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Rigid Transformations and Congruence

Unit Narrative

Work with transformations of plane figures in grade 8 draws on earlier work with geometry and
geometric measurement. Students began to learn about two- and three-dimensional shapes in
kindergarten, and continued this work in grades 1 and 2, composing, decomposing, and identifying
shapes. Students’ work with geometric measurement began with length and continued with area.
Students learned to “structure two-dimensional space,” that is, to see a rectangle with
whole-number side lengths as composed of an array of unit squares or composed of iterated rows
or iterated columns of unit squares. In grade 3, students distinguished between perimeter and
area. They connected rectangle area with multiplication, understanding why (for whole-number
side lengths) multiplying the side lengths of a rectangle yields the number of unit squares that tile
the rectangle. They used area diagrams to represent instances of the distributive property. In grade
4, students applied area and perimeter formulas for rectangles to solve real-world and
mathematical problems, and learned to use protractors. In grade 5, students extended the formula
for the area of rectangles to rectangles with fractional side lengths. In grade 6, students combined
their knowledge of geometry and geometric measurement to produce formulas for the areas of
parallelograms and triangles, using these formulas to find surface areas of polyhedra. In grade 7,
students worked with scaled copies and scale drawings, learning that angle measures are preserved
in scaled copies, but areas increase or decrease proportionally to the square of the scale factor.
Their study of scaled copies was limited to pairs of figures with the same rotation and mirror
orientation. Viewed from the perspective of grade 8, a scaled copy is a dilation and translation, not
a rotation or reflection, of another figure.

In grade 8, students extend their reasoning to plane figures with different rotation and mirror
orientations.

Through activities designed and sequenced to allow students to make sense of problems and
persevere in solving them (MP1), students use and extend their knowledge of geometry and
geometric measurement. They begin the unit by looking at pairs of cartoons, each of which
illustrates a translation, rotation, or reflection. Students describe in their own words how to move
one cartoon figure onto another. As the unit progresses, they solidify their understanding of these
transformations, increase the precision of their descriptions (MP6), and begin to use associated
terminology, recognizing what determines each type of transformation, for example, two points
determine a translation.

In the first few lessons, students encounter examples of transformations in the plane, without the
added structure of a grid or coordinates. The reason for this choice is to avoid limiting students’
schema by showing the least restrictive examples of transformations. Specifically, students see
examples of translations in any direction, rotations by any angle, and reflections over any arbitrary
line. Through these examples, they begin to understand the features of these transformations
without having their understanding limited to, for example, horizontal or vertical translations or



rotations only by 90 or 180 degrees. Also, through the use of transparencies, students’ initial
understanding of transformations involves moving the entire plane, rather than just moving a given
figure. Since all transformations are transformations of the plane, it is preferable for students to
first encounter examples that involve moving the entire plane.

They identify and describe translations, rotations, and reflections, and sequences of these. In
describing images of figures under rigid transformations on and off square grids and the
coordinate plane, students use the terms “corresponding points,” “corresponding sides,” and
“image.” Students learn that angles and distances are preserved by any sequence of translations,
rotations, and reflections, and that such a sequence is called a “rigid transformation.” They learn the
definition of “congruent”: two figures are said to be congruent if there is a rigid transformation that
takes one figure to the other. Students experimentally verify the properties of translations,
rotations, and reflections, and use these properties to reason about plane figures, understanding
informal arguments showing that the alternate interior angles cut by a transversal have the same
measure and that the sum of the angles in a triangle is 180°. The latter will be used in a subsequent
grade 8 unit on similarity and dilations. Throughout the unit, students discuss their mathematical
ideas and respond to the ideas of others (MP3, MP6).

Many of the lessons in this unit ask students to work on geometric figures that are not setin a
real-world context. This design choice respects the significant intellectual work of reasoning about
area. Tasks set in real-world contexts are sometimes contrived and hinder rather than help
understanding. Moreover, mathematical contexts are legitimate contexts that are worthy of study.
Students do have opportunities in the unit to tackle real-world applications. In the culminating
activity of the unit, students examine and create different patterns formed by plane figures. This is
an opportunity for them to apply what they have learned in the unit (MP4).

In this unit, several lesson plans suggest that each student have access to a geometry toolkit. These
contain tracing paper, graph paper, colored pencils, scissors, ruler, protractor, and an index card to
use as a straightedge or to mark right angles, giving students opportunities to develop their abilities
to select appropriate tools and use them strategically to solve problems (MP5). Note that even
students in a digitally enhanced classroom should have access to such tools; apps and simulations
should be considered additions to their toolkits, not replacements for physical tools.

Progression of Disciplinary Language

In this unit, teachers can anticipate students using language for mathematical purposes such as
describing, generalizing, and justifying. Throughout the unit, students will benefit from routines
designed to grow robust disciplinary language, both for their own sense-making and for building
shared understanding with peers. Teachers can formatively assess how students are using
language in these ways, particularly when students are using language to:

Describe

®* movements of figures (Lessons 1 and 2)
® observations about transforming parallel lines (Lesson 9)

® transformations using corresponding points, line segments, and angles (Lesson 10)



® observations about angle measurements (Lesson 16)

® transformations found in tessellations and in designs with rotational symmetry (Lesson 17)
Generalize

® about categories for movement (Lesson 2)

® about rotating line segments 180° (Lesson 8)

® about the relationship between vertical angles (Lesson 9)
® about transformations and congruence (Lesson 12)

® about corresponding segments and length (Lesson 13)

® about alternate interior angles (Lesson 14)

® about the sum of angles in a triangle (Lesson 16)

Justify

® whether or not rigid transformations could produce an image (Lesson 7)

® whether or not shapes are congruent (Lesson 11)

® whether or not polygons are congruent (Lesson 12)

® whether or not ovals are congruent (Lesson 13)

® whether or not triangles can be created from given angle measurements (Lesson 15)

In addition, students are expected to explain and interpret directions for transforming figures and
how to apply transformations to find specific images. Students are also asked to use language to
compare rotations of a line segment and compare perimeters and areas of rectangles. Over the
course of the unit, teachers can support students’ mathematical understandings by amplifying (not
simplifying) language used for all of these purposes as students demonstrate and develop ideas.

The table shows lessons where new terminology is first introduced, including when students are
expected to understand the word or phrase receptively and when students are expected to
produce the word or phrase in their own speaking or writing. Terms from the glossary appear
bolded. Teachers should continue to support students’ use of a new term in the lessons that follow
the one in which it was first introduced.

Unit 1 Unit Narrative



Learning Targets

Rigid Transformations and Congruence
Lesson 1: Moving in the Plane

® | can describe how a figure moves and turns to get from one position to another.

Lesson 2: Naming the Moves

® | can identify corresponding points before and after a transformation.
® | know the difference between translations, rotations, and reflections.

Lesson 3: Grid Moves

® | can decide which type of transformations will work to move one figure to another.
® | can use grids to carry out transformations of figures.

Lesson 4: Making the Moves
® | can use the terms translation, rotation, and reflection to precisely describe
transformations.
Lesson 5: Coordinate Moves

® | can apply transformations to points on a grid if | know their coordinates.

Lesson 6: Describing Transformations
® | can apply transformations to a polygon on a grid if | know the coordinates of its
vertices.
Lesson 7: No Bending or Stretching

® | can describe the effects of a rigid transformation on the lengths and angles in
polygon.

Lesson 8: Rotation Patterns

® | can describe how to move one part of a figure to another using a rigid
transformation.

Grade8 Unit 1 Rigid Transformations
and Congruence



Lesson 9: Moves in Parallel
® | can describe the effects of a rigid transformation on a pair of parallel lines.

® |f | have a pair of vertical angles and know the angle measure of one of them, | can
find the angle measure of the other.

Lesson 10: Composing Figures

® | can find missing side lengths or angle measures using properties of rigid
transformations.
Lesson 11: What Is the Same?

® | can decide visually whether or not two figures are congruent.

Lesson 12: Congruent Polygons

® | can decide using rigid transformations whether or not two figures are congruent.

Lesson 13: Congruence

® | can use distances between points to decide if two figures are congruent.

Lesson 14: Alternate Interior Angles
® |f | have two parallel lines cut by a transversal, | can identify alternate interior angles
and use that to find missing angle measurements.
Lesson 15: Adding the Angles in a Triangle

® |f | know two of the angle measures in a triangle, | can find the third angle measure.

Lesson 16: Parallel Lines and the Angles in a Triangle

® | can explain using pictures why the sum of the angles in any triangle is 180 degrees.

Lesson 17: Rotate and Tessellate

® | can repeatedly use rigid transformations to make interesting repeating patterns of
figures.

