot points that show the volume when , , , and . Show your
reasoning.

3. � vendor at a street fair sells popcorn in cones, all of height � inches. The sharing-size
cone has 3 times the radius of the skinny-size cone. �bout how many times more
popcorn does the sharing cone hold than the skinny cone�

%96?ti9n
1. or an equivalent equation.

2.
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3. � times more popcorn. Since the sharing size cone is 3 times wider in two diberent
dimensions, square the scale factor. ( .)

Minimal Tier 1 response�

3ork is complete and correct, with complete explanation or Bustification.

�cceptable errors� The equation in part a uses instead of 3.14.

Sample�

1. ,

2. See graph.

3. � times more, because .

Tier 2 response�

3ork shows good conceptual understanding and mastery, with either minor errors or correct
work with insuecient explanation or Bustification.

Sample errors� one or two points on the graph is plotted incorrectly; a small mistake in the
equation results in incorrect but consistent answers in parts a and b; a correct answer to part
c without Bustification.

Tier 3 response�

3ork shows a developing but incomplete conceptual understanding, with significant errors.

Sample errors� little progress made on parts a and b but a good explanation for part c; points
in part b are consistently ob, perhaps because of an error applying the equation such as
squaring the coeecient of ; answer to part c is “3 times bigger,” regardless of Bustification.

Tier 4 response�

3ork includes maBor errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

Sample errors� errors in applying the formula for the volume of a cone prevent meaningful
work on any of the problem parts; multiple Tier 3 error types.

�6i1n/. %t+n.+<.=
8.".�.3, 8.#.�.�

•
•
•

•

•

•
•

•

•

�==/==7/nt� �n.�90�Unit �==/==7/nt ���
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Lesson 1: Inputs and Outputs
Cool Down: What's the Rule?
Fill in the table for this input-output rule:

input output

0

2

-8

100

Grade 8 Unit 5
Lesson 1



Lesson 2: Introduction to Functions
Cool Down: Wait Time
You are told that you will have to wait for 5 hours in a line with a group of other
people. Determine whether:

1. You know the number of minutes you have to wait.

2. You know how many people have to wait.

For each statement, if you answer yes draw an input-output diagram and write a
statement that describes the way one quantity depends on another.

If you answer no give an example of 2 outputs that are possible for the same input.

Grade 8 Unit 5
Lesson 2



Lesson 3: Equations for Functions
Cool Down: The Value of Some Quarters
The value of your quarters (in cents) is a function of , the number of quarters you have.

1. Draw an input-output diagram to represent this function.

2. Write an equation that represents this function.

3. Find the output when the input is 10.

4. Identify the independent and dependent variables.

Grade 8 Unit 5
Lesson 3



Lesson 4: Tables, Equations, and Graphs of
Functions
Cool Down: Subway Fare Card
Here is the graph of a function showing the amount of money remaining on a subway fare
card as a function of the number of rides taken.

1. What is the output of the function when the input is 10? On the graph, plot this point
and label its coordinates.

2. What is the input to the function when the output is 5? On the graph, plot this point
and label its coordinates.

3. What does point tell you about the situation?

Grade 8 Unit 5
Lesson 4



Lesson 5: More Graphs of Functions
Cool Down: Diego's 10K Race
Diego runs a 10 kilometer race and keeps track of his speed.

1. What was Diego's speed at the 5 kilometer mark in the race?

2. According to the graph, where was Diego when he was going the slowest during the
race?

3. Describe what happened to Diego's speed in the second half of the race (from 5 km
to 10 km).

Grade 8 Unit 5
Lesson 5



Lesson 6: Even More Graphs of Functions
Cool Down: Walking Home From School
Elena starts to walk home from school, but has to turn around and go back because she
left something in her locker. On her way back home (the second time), she runs into her
friend who invites her to the library to do homework with her. She stays at the library and
then heads home to do her chores. Determine:

Which graph fits Elena's story.

What the two quantities are.

Which quantity is a function of which.

•
•
•

Grade 8 Unit 5
Lesson 6



Lesson 7: Connecting Representations of
Functions
Cool Down: Comparing Different Areas
The table shows the area of a square for specific side lengths.

side length (inches) 0.5 1 2 3

area (square inches) 0.25 1 4 9

The area of a circle with radius is given by the equation .