® | can use properties of angle sums to reason about how figures will fit together.

Grade8 Unit 1 Rigid Transformations
and Congruence



new terminology

lesson
receptive productive
vertex
lane slide
8.1.1 P
measure turn
direction
clockwise
counterclockwise
8.1.2 reflection opposite
rotation
translation
image
angle of rotation
8.1.3 & . vertex
center (of rotation)
line of reflection
clockwise
. counterclockwise
sequence of transformations
8.1.4 ) reflect
distance
rotate
translate
coordinate plane
point
segment
8.1.5 & .
coordinates
Xx-axis
y-axis
angle of rotation
8.1.6 polygon center (of rotation)
line of reflection
.. . reflection
rigid transformation .
. rotation
corresponding .
8.1.7 translation
measurements
measure
preserve ]
point
8.1.8 midpoint segment




new terminology

lesson
receptive productive
vertical angles
8.1.9 parallel distance
intersect
image
rigid transformation
8.1.10 S
midpoint
parallel
congruent
8.1.11 perimeter
area
right angle
x-axis
8.1.12 .
y-axis
area
8.1.13 corresponding
. . vertical angles
alternate interior angles
8.1.14 congruent
transversal
supplementary angles
8.1.15 straight angle
alternate interior angles
8.1.16 transversal
straight angle
tessellation
8.1.17
symmetry

Unit 1 Unit Narrative




Required Materials

Blank paper

Copies of blackline master

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty

paper"is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Graph paper

Isometric graph paper

Pre-printed cards, cut from copies of the
blackline master

Pre-printed slips, cut from copies of the
blackline master

Toothpicks, pencils, straws, or other objects



Section: Rigid Transformations
Lesson 1: Moving in the Plane

Goals

® Describe (orally and in writing) a translation or rotation of a shape using informal language,
e.g., “slide,” “turn left,” etc.

® |dentify angles and rays that do not belong in a group and justify (orally) why the object does
not belong.

Learning Targets

® | can describe how a figure moves and turns to get from one position to another.

Lesson Narrative

The purpose of this lesson is to introduce students to translations and rotations of plane figures
and to have them describe these movements in everyday language. Expect students to use words
like “slide” and “turn.” In the next lesson, they will be introduced to the mathematical terms. The
term “transformation” is not yet used and will be introduced later in a later lesson.

In all of the lessons in this unit, students should have access to their geometry toolkits, which
should contain tracing paper, graph paper, colored pencils, scissors, ruler, protractor, and an index
card. For this unit, access to tracing paper and a straight edge are particularly important. Students
may not need all (or even any) of these tools to solve a particular problem. However, to make
strategic choices about when to use which tools (MP5), students need to have opportunities to
make those choices. Apps and simulations should supplement rather than replace physical tools.
Alignments

Building On

® 4.MD.C.5: Recognize angles as geometric shapes that are formed wherever two rays share a
common endpoint, and understand concepts of angle measurement:

Building Towards

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Instructional Routines

® MLR8: Discussion Supports
® Think Pair Share

® Which One Doesn't Belong?

Unit 1: Rigid Transformations and Congruence



Required Materials

Copies of blackline master

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper"is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider

cutting them down for student use. (2) When

compasses are required in grades 6-8 they are

For grades 7 and 8: everything in grade 6, plusa jisted as a separate Required Material.

ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

You will need the Triangle Square Dance blackline master for this lesson. Make 1 copy of all 3 pages
for every 2 students.

Assemble geometry toolkits. It would be best if students had access to these toolkits at all times
throughout the unit. Toolkits include tracing paper, graph paper, colored pencils, scissors, ruler,
protractor, and an index card to use as a straightedge or to mark right angles. Access to tracing
paper is particularly important in this unit. Tracing paper cut to a small-ish size (roughly 5" by 5") is
best—commercially available “patty paper” is ideal for this. If using larger sheets of tracing paper,
such as 8.5" by 11", cut each sheet into fourths.

I Student Learning Goals

Let's describe ways figures can move in the plane.

1.1 Which One Doesn’t Belong: Diagrams

Warm Up: 10 minutes

This warm-up prompts students to compare four images. It encourages students to explain their
reasoning and hold mathematical conversations. It gives you the opportunity to hear how they use
terminology and talk about characteristics of the images in comparison to one another. To allow all
students to access the activity, each image has one obvious reason it does not belong. Encourage
students to find reasons based on mathematical properties (e.g., Figure B is the only right angle).
During the discussion, listen for important ideas and terminology that will be helpful in upcoming
work of the unit. The activity also gives students an opportunity to find useful tools in their
geometry toolkit.

Before students begin, consider establishing a small, discreet hand signal students can display to
indicate they have an answer they can support with reasoning. This signal could be a thumbs up, or
students could show the number of fingers that indicate the number of responses they have for the
problem. This is a quick way to see if students have had enough time to think about the problem
and keeps them from being distracted or rushed by hands being raised around the class.

10



As students share their responses, listen for important ideas and terminology that will be helpful in
upcoming work of the unit, such as reference to angles and their measures.

Building On
® 4 MD.C.5

Instructional Routines
® Think Pair Share

® Which One Doesn't Belong?

Launch

Arrange students in groups of 2-4, and provide access to geometry toolkits. Display the figures for
all to see. Ask students to indicate when they have noticed one that does not belong and can
explain why. Give students 1 minute of quiet think time and then time to share their thinking with
their small group. In their small groups, tell each student to share their reasoning why a particular
question does not belong. Together, find at least one reason each question doesn't belong.

Student Task Statement
Which one doesn't belong?
/ | C
Student Response
Answers vary. Sample responses:

A doesn't belong because:

® The rays point in opposite directions.

® |tis not possible to make a triangle by joining points on the rays.
B doesn't belong because:

® They make a right angle.

® Both rays are to the right of the vertex.
C doesn't belong because:

® |tis an acute angle.

Unit1 Lesson 1
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® Both rays point downward.
D doesn't belong because:

® |tis an obtuse angle (measuring less than 180 degrees).

® The long ray points to the left of the short ray.

Activity Synthesis

Ask each group to share one reason why a particular image does not belong. Record and display
the responses for all to see. After each response, ask the class if they agree or disagree. Since there
is no single correct answer to the question of which one does not belong, attend to students’
explanations and ensure the reasons given are correct.

During the discussion, prompt students to explain the meaning of any terminology they use, such
as ray, degree, or acute angle. Also, press students on unsubstantiated claims. For example, a
student may make claims about the angle measures. Ask how they know the measure and
demonstrate how the tracing paper or the ruler from the toolkit could be used to check.

1.2 Triangle Square Dance

25 minutes (there is a digital version of this activity)

The purpose of this activity is for students to begin to observe and describe translations and
rotations. In groups of 2, they describe one of 3 possible dances, presented in cartoon form, and
the partner identifies which dance is being described. Identify students who use specific and
detailed language to describe the dance and select them to share during class discussion.

While students are not expected to use precise language yet, this activity both provides the
intellectual need for agreeing upon common language and give students a chance to experiment
with different ways of describing some moves in the plane (MP6).

Building Towards
® 8.G.A.1

Instructional Routines

® MLRS: Discussion Supports

Launch

Arrange students in groups of 2, and give a copy of all 3 blackline masters to each group. Explain
that each sheet is a cartoon with 6 frames showing the moves made by the dancing figures. Instruct
students to place all three sheets face up, and tell them to take turns selecting a dance and
describing it to their partner, without revealing which dance they have selected. The other student
identifies which dance is being described. On a display, record language students use to describe
the movement of shapes to later be grouped and connected to more formal language such as

12



“rotation,” and “translation.” Give students 15 minutes to work in their groups followed by a
whole-class discussion.

If using the digital activity, ask students to close their devices. Distribute the blackline masters and
review the rules of the game to make sure students understand the task. Give students around 10
minutes to play the game. After 10 minutes, invite students to open their devices and notice how
the applets correspond to the three dances. Give students an additional 5 minutes to come to
consensus about how to best describe the moves in their own words before a whole-class
discussion.

Support for Students with Disabilities

Representation: Provide Access for Perception. Display or provide students with a physical copy of
the written directions and read them aloud. Check for understanding by inviting students to
rephrase directions in their own words. Consider keeping the display of directions visible
throughout the activity.

Supports accessibility for: Language; Memory

Anticipated Misconceptions

Some students may interpret directions like “left” and “right” different from how their partner
intended it, depending on whether they are thinking from the point of view of an observer watching
the dance or putting themselves in the dance and describing things in terms of the triangle’s left,
right, up, and down. Watch for miscommunications like this, point out that neither perspective is
wrong, and encourage students to be more precise in their language.

Students often confuse or are unsure about the meaning of the terms clockwise and
counterclockwise. Discuss with them (and demonstrate, if possible) how the hands on a clock
rotate, emphasizing the direction of the rotation. Students may also be unsure of how to describe
the amount of rotation. Consider asking a student who expresses angle measures in terms of
degrees to explain how they see it.

Student Task Statement

Your teacher will give you three pictures. Each shows a different set of dance moves.

1. Arrange the three pictures so you and your partner can both see them right way up.
Choose who will start the game.

© The starting player mentally chooses A, B, or C and describes the dance to the
other player.

© The other player identifies which dance is being talked about: A, B, or C.

2. After one round, trade roles. When you have described all three dances, come to an
agreement on the words you use to describe the moves in each dance.

Unit1 Lesson 1 13



I 3. With your partner, write a description of the moves in each dance.

Student Response

Answers vary. Sample response:

A: Move right, turn 90° clockwise, move up, move left, and turn 90° counterclockwise.
B: Move right, turn 90° clockwise, move left, move up, and turn 90° counterclockwise.
C: Move right, turn 90° counterclockwise, move left, move up, and turn 90° clockwise.

The terms left, right, and up in this answer are from the point of view of an observer watching the
dance. Alternatively students might put themselves in the shoes of the triangles and describe things
in terms of the triangle’s left, right, up, and down. Students might use other words, such as “shift”
and “step” for translations, and “spin” and “rotate” for the turns. They might describe the 90° turns
as “quarter turns.”

Are You Ready for More?

We could think of each dance as a new dance by running it in reverse, starting in the 6th
frame and working backwards to the first.

1. Pick a dance and describe in words one of these reversed dances.

2. How do the directions for running your dance in the forward direction and the reverse
direction compare?

Student Response

1. Answers vary. Sample response:

A: turn 90° clockwise, move right, move down, turn 90° counterclockwise, move left, B: turn
90° clockwise, move down, move right, turn 90° counterclockwise, move left, C: turn 90°
counterclockwise, move down, move right, turn 90° clockwise, move left

2. The steps are listed in reverse order. Right gets replaced by left and left with right and
clockwise gets replaced with counterclockwise and vice versa.

Activity Synthesis

Select one student to share their description for each of the pages, and display the language you
observed and recorded during the activity for the different types of moves. Arrange the words in
two groups, those that describe translations and those that describe rotations (but do not use these
terms). Come to agreement on a word for each type, and discuss what extra words are needed to
specify the transformation exactly (e.g., move right, turn clockwise 90°).

Consider asking students what they found most challenging about describing the dances: expected
responses include being as precise as possible about the different motions (for example, describing
whether the shape is rotating clockwise or counterclockwise). Also consider asking students if they
were sometimes able to identify the dance before their partner finished describing all of the moves.

14



All three dances begin by moving to the right, but in the second step, Dances A and B rotate 90
degrees clockwise while Dance C rotates 90 degrees counterclockwise. (So if the second move was
to rotate 90 degrees counterclockwise, this must be Dance C.) Dances A and B diverge at slide 4.

Support for English Language Learners

Representing: MLRS Discussion Supports. To support student understanding of the language on
the display, invite students to "act out" each of the different types of moves. Include diagrams
or pictures on the display to provide students with a visual reminder of the meaning of each
term. For example, draw arrows to help illustrate direction. Remind students to borrow
language from the display as needed.

Design Principle(s): Support sense-making

Lesson Synthesis

We have started to reason about what it means to move a figure in the plane. Display two figures
that clearly show a slide and two figures that clearly show a turn. Example of a slide:

Example of a turn:

Unit1 Lesson 1
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Invite students to share the language they would use to describe them: for example “moving” or
“sliding” for translations and “turning” for rotations. Consider asking students how they might
quantify each move, for example with a distance and direction for the slides and a center and angle
of rotation for the turns. Tell them that we will continue to look at these moves in more detail in
future lessons.

1.3 Frame to Frame

Cool Down: 5 minutes
Building Towards

® 8.G.A.1

Student Task Statement

Here are successive positions of a shape:

g

-

S

Frame 1 Frame 2 Frame 3 Frame 4
Describe how the shape moves from:
1. Frame 1 to Frame 2.
2. Frame 2 to Frame 3.
3. Frame 3 to Frame 4.

Student Response
1. Slide down.

2. Turn counterclockwise 90 degrees (or one quarter of a full turn).

3. Slide up.
Student Lesson Summary

Here are two ways for changing the position of a figure in a plane without changing its shape
or size:

16



® Sliding or shifting the figure without
turning it. Shifting Figure A to the right
and up puts it in the position of Figure B.

® Turning or rotating the figure around a
point. Figure A is rotated around the
bottom vertex to create Figure C. A

Glossary

® vertex

Lesson 1 Practice Problems
Problem 1

Statement

The six frames show a shape's different positions.

n 2 ‘ 3

1

1] »alna

Describe how the shape moves to get from its position in each frame to the next.

Unit1 Lesson 1



Solution

To get from Position 1 to Position 2, the shape moves up. To get from Position 2 to Position 3, the
shape rotates 90 degrees counterclockwise. To get from Position 3 to Position 4, the shape moves
down and to the right. To get from Position 4 to Position 5 the shape rotates 90 degrees clockwise.
To get from Position 5 to Position 6, the shape moves to the left.

Note: 90 degrees counterclockwise is the same as 270 degrees clockwise, and similarly 90 degrees
clockwise is the same as 270 degrees counterclockwise.

Problem 2
Statement

These five frames show a shape's different positions.

1 2 3

™ ™ <

K4 2]

Describe how the shape moves to get from its position in each frame to the next.

Solution

To get from Position 1 to Position 2, the shape moves to the right. To get from Position 2 to Position
3, the shape rotates 90 degrees clockwise. To get from Position 3 to Position 4, the shape
moves down. To get from Position 4 to Position 5, the shape rotates 180 degrees.

Problem 3
Statement

Diego started with this shape.

18



I

Diego moves the shape down, turns it 90 degrees clockwise, then moves the shape to the
right. Draw the location of the shape after each move.

Solution

I BN =

Unit1 Lesson 1
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Lesson 2: Naming the Moves

Goals

® Describe (orally and in writing) the movement of shapes informally and formally using the
terms “clockwise,” “counterclockwise,” “translations,” “rotations,” and “reflections” of figures.

Learning Targets

® | can identify corresponding points before and after a transformation.

® | know the difference between translations, rotations, and reflections.

Lesson Narrative

In this lesson, students begin to describe a given translation, rotation, or reflection with greater
precision and are introduced to the terms translation, rotation, and reflection. The collective terms
“transformation” and “rigid transformation” are not used until later lessons. Students are
introduced to the terms clockwise and counterclockwise. Students then use this language to
identify the individual moves on various figures.

Students engage in MP6 as they experiment with ways to describe moves precisely enough for
another to understand their meaning.

Alignments
Building On
® 4,.MD.C.5: Recognize angles as geometric shapes that are formed wherever two rays share a

common endpoint, and understand concepts of angle measurement:

Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Instructional Routines
® MLRS: Discussion Supports

® Take Turns

® Think Pair Share
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Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Pre-printed cards, cut from copies of the
blackline master

Print and cut up cards from the Translations, Rotations, and Reflections blackline master. Prepare 1

copy for every 3 students.

Make sure students have access to items in their geometry toolkits: tracing paper, graph paper,
colored pencils, scissors, ruler, protractor, and an index card to use as a straightedge or to mark

right angles.

Access to tracing paper is particularly important. Each student will need about 10 small sheets of
tracing paper (commercially available “patty paper” is ideal). If using large sheets of tracing paper,
such as 8.5 inches by 11 inches, cut each sheet into fourths.

I Student Learning Goals

Let's be more precise about describing moves of figures in the plane.

2.1 A Pair of Quadrilaterals

Warm Up: 10 minutes

Students estimate an angle of rotation. While they do not need to use a protractor, a protractor is
an ideal tool and allows them to estimate the angle measure more accurately. Monitor for how
students report the measure of the angle: do they round to the nearest degree, to the nearest 5

degrees?
Building On
® 4MD.C.5

Addressing
® 8.G.A.1

Instructional Routines
® Think Pair Share

Unit1 Lesson 2
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Launch

Arrange students in groups of 2-4. Provide access to geometry toolkits. Display the two
quadrilateral figures for all to see. (They should also look at the task statement in their workbooks.)
Ask students to give a discreet hand signal when they have an estimate for the angle of rotation.
Give students 2 minutes of quiet think time and then time to share their thinking with their group
before a whole-class discussion.

Anticipated Misconceptions

Students may not be sure which angle to measure. They may measure the acute angle between
Shape A and Shape B. Ask these students to trace Shape A on tracing paper and rotate it by that
angle to see that this does not give Shape B.

Student Task Statement
Quadrilateral A can be rotated into the position of Quadrilateral B.
)¥

Estimate the angle of rotation.

Student Response

Answers vary. Sample response: About 120 degrees (counterclockwise)

This figure doesn't need to be part of students' responses but is provided as an example of an angle
between two segments that could be measured to find the angle of rotation from A to B.



Unit1 Lesson 2

Activity Synthesis
Invite students to share their estimates for the angle of rotation. Ask students how they knew, for

example, that the angle is more than 90 degrees (because the angle is obtuse) but less than 180
degrees (because the angle is less than a straight line).

Introduce or reiterate the language of clockwise (for rotating in the direction the hands on a clock
move) and counterclockwise (for rotating in the opposite direction). In this case, the direction of
rotation is not specified but it is natural to view Figure A being rotated counterclockwise onto Figure
B. Make sure to introduce the language of the center of rotation (the vertex shared by A and B is the
center of rotation).

It may be helpful to display the picture from the task statement to support this discussion, and if
possible, show the 120° counterclockwise turn dynamically.

2.2 How Did You Make That Move?

10 minutes

This activity informally introduces reflections, which appear in addition to some translations and
rotations (that were introduced informally in the previous lesson). Students are given a 6-frame
cartoon showing the change in position of a polygon. As in the previous lesson, they describe the
moves, but this time there are reflections, which may seem impossible as physical moves unless
you allow the shape to leave the plane. Students identify the new moves and try to describe them.

After the end of this activity, the three basic moves have been introduced and the next activity will
introduce their names (translations, rotations, and reflections).

Addressing
® 8.G.A.1

Instructional Routines
® Think Pair Share
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Launch

Keep students in the same groups, and maintain access to geometry toolkits. Give students 5
minutes of quiet work time, and then invite them to share their responses with their group. Follow
with a whole-class discussion. Tell students that they will be describing moves as they did in the
previous lesson, but this time there is a new move to look out for. Recall the words the class used to
describe slides and turns.

Support for Students with Disabilities

Representation: Develop Language and Symbols. Create a display of important terms and
vocabulary. During the launch, take time to review terms that students will need to access for
this activity. Invite students to suggest language or diagrams to include that will support their
understanding of moving, sliding, and turning.

Supports accessibility for: Conceptual processing; Language

Anticipated Misconceptions

Students may see a reflection as a translation especially since the figures are not on the same
frame. Ask these students to trace Frame 2 on tracing paper. Is there any way to turn it into

Frame 3 by sliding it? What do they have to do to turn it into Frame 3? (They have to flip the tracing
paper over, so, this is a new kind of move.)

In describing reflections, students may confuse the terms horizontal and vertical. Consider posting
the terms horizontal and vertical with examples in your room.

Student Task Statement

Here is another set of dance moves.

A A A
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1. Describe each move or say if it is a new move.

a. Frame 1 to Frame 2.
b. Frame 2 to Frame 3.
C. Frame 3 to Frame 4.
d. Frame 4 to Frame 5.

e. Frame 5 to Frame 6.
2. How would you describe the new move?

Student Response
Answers vary. Sample response:
1. a. Frame 1 to Frame 2: Shift to the right
b. Frame 2 to Frame 3: New move
¢. Frame 3 to Frame 4: Turn 90° clockwise
d. Frame 4 to Frame 5: Shift up

e. Frame 5 to Frame 6: New move

2. The new move is like becoming your mirror image through a mirror placed at the center of the
frame. For the second move, the mirror is vertical and for the last move it is horizontal.

Activity Synthesis

The purpose of this discussion is an initial understanding that there is a third type of move that is
fundamentally different from the moves encountered in the previous lesson, because it reverses
directions. Some possible discussion questions to help them identify these are:

® “How is the motion from panel 2 to panel 3 different than the ones we discussed yesterday?”
® “Is there anywhere else that happens in this cartoon?”

® “What features of the image help us to see that this move is happening?”

To help answer these questions, tell students to pay attention to the direction that the “beak” of the
polygon is pointing, left or right. Draw a dotted vertical line in the middle of Frame 2, and say, “Here
is @a mirror. The polygon in Frame 3 is what the polygon in Frame 2 sees when it looks in the mirror.”
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A

Demonstrate using tracing paper or transparencies to show they are mirror images. Then ask
students if there are any other mirror lines in other frames. For the second reflection, from Frame 5
to Frame 6, point out that the mirror line is now a horizontal line: in Frame 5 the beak is pointing
down, and in Frame 6 the beak is pointing up, with the head on the right of the body in both cases.
Contrast this with a rotation through 180°, which would put the head on the left of the body.
Demonstrate with tracing paper or transparencies.

2.3 Card Sort: Move

15 minutes (there is a digital version of this activity)

The purpose of this card sort activity is to give students further practice identifying translations,
rotations, and reflections, and in the discussion after they have completed the task, introduce those
terms. In groups of 3 they sort 9 cards into categories. There are 3 translations, 3 rotations, and 3
reflections. Students explain their categories and come to agreement on them.

On the blackline master, there are actually 12 cards. The last three show slightly more complicated
moves than the first 9. These can be withheld, at first, and used if time permits.

Students might identify only 2 categories, putting the reflections with the translations (in the case of
Card 3) or the rotations (in the case of Card 5). As students work, monitor for groups who have
sorted the cards into translations, rotations, and reflections (though not necessarily using those
words). Also monitor for descriptions of corresponding points such as “these points go together” or
“here are before and after points.”

Addressing
® 8.G.A.1

Instructional Routines
® MLRS: Discussion Supports
® Take Turns

Launch

Arrange students into groups of 3, and provide access to geometry toolkits. Give each group the
first 9 cards. Reserve the last 3 cards for use if time permits.
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Tell students that their job is to sort the cards into categories by the type of move that they show.
After they come to consensus about which categories to use, they take turns placing a card into a
category and explaining why they think their card goes in that category. When it is not their turn,
their job is to listen to their partner's reasoning and make sure they understand. Consider
conducting a short demonstration with a student of productive ways to communicate during this
activity. For example, show what it looks like to take turns, explain your thinking, and listen to your
partner's thinking.

Give students about 10 minutes to sort the cards. Do not explicitly instruct students at the
beginning to use the words translations, rotations, and reflections. Monitor for a group who
uses these categories, even if they use different names for them. If time permits, distribute the
remaining 3 cards. Follow with whole-class discussion.

If using the digital activity, ask the students to close their devices, at first. After they have come to
agreement about how their cards should be sorted, they can open their devices and use the applets
to help them refine the way they describe the moves.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Encourage and support opportunities for peer
interactions. Display sentence frames to support students when they explain their strategy. For
example, “This card belongs in category because .. ."” or “I noticed that this image SO
[

Supports accessibility for: Language; Social-emotional skills

Anticipated Misconceptions

Students may struggle to differentiate between the three moves, confusing reflections with either

translations or rotations. After they make their best decision, encourage these students to use

tracing paper to justify their response. In Card 10, students may be confused when the translated

figure overlaps the original. For Card 4, students may first think that this is a rotation (much like

Cards 6 and 9). Encourage these students here to use tracing paper to check their answers.
Student Task Statement

Your teacher will give you a set of cards. Sort the cards into categories according to the type
of move they show. Be prepared to describe each category and why it is different from the
others.

Student Response

Translations: 1, 7, 8, 10
Rotations: 2, 6,9, 12

Reflections: 3, 4, 5, 11
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To detect if one figure is a translation of another, look to see if it is still sitting in exactly the same
way, e.g., the two figures have the same orientation and are sitting on the same base. To detect if
one figure is a rotation of another, look to see if one figure is not standing up in exactly the same
way as the other but appears to be turned. Reflections can be confused with both translations (if
the two figures are still on the same base) and rotations (if they appear to be turned). The way to
detect a reflection in these examples is to choose a feature of the figure that exists on one side of it
but not the other (e.g., the sharp “rabbit ears” in this activity) and see if it is pointing to the left in
one figure and to the right in the other. (Alternatively, up and down if the line of reflection is
horizontal.)

Activity Synthesis

Select one or more groups to share the names of their categories. Select one or more groups to
share how they sorted the cards into the categories. Ask the class if they disagree with any of the
choices, and give students opportunities to justify their reasoning (MP3).

Introduce the terms translation, rotation, and reflection. It may be helpful to display an example of
each to facilitate discussion:

Alternatively, you may wish to display the geogebra applets used in the digital version of the
student materials to facilitate discussion:

® Translation: ggbm.at/wYYVZH7A

® Rotation: ggbm.at/RUtdpQmN

® Reflection: ggbm.at/nKQmSnDW

Point out ways to identify which type of move it is. Translations are a slide with no turning.
Rotations are a turn. Reflections face the opposite direction. If desired, introduce the terms image
and corresponding points. If we see the figures as rabbits, then the ear tips in the original figure and
the ear tips in its image are corresponding points, for example. The image is the figure after a
transformation is applied: for each of the cards, one figure is the image of the other figure after a
translation, rotation, or reflection has been applied.
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Support for English Language Learners

Speaking: MLR8 Discussion Supports. Use this routine to support the introduction of new

terms. As groups share how they categorized and sorted the shapes, revoice their ideas using
the terms translation, rotation, and reflection. Some students may benefit from practicing
words or phrases or words in context through choral repetition.

Design Principle(s): Optimize output (for explanation)

Lesson Synthesis

Questions for discussion:

® “We encountered a new type of move that was different from yesterday. What can you tell me
about it?” (It's like a mirror image, you can't make the move by sliding or turning, the figure
faces the opposite direction.)

® “We gave mathematical names to the three types of moves we have seen. What are they
called?” (The “slide” is called a translation, the “turn" is called a rotation, and the mirror image
is called a reflection.)

Consider creating a semi-permanent display that shows these three terms and their definitions for
reference throughout the unit.

A translation slides a figure without turning it. Every point in the figure goes the same distance in
the same direction. For example, Figure A was translated down and to the left, as shown by the
arrows. Figure B is a translation of Figure A.

A
/

A rotation turns a figure about a point, called the center of the rotation. Every point on the figure
goes in a circle around the center and makes the same angle. The rotation can be

clockwise, going in the same direction as the hands of a clock, or counterclockwise, going in the
other direction. For example, Figure A was rotated 45° clockwise around its bottom vertex. Figure C
is a rotation of Figure A.
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A reflection places points on the opposite side of a reflection line. The mirror image is a
backwards copy of the original figure. The reflection line shows where the mirror should stand. For
example, Figure A was reflected across the dotted line. Figure D is a reflection of Figure A.

/ i

/
Y

/ |

2.4 Is It a Reflection?

Cool Down: 5 minutes
Addressing

® 8.G.A.1

Student Task Statement
What type of move takes Figure A to Figure B?

Explain your reasoning.
Student Response

Answers vary. Sample response: It is a rotation. If Figure A is turned around the point shared by
Figures A and B, it can land on Figure B.



Unit 1

Student Lesson Summary

Here are the moves we have learned about so far:

® Atranslation slides a figure without turning it. Every point in the figure goes the same
distance in the same direction. For example, Figure A was translated down and to the
left, as shown by the arrows. Figure B is a translation of Figure A.

® Arotation turns a figure about a point, called the center of the rotation. Every point on
the figure goes in a circle around the center and makes the same angle. The rotation
can be clockwise, going in the same direction as the hands of a clock,
or counterclockwise, going in the other direction. For example, Figure A was rotated 45°
clockwise around its bottom vertex. Figure C is a rotation of Figure A.

45

® Areflection places points on the opposite side of a reflection line. The mirror image is a
backwards copy of the original figure. The reflection line shows where the mirror should
stand. For example, Figure A was reflected across the dotted line. Figure D is a reflection
of Figure A.

We use the word image to describe the new figure created by moving the original figure. If
one point on the original figure moves to another point on the new figure, we call
them corresponding points.

Lesson 2
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Glossary

® clockwise

® counterclockwise
® reflection

® rotation

® translation

Lesson 2 Practice Problems
Problem 1

Statement

Each of the six cards shows a shape.

1 2

) § A

a. Which pair of cards shows a shape and its image after a rotation?
b. Which pair of cards shows a shape and its image after a reflection?
Solution
a.Cards 1 and 4

b. Cards 3 and 5

Problem 2
I Statement

The five frames show a shape's different positions.



4 5
2
M

Describe how the shape moves to get from its position in each frame to the next.

Solution

To get from Position 1 to Position 2, the shape moves to the right. To get from Position 2 to Position
3, the shape flips over a horizontal line. To get from Position 3 to Position 4, the shape moves to the
left. To get from Position 4 to Position 5, the shape flips over a horizontal line again. The shape has
then returned to its original position in Position 1.

Alternatively, to get from Position 1 to Position 2 or from Position 3 to Position 4, the shape may flip
over a vertical line. Since the shape is symmetric, a flip looks the same as a shift here. To get from
Position 2 to Position 3 or from Position 4 to Position 5, the shape may be rotated 180 degrees
about a point not on the polygon.

Problem 3
Statement

The rectangle seen in Frame 1 is rotated to a new position, seen in Frame 2.

Frame 1 Frame 2
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Select all the ways the rectangle could have been rotated to get from Frame 1 to Frame 2.
A. 40 degrees clockwise
B. 40 degrees counterclockwise
C. 90 degrees clockwise
D. 90 degrees counterclockwise
E. 140 degrees clockwise

F. 140 degrees counterclockwise

Solution
[IIBIII IIEII]
(From Unit 1, Lesson 1.)
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Lesson 3: Grid Moves

Goals

® Describe (orally) the moves needed to perform a transformation.

® Draw and label the image and “corresponding points” of figures that result from translations,
rotations, and reflections.

® Draw the “image” of a figure that results from a translation, rotation, and reflection in square
and isometric grids and justify (orally) that the image is a transformation of the original figure.

Learning Targets

® | can decide which type of transformations will work to move one figure to another.

® | can use grids to carry out transformations of figures.

Lesson Narrative

Prior to this lesson, students have learned the names for the basic moves (translation, rotation, and
reflection) and have learned how to identify them in pictures. In this lesson, they apply translations,
rotations, and reflections to figures. They also label the image of a point P as P’. While not

essential, this practice helps show the structural relationship (MP7) between a figure and its image.

Students also encounter the isometric grid (one made of equilateral triangles with 6 meeting at
each vertex). They perform translations, rotations, and reflections both on a square grid and on an
isometric grid. Expect a variety of approaches, mainly making use of tracing paper (MP5) but
students may also begin to notice how the structure of the different grids helps draw images
resulting from certain moves (MP7).

For classrooms using the digital version of the materials: This is the lesson where students learn to
use the transformation tools in Geogebra.

Alignments
Building On
® 7.G.A: Draw, construct, and describe geometrical figures and describe the relationships

between them.

Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Building Towards

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Instructional Routines

® MLR8: Discussion Supports
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® Notice and Wonder

Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper"is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plusa  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended.

Required Preparation

Make sure students have access to items in their geometry toolkits: tracing paper, graph paper,
colored pencils, scissors, ruler, protractor, and an index card to use as a straightedge or to mark
right angles.

For classrooms using the print version of the materials: Access to tracing paper is particularly
important. Each student will need about 10 small sheets of tracing paper (commercially available
"patty paper" is ideal). If using large sheets of tracing paper, such as 8.5 inches by 11 inches, cut
each sheet into fourths.

For classrooms using the digital version of the materials: If you have access to extra help from a
tech-savvy person, this would be a good day to request their presence in your class.

I Student Learning Goals

Let's transform some figures on grids.

3.1 Notice and Wonder: The Isometric Grid

Warm Up: 10 minutes

The purpose of this warm-up is to familiarize students with an isometric grid. While students may
notice and wonder many things, characteristics such as the measures of the angles in the grid and
the diagonal parallel lines will be important properties for students to notice in their future work
performing transformations on the isometric grid. Students are not expected to know each angle in
an equilateral triangle is 60 degrees, but after previous experience with supplementary angles,
circles and rotations, they may be able to explain why each smaller angle is 60 degrees. Many things
they notice may be in comparison to the square grid paper which is likely more familiar.

Building On
®* 7.G.A

Building Towards
® 8.G.A.1

36



Instructional Routines

® Notice and Wonder

Launch

Arrange students in groups of 2. Tell students that they will look at an image. Their job is to think of

at least one thing they notice and at least one thing they wonder. Display the image for all to see.
Ask students to give a signal when they have noticed or wondered about something. Give students
1 minute of quiet think time, and then 1 minute to discuss the things they notice with their partner,
followed by a whole-class discussion.

Student Task Statement

What do you notice? What do you wonder?

Student Response

Things students may notice:

® There are three sets of parallel grid lines.

® The line segments form equilateral triangles.

® The individual angles in the equilateral triangles are 60 degrees.
® There are vertical lines but no horizontal lines.

® There are no 90 degree angles made by the grid lines.

® Each vertex has 6 line segments coming from it.

® The grid is made out of equilateral triangles instead of squares.

Unit1 Lesson3
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Things students may wonder:

® Why are there no 90 degree angles?

® Why are there no squares?

® Are we going to use this kind of grid?

® Why would we use this grid instead of the square grid?

® Why are there no horizontal lines?

Activity Synthesis

Ask students to share the things they noticed and wondered. Record and display their responses
for all to see. If possible, record the relevant reasoning on or near the image, and show where each
of the features students notice is located on the actual grid itself, such as triangles, angles, and line
segments. After each response, ask the class if they agree or disagree and to explain alternative
ways of thinking, referring back to the images each time. If angle measures do not come up during
the conversation, ask them to think about how they could figure out the measure of each angle.
Some may measure with a protractor, and some may argue that since 6 angles share a vertex
where each angle is identical, each angle measures 60° because 360 + 6 = 60. Establish that each
angle measures 60°.

3.2 Transformation Information

25 minutes (there is a digital version of this activity)
The purpose of this activity is for students to interpret the information needed to perform a
transformation and draw an image resulting from the transformation.

For digital classrooms, an additional purpose of this activity is for students to learn how to use the
transformation tools available in geogebra. These tools will be used throughout the unit. As they
become familiar with the dynamic tools, they see that geogebra places the image of a figure based
on the instructions given by the user.

Through hands-on experience with transformations, students prepare for the more precise
definitions they will learn in later grades. This activity is the first time students start to use A’, B,
etc. to denote points in the image that correspond to A, B, etc. in the original figure. This is also a
good activity to use the word "image" to describe the transformed figure—this can happen before,
as, or after students work.

If students exploit the mathematical properties of the grid lines to draw transformed figures, they
are making use of structure (MP7). In order to draw the transformed figures correctly, students
must attend to the details of the given information (MP6).

Watch for students who use tracing paper and those who use properties of the grids to help decide
where to place the transformed figures. Tracing paper may be particularly useful for the isometric
grid which may be unfamiliar to some students.
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Addressing
® 8.G.A.1

Instructional Routines

® MLR8: Discussion Supports

Launch

Point out A in the first question. Tell students we call point A’ "A prime" and that, after a
transformation, it corresponds to A in the original.

For students using print materials: Optionally, before students start working, demonstrate the
mechanics of performing each type of transformation using tracing paper. Distribute about 10
small sheets of tracing paper to each student (or ensure they can find it in their geometry toolkits).
Give students about 10 minutes of quiet work time followed by whole-class discussion.

For students using digital materials: Depending on the needs of your class, either demonstrate how
each transformation tool works in the applet, or instruct students to read and follow the
instructions for working the applets. It would work well to demonstrate the first, third, and fourth
items and allow students to complete the other items independently.

Support for Students with Disabilities

Representation: Internalize Comprehension. Begin with a physical demonstration of using tracing
paper to perform each type of transformation to support connections between new situations
and prior understandings. Ask students, “What does this demonstration have in common with
previous activities where both images were given?” or “How does the point A’ correspond to
the point A?"

Supports accessibility for: Conceptual processing; Visual-spatial processing

Support for English Language Learners

Listening, Representing: MLR8 Discussion Supports. To help develop students’ meta-awareness
and understanding of the task expectations, think aloud as you transform the quadrilateral in
the question about rotating quadrilateral ABCD 60° counterclockwise using center B. As you
talk, model mathematical language use and highlight the relationship between quadrilateral
ABCD, the image (i.e., quadrilateral A’ B'C’ D’), and the steps taken to rotate quadrilateral
ABCD.

Design Principle(s): Maximize meta-awareness
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Anticipated Misconceptions

Students may struggle to understand the descriptions of the transformations to carry out. For these
students, explain the transformations using the words they used in earlier activities, such as “slide,”
“turn,” and “mirror image” to help them get started. Students may also struggle with reflections that
are not over horizontal or vertical lines.

Some students may need to see an actual mirror to understand what reflections do, and the role of
the reflection line. If you have access to rectangular plastic mirrors, you may want to have students
check their work by placing the mirror along the proposed mirror line.

Working with the isometric grid may be challenging, especially rotations and reflections across lines
that are not horizontal or vertical. For the rotations, you may want to ask students what they know
about the angle measures in an equilateral triangle. For reflections, the approach of using a mirror
can work or students can look at individual triangles in the grid, especially those with a side on the
line of reflection, and see what happens to them. After checking several triangles, they develop a
sense of how these reflections behave.

Student Task Statement

Your teacher will give you tracing paper to carry out the moves specified. Use A’, B’, C’, and
D’ to indicate vertices in the new figure that correspond to the points A, B, C, and D in the
original figure.
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1. In Figure 1, translate triangle ABC so that A goes to A’.
2. In Figure 2, translate triangle ABC so that C goesto C’.
3. In Figure 3, rotate triangle ABC 90° counterclockwise using center O.

4. In Figure 4, reflect triangle ABC using line Z.
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5. In Figure 5, rotate quadrilateral ABCD 60° counterclockwise using center B.

6. In Figure 6, rotate quadrilateral ABCD 60° clockwise using center C.

7. In Figure 7, reflect quadrilateral ABCD using line Z.

8. In Figure 8, translate quadrilateral ABCD so that A goes to C.

Student Response
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Sample strategy:

® Trace the figure onto tracing paper, and then move the tracing paper according to the
description of each move. Observe where the tracing paper ends up, and draw a copy of the
figure at that location.

® Use the structure of the grid to move each vertex of the original figure according to the
description of each move. For example in Figure 1, point A moves up 2 and right 6to A’. A
translation is a slide, so each vertex makes this same move along the grid from its original
location.

Are You Ready for More?

The effects of each move can be “undone” by using another move. For example, to undo the
effect of translating 3 units to the right, we could translate 3 units to the left. What move
undoes each of the following moves?

1. Translate 3 units up
2. Translate 1 unit up and 1 unit to the left
3. Rotate 30 degrees clockwise around a point P

4, Reflect across a line

Student Response

1. Translate 3 units down.
2. Translate 1 unit down and 1 unit to the right.
3. Rotate 30 degrees counterclockwise around P.

4. Reflect again across #.
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Activity Synthesis

Ask students to share how they found the images, and highlight the information they needed in
each to perform the transformation. Invite students who used tracing paper to share how they
found the images and also ask students what mathematical patterns they found. For example, for
the reflection in Figure 4, ask where some intersections of grid lines go (they stay on the same
horizontal line and go to the other side of #, the same distance away). How can this be used to
identify the image of /A ABC?

Ask students how working on the isometric grid is similar to working on a regular grid and how it is
different. Possible responses include:

® Translations work the same way, identifying how far and in which direction to move the shape

® Rotations also work the same way but the isometric grid works well for multiples of 60 degrees
(with center at a grid point), while the regular grid works well for multiples of 90 degrees (also
with center at a grid point).

® Reflections on the isometric grid require looking carefully at the triangular pattern to place the
reflection in the right place. Like for the regular grid, these reflections are difficult to visualize if
the line of reflection is not a grid line.

Lesson Synthesis

Display one example each of a translation, a rotation, and a reflection. Choose one of each from the
activity, or create new examples. Ask students:

® “What are important things to keep in mind when we want to do a [translation, rotation,
reflection]?”

® “What is something new that you learned today about [translations, rotations, reflections]?”

® “Describe the two different kinds of grids we saw. What was the same and what was different
about them?”

3.3 Some are Translations and Some Aren’t

Cool Down: 5 minutes
This is a quick check to see if students can distinguish translations from rotations and reflections.

Addressing
® 8.G.A1

Student Task Statement
Which of these triangles are translations of Triangle A? Select all that apply.
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Student Response

Triangle B and Triangle D. Triangles C and E are reflections of Triangle A, while Triangle F is rotated.

Student Lesson Summary

When a figure is on a grid, we can use the grid to describe a transformation. For example,
here is a figure and an image of the figure after a move.

Quadrilateral ABCD is
C translated 4 units to the right
and 3 units down to the

D position of quadrilateral
A'B'C'D'.

CI

DI

B’ A

A second type of grid is called an isometric grid. The isometric grid is made up of equilateral
triangles. The angles in the triangles all measure 60 degrees, making the isometric grid
convenient for showing rotations of 60 degrees.
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Glossary

® image

Lesson 3 Practice Problems
Problem 1

Statement

" NVANVAWA NEVAN
/ .\// \ SN/ \/ \\/ V /

Here is quadrilateral KLM N
and its image K' L' M’ N’
after a 60-degree
counterclockwise rotation
around a point P.

Apply each transformation described to Figure A. If you get stuck, try using tracing paper.

a. A translation which takes P to P’

b. A counterclockwise rotation of A, using center P, of 60 degrees

c. Areflection of A across line #

Unit1 Lesson3
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Solution

\/\/\/\AA/V\/V

\\WWW

VARV /\/

46



\\.

Problem 2
Statement

Here is triangle ABC drawn on a grid.

On the grid, draw a rotation of
triangle ABC, a translation of
A - 1 triangle ABC, and a reflection
of triangle ABC. Describe
clearly how each was done.

Solution

Answers vary. Sample answers: The rotation is a 90-degree counterclockwise rotation using center
A. The translation is 4 units down and 3 to the left. The reflection is across a horizontal line through
point B.

Problem 3

Statement

a. Draw the translated image of ABCDE so that vertex C moves to C’. Tracing paper may
be useful.
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b. Draw the reflected image of Pentagon ABCDE with line of reflection #. Tracing paper
may be useful.

c. Draw the rotation of Pentagon ABCDE around C clockwise by an angle of 150
degrees. Tracing paper and a protractor may be useful.

£

/'V/
A'/

Solution

a.

48



Unit1 Lesson3

EI
/'
A
DI
BI
CI
E EI
¢ A’
DI
CI

BI

49



In the picture, angle DCD’' measures 150 degrees.

(From Unit 1, Lesson 2.)
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Lesson 4: Making the Moves

Goals

® Comprehend that a “transformation” is a translation, rotation, reflection, or a combination of
these.

® Draw a transformation of a figure using information given orally.
® Explain (orally) the “sequence of transformations” that “takes” one figure to its image.

® |dentify (orally and in writing) the features that determine a translation, rotation, or reflection.

Learning Targets

® | can use the terms translation, rotation, and reflection to precisely describe transformations.

Lesson Narrative

In the previous lesson, students were introduced to the terms “translation,” “rotation,” and
“reflection.” In this lesson, students understand that:

® Atranslation is determined by two points that specify the distance and direction of the
translation.

® Arotation is determined by a point, angle of rotation, and a direction of rotation.

® Areflection is determined by a line.

These moves are called transformations for the first time and students draw images of figures
under these transformations. They also study where shapes go under sequences of these
transformations and identify the steps in a sequence of transformations that takes one figure to
another. Note the subtle shift in language. In the previous lesson, one shape “moves” to the other
shape—itis as if the original shape has agency and does the moving. In this lesson, the
transformation “takes” one shape to the other shape—this language choice centers the
transformation itself as an object of study.

Students using the print version may make use of tracing paper to experiment moving shapes.
Students using the digital version have access to geogebra applets with which to perform
transformations. Whenever students choose to make use of an appropriate tool, they are engaging
in MP5. Students are also likely starting to begin thinking strategically about which transformations
will take one figure to another, identifying properties of the shapes that indicate whether a
translation, rotation, reflection or sequence of these will achieve this goal (MP7).

Alignments
Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Unit1 Lesson 4 51



Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect
® MLR2: Collect and Display

® MLR7: Compare and Connect

Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper"is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plusa  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended. Pre-printed cards, cut from copies of the

blackline master

Required Preparation

Print and cut up cards from the Make that Move blackline master. Prepare 1 set of cards for every 4
students.

I Student Learning Goals

Let's draw and describe translations, rotations, and reflections.

4.1 Reflection Quick Image

Warm Up: 5 minutes (there is a digital version of this activity)

In this warm-up, students are asked to sketch a reflection of a given triangle and explain the
strategies they used. The goal is to prompt students to notice and articulate that they can use the
location of a single point and the fact that the image is a reflection of the triangle to sketch

the image. To encourage students to use what they know about reflections and not count every grid
line, this image is flashed for a few seconds and then hidden. Itis flashed once more for students to
check their thinking.

Addressing
® 8.G.A.1

Launch

Before beginning, make sure students have their books or devices open to the correct page. Tell
students you will show them an image of a reflection of triangle ABD for 3 seconds. Their job is to
draw the image and explain any strategies they used.
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For classes using the digital version of the materials, display the applet and demonstrate the use of
the various tools. Give students a minute or two to test them out. Ask them to reset the applet
before starting the activity.

Display the completed image for 3 seconds and then hide it. Do this twice. Give students 1 minute
of quiet work time after each flash of the image. Encourage students to think about any shortcuts
they used to draw the reflected image.

Anticipated Misconceptions
Students may struggle drawing the image under transformation from the quick flashes of the image
because they are trying to count the number of spaces each vertex moves. Encourage these
students to use the line in the image to help them reflect the image.

Student Task Statement

Here is an incomplete image. Your teacher will display the completed image twice, for a few
seconds each time. Your job is to complete the image on your copy.
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Student Response

Answers vary. Possible response: The first flash showed where to put B’ and the second flash
where to put A’. Once these were in place, there was only one place D’ could go, underneath the
segment A’ B/, so that /A A’ B’ D' is a reflected image of /A ABD.

Activity Synthesis
Select a few students to share strategies they used in sketching their figure. Consider asking some
of the following questions:

® "What was important in creating your sketch (what did you need)?"

® "What did you look for in the first flash? The second?"

® "What stayed the same and what is different in the shape and its image?"
® "How did you decide where to place the vertices of the image?"

® "How did you decide how long to make the sides?"

4.2 Make That Move

15 minutes (there is a digital version of this activity)

The purpose of this activity is for students to give precise descriptions of translations, rotations, and
reflections. By the end of the previous lesson, students have identified and sketched these
transformations from written directions, however they have not used this more precise language
themselves to give descriptions of the three motions. The images in this activity are given on grids
to allow and to encourage students to describe the transformation in terms of specific points, lines
or angles. Describing the moves precisely and clearly will require students to engage in MP6.

There are four different transformation cards students use in this activity: 1A, 1B, 2A, and 2B. Each
card has the original image and the image under a transformation. Students are arranged in groups
of 2 and each one gets a different transformation card: some pairs are given cards 1A and 1B while
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other pairs get 2A and 2B. Each A card is a translation, while the B cards show either a rotation or
reflection.

As students are describing their transformations and sketching their images under transformation,
monitor for students using precise descriptions to their partner in terms of specific points, lines, or
angles.

Addressing
® 8.G.A1

Instructional Routines
® MLR2: Collect and Display

Launch

Introduce the word transformation: This is a word for a move (like the reflection in the warm-up) or
for a sequence of moves. It's a mathematical word which will be used in place of "move," which has
been used up to this point.

Arrange students in groups of 2. Display the original image that each student also has in front of
them. Give each student one of the four transformation cards and tracing paper—make sure
students know not to show their card to their partner! Tell students they will sketch a
transformation based on directions given to them by a partner.

Partners have Cards 1A and 1B or Cards 2A and 2B. Tell students in the first round, those with the A
cards give a precise description of the transformation displayed on their card to their partner. Their
partners may use tracing paper to produce the image under transformation on the grid with the
original image. In digital classrooms, students have access to applets they can use to transform the
figure. When the sketch is complete, the student describing the transformation reveals their card,
and together, students decide if the sketch is correct. In the second round, the roles are reversed.
The students with the B cards describe their transformation while their partner sketches.

The student describing the transformation is allowed to repeat, revise, or add any important
information as their partner sketches, however, they are not allowed to tell them to fix anything
until they are finished. The student sketching should not speak, just sketch. (This is to encourage
the describer to use mathematical language.) Remind students to use the geometric language for
describing reflections, rotations, and translations that was used in the previous lesson.
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Support for Students with Disabilities

Representation: Develop Language and Symbols. Display or provide charts with symbols and
meanings. For example, display the terms translation, rotation, and reflection and their
respective meanings “slide,” “turn,” and “mirror,” accompanied by a visual example depicting
the transformation. Remind students that they can refer to the display when giving directions
to their partner.

Supports accessibility for: Conceptual processing; Memory
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Support for English Language Learners

Listening, Speaking: Math Language Routine 2 Collect and Display. This is the first time Math
Language Routine 2 is suggested as a support in this course. In this routine, the teacher
circulates and listens to student talk while jotting down words, phrases, drawings, or writing
students use. The language collected is displayed visually for the whole class to use throughout
the lesson and unit. Generally, the display contains different examples of students using
features of the disciplinary language functions, such as interpreting, justifying, or comparing.
The purpose of this routine is to capture a variety of students’ words and phrases in a display
that students can refer to, build on, or make connections with during future discussions, and to
increase students’ awareness of language used in mathematics conversations.