Is the area of a square with side length 2 inches greater than or less than the area of a
circle with radius 1.2 inches?

Grade 8 Unit 5
Lesson 7



Lesson 8: Linear Functions
Cool Down: Beginning to See Daylight
In a certain city in France, they gain 2 minutes of daylight each day after the spring equinox
(usually in March), but after the autumnal equinox (usually in September) they lose 2
minutes of daylight each day.

1. Which of the graphs is most likely to represent the graph of daylight for the month
after the spring equinox?

2. Which of the graphs is most likely to represent the graph of daylight for the month
after the autumnal equinox?

3. Why are the other graphs not likely to represent either month?

Grade 8 Unit 5
Lesson 8



Lesson 9: Linear Models
Cool Down: Board Game Sales
A small company is selling a new board game, and they need to know how many to
produce in the future.

After 12 months, they sold 4 thousand games; after 18 months, they sold 7 thousand
games; and after 36 months, they sold 15 thousand games.

1. Could this information be reasonably estimated using a single linear model?

2. If so, use the model to estimate the number of games sold after 48 months. If not,
explain your reasoning.

Grade 8 Unit 5
Lesson 9



Lesson 10: Piecewise Linear Functions
Cool Down: Lin’s Phone Charge
Lin uses an app to graph the charge on her phone.

1. When did she start using her phone?

2. When did she start charging her phone?

3. While she was using her phone, at what rate was Lin’s phone battery dying?

Grade 8 Unit 5
Lesson 10



Lesson 11: Filling Containers
Cool Down: Which Cylinder?
Two cylinders, and , each
started with different
amounts of water. The graph
shows how the height of the
water changed as the volume
of water increased in each
cylinder. Which cylinder has
the larger radius? Explain how
you know.

Grade 8 Unit 5
Lesson 11



Lesson 12: How Much Will Fit?
Cool Down: Rectangle to Round

Here is a box of pasta and a cylindrical container. The two objects are the same height, and
the cylinder is just wide enough for the box to fit inside with all 4 vertical edges of the box
touching the inside of the cylinder. If the box of pasta fits 8 cups of rice, estimate how
many cups of rice will fit inside the cylinder. Explain or show your reasoning.

Grade 8 Unit 5
Lesson 12



Lesson 13: The Volume of a Cylinder
Cool Down: Liquid Volume

The cylinder shown here has a height of 7 centimeters and a radius of 4 centimeters.

1. What is the area of the base of the cylinder? Express your answer in terms of .

2. How many cubic centimeters of fluid can fill this cylinder? Express your answer in
terms of .

3. Give a decimal approximation of your answer to the second question using 3.14 to
approximate .

Grade 8 Unit 5
Lesson 13



Lesson 14: Finding Cylinder Dimensions
Cool Down: Find the Height

This cylinder has a volume of cubic inches and a diameter of inches. Find the
cylinder's radius and height.

Grade 8 Unit 5
Lesson 14



Lesson 15: The Volume of a Cone
Cool Down: Calculate Volumes of Two Figures
A cone with the same base but a height 3
times taller than the given cylinder exists.
What is the volume of each
figure? Express your answers in terms of

.

Grade 8 Unit 5
Lesson 15



Lesson 16: Finding Cone Dimensions
Cool Down: A Square Radius
Noah and Lin are making paper cones to hold popcorn to hand out at parent math night.
They want the cones to hold cubic inches of popcorn. What are two different possible
values for height and radius for the cones?

Grade 8 Unit 5
Lesson 16



Lesson 17: Scaling One Dimension
Cool Down: A Missing Radius

Here is a graph of the relationship between the height and volume of some cylinders that
all have the same radius, . An equation that represents this relationship is
(use 3.14 as an approximation for ).

What is the radius of these cylinders?

Grade 8 Unit 5
Lesson 17



Lesson 18: Scaling Two Dimensions
Cool Down: Halving Dimensions
There are many cylinders for which the height and radius are the same value. Let
represent the height and radius of a cylinder and represent the volume of the cylinder.

1. Write an equation that expresses the relationship between the volume, height, and
radius of this cylinder using and .

2. If the value of is halved, what must happen to the value of the volume ?

Grade 8 Unit 5
Lesson 18



Lesson 19: Estimating a Hemisphere
Cool Down: A Mirror Box
A hemisphere-shaped security mirror fits exactly inside a rectangular prism box with a
square base that has edge length 10 inches. What is a reasonable estimate for the volume
of this mirror?