Design Principle(s): Optimize output (for explanation); Maximize meta-awareness

How It Happens:
1. As students describe the transformation of triangle A BC to their partner, listen for and
collect vocabulary and phrases students use to describe the moves. Focus on capturing
students using geometric language for describing reflections, rotations, and translations.

If the speaker is stuck, consider asking these questions: “How did point A transform to
A’?",“Choose one of the points, lines, or angles and describe how it changed.”, and
“Overall, does it look like the new triangle is a translation, rotation, or reflection of the
original?”

If using the applet, check for precision and labels as students place the new image under
the transformation.

2. Write students’ words on a visual display. Divide the display into 3 sections. Group
language about Cards 1A and 2A on the left side of the display, language about Card 1B in
the middle, and language about Card 2B on the right side.

Record all language (whether precise, ambiguous, correct, or incorrect) in the appropriate
column. as described by the students.

3. Arrange students in groups of 2, and invite partners to discuss which words or phrases
stand out to them. Prompt students by asking, “Are there any words or phrases that
stand out to you or don't belong in a specific column? Why?” Again, circulate around the
room, collecting any additional words, phrases, and sketches onto the display.

Students should notice that the left side consists of language describing translations, the
middle consists of language describing reflections, and the right side consists of language
describing rotations.

4. Select 3-4 groups to share their ideas with the class. Invite students to demonstrate their
reasoning with the applet or tracing paper and be sure to modify the display accordingly.
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Use this discussion to clarify, revise, and improve how ideas are communicated and
represented. If students are still using vague words (e.g., move, flip, mirror image, etc.),
reinforce the precise geometric terms (e.g., transformation, translation, rotation,
reflection, etc.). Ask students, “Is there another way we can say this?” or “Can someone
help clarify this language?”

5. Close this conversation by posting the display in the front of the classroom for students
to reference for the remainder of the lesson, and be sure to update the display
throughout the remainder of the lesson.

Anticipated Misconceptions

Students may get stuck thinking they need to use the precise terms for the transformation in their
description. Encourage these students to describe it in a way that makes sense to them and to look
for things they know about the specific points, lines, or angles on their card to help them.

Student Task Statement

Your partner will describe the image of this triangle after a certain transformation. Sketch it
here.

s __——
/.

Student Response

The correct transformations are shown on the cards.

Activity Synthesis
Display the following questions for all to see and give groups 2 minutes to discuss:
® What pieces of your partner’s description were helpful when you were sketching?

® What pieces did you find difficult to explain to your partner? Point to specific examples on
your cards.
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® When you were sketching, what questions would have been helpful to be able to ask the
describer?

Ask selected students who were observed using precise descriptions and sketching based on those
descriptions to explain why they used the information they did and how it was helpful in sketching.
Focus on:

® The direction and distance of a translation.
® The center and the measure of a rotation.

® The line of a reflection.

If there is time, ask students who were both using and not using tracing paper to explain their
process.

Reinforce the term transformation as a term that encompasses translations, rotations, and
reflections. Tell them that there are other types of transformations, but for now, we will focus on
these three types.

43AtoBtoC

15 minutes (there is a digital version of this activity)

Students have seen images showing a sequence of transformations in the first lesson of this unit,
however they have not heard the term sequence of transformations. They have also not been
asked to describe the moves in the sequence using precise language. The launch of this activity
introduces this term and gives students an opportunity to describe the sequence of more than one
transformation.

For the second problem, encourage students to find a different sequence of transformations than
the one shown in the image. Each time a reflection is mentioned, ask students where the line of
reflection is located and when a rotation is mentioned, ask for the center of the rotation and the
number of degrees. Monitor for students who apply different transformations (or apply
transformations in a different order).

Addressing

® 8.G.A1

Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect

® MLR7: Compare and Connect
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Launch

Arrange students in groups of 2, and provide access to their geometry toolkits. Display the image
for all to see. Ask students if they can imagine a single translation, rotation, or reflection that would
take one bird to another? After a minute, verify that this is not possible.

Ask students to describe how we could use translations, rotations, and reflections to take one bird
to another. Collect a few different responses. (One way would be to take the bird on the left,
translate it up, and then reflect it over a vertical line.) Tell students when we do one or more
transformations in a row to take one figure to another, it is called a sequence of transformations.

If using the digital activity, you may want to review the transformation tools in the applet. (The
instructions are repeated in the activity for students' reference.)

Give students 2 minutes of quiet work time to engage in the task followed by 3 minutes to discuss
their responses with a partner and complete any unfinished questions. Follow with a whole-class
discussion.
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Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Encourage and support opportunities for peer
interactions. Prior to the whole-class discussion, invite students to share their work with a
partner. Display sentence frames to support student conversation such as “To take Figure A to
Figure B, 1 _____because...”,“I noticed ____so I..."”, “Why did you...?", or “ agree/disagree
because....”

Supports accessibility for: Language; Social-emotional skills

Student Task Statement

Here are some figures on an isometric grid.
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1. Name a transformation that takes Figure A to Figure B. Name a transformation that
takes Figure B to Figure C.

2. What is one sequence of transformations that takes Figure A to Figure C? Explain how
you know.
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Student Response

1. There are many of ways to describe the translation that takes A to B: Any pair of
corresponding points works. In the figure, two corresponding points P and Q are shown.
There are two ways to take B to C with a single transformation. One is a reflection with line of
reflection £ (shown). The other is a rotation 60° clockwise around point R on line Z.

2. Answers vary. Sample response: Using the transformations from problem 1, first apply a
translation so that A goes to B and then a reflection taking B to C.

Are You Ready for More?

Experiment with some other ways to take Figure A to Figure C. For example, can you do it
with. ..

® No rotations?
® No reflections?
® No translations?

Student Response

Answers vary. Sample response with no reflection: First translate P to .S and then rotate 60 degrees
clockwise.
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Sample response with no rotation: Translate .S to ¥ and then reflect over a gridline to make the
figures align.

Sample response with no reflection: Translate R to W and then rotate around W to make the
figures align.

Sample response with no translation: Reflect across the line m, taking R to W, and then rotate
around W to make the figures align.

Activity Synthesis

Select students with different correct responses to show their solutions. Be sure to highlight at least
one rotation. If no students mention that, demonstrate a way to take A to C that involves a rotation.
Whether or not students use the geogebra applet, it may be helpful to display the applet to

facilitate discussion: ggbm.at/jqvTEgs|

® Emphasize that there are many ways to describe the translation that takes figure A to figure B.
All one needs is to identify a pair of corresponding points and name them in the correct order
(and to use the word “translate”).

® For students who used a reflection to take B to C, emphasize that reflections are determined
by lines and we should name the line when we want to communicate about it.

® After a student or the teacher uses a rotation, emphasize that a rotation is defined by a center
point and an angle (with a direction). The center point needs to be named and the angle
measure or an angle with the correct measure needs to be named as well (as does the
direction). Reinforce to students that when we do more than one transformation in a row, we
call this a sequence of transformations.
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Support for English Language Learners

Speaking: Math Language Routine 7 Compare and Connect. This is the first time Math Language
Routine 7 is suggested as a support in this course. In this routine, students are given a problem
that can be approached using multiple strategies or representations and are asked to prepare
a visual display of their method. Students then engage in investigating the strategies (by means
of a teacher-led gallery walk, partner exchange, group presentation, etc.), comparing
approaches, and identifying correspondences between different representations. A typical
discussion promptis: “What is the same and what is different?” regarding their own strategy
and that of the others. The purpose of this routine is to allow students to make sense of
mathematical strategies by identifying, comparing, contrasting, and connecting other
approaches to their own, and to develop students’ awareness of the language used through
constructive conversations.

Design Principle(s): Maximize meta-awareness: Support sense-making

How It Happens:
1. Use this routine to compare and contrast different strategies for transforming Figure A to
Figure C. Invite students to create a visual display showing how they made sense of the
problem and why their solution makes sense for transforming Figure A to Figure C.

Students should include these features on their display:
© asketch of the figures (not necessary if using the applet)

o a sketch of the figures after each transformation (not necessary if using the applet)

© a written sequence of transformations with an explanation

2. Before selecting students to show their solutions to the class, first give students an
opportunity to do this in a group of 3-4. Ask students to exchange and investigate each
other’s work. Allow 1 minute for each display and signal when it is time to switch.

While investigating each other’'s work, ask students to consider