Grade 8 Unit 5
Lesson 19



Lesson 20: The Volume of a Sphere
Cool Down: Volumes of Spheres
Recall that the volume of a sphere is given by the formula .

1. Here is a sphere with radius 4 feet. What is the volume of the sphere? Express your
answer in terms of .

2. A spherical balloon has a diameter of 4 feet. Approximate how many cubic feet of air
this balloon holds. Use 3.14 as an approximation for , and give a numerical answer.

Grade 8 Unit 5
Lesson 20



Lesson 21: Cylinders, Cones, and Spheres
Cool Down: New Four Spheres
Some information is given about each sphere. Order them from least volume to greatest
volume. You may sketch a sphere to help you visualize if you prefer.

Sphere A: Has a radius of 4

Sphere B: Has a diameter of 6

Sphere C: Has a volume of 64

Sphere D: Has a radius double that of sphere B.

Grade 8 Unit 5
Lesson 21



CKMathTM

Core Knowledge MATHEMATICS
TM

*OTUSVDUJPOBM�
.BTUFST



In
st
ru
ct
io
na

l M
as

te
rs

 fo
r 

Fu
nc

ti
on

s 
an

d 
Vo

lu
m

e
ad

dr
es

s
ti

tl
e

st
ud

en
ts

pe
r 

co
py

w
ri

tt
en

on
?

re
qu

ir
es

cu
tt

in
g?

ca
rd

 s
to

ck
re

co
m

m
en

de
d?

co
lo

r 
pa

pe
r

re
co

m
m

en
de

d?
Ac

tiv
ity

Gr
ad

e8
.5

.2
1.

3
In

fo
 G

ap
: U

nk
no

wn
Di

m
en

sio
ns

1
no

ye
s

no
no

Ac
tiv

ity
Gr

ad
e8

.5
.1

.2
Gu

es
s 

M
y 

Ru
le

1
no

ye
s

no
no



 

Guess my Rule 

A 
 

Add 7 

Guess my Rule 
B 
 

Multiply by 3 

Guess my Rule 

C 
 

Double, then subtract 5 

Guess my Rule 
D 
 

● If even, divide by 2 
● If odd, multiply by 3 and add 1 

Guess my Rule 

A 
 

Add 7 

Guess my Rule 
B 
 

Multiply by 3 

Guess my Rule 

C 
 

Double, then subtract 5 

Guess my Rule 
D 
 

● If even, divide by 2 
● If odd, multiply by 3 and add 1 

 

8.5.1.2 Guess My Rule. 



 
 

Info Gap: Unknown Dimensions 

Problem Card 1 
 
A cone and a sphere have the same dimensions. 
What is the volume of the sphere? 

Info Gap: Unknown Dimensions 
Data Card 1 
 
● The volume of the cone is   cm​3​. 
● The radius of the cone is the same as the 

radius of the sphere. 
● ,  ,  ,   

Info Gap: Unknown Dimensions 

Problem Card 2 
 
A cone and a sphere have the same height. What 
is the volume of the sphere? 

Info Gap: Unknown Dimensions 
Data Card 2 
 

● The volume of the cone is   cm​3​. 
● The radius of the sphere is half the height 

of the cone. 
● The height of the cone is twice the value 

of the radius of the cone. 
● ,  ,  ,   

Info Gap: Unknown Dimensions 

Problem Card 1 
 
A cone and a sphere have the same dimensions. 
What is the volume of the sphere? 

Info Gap: Unknown Dimensions 
Data Card 1 
 
● The volume of the cone is   cm​3​. 
● The radius of the cone is the same as the 

radius of the sphere. 
● ,  ,  ,   

Info Gap: Unknown Dimensions 

Problem Card 2 
 
A cone and a sphere have the same height. What 
is the volume of the sphere? 

Info Gap: Unknown Dimensions 
Data Card 2 
 

● The volume of the cone is   cm​3​. 
● The radius of the sphere is half the height 

of the cone. 
● The height of the cone is twice the value 

of the radius of the cone. 
● ,  ,  ,   

8.5.21.3 Info Gap: Unknown Dimensions. 
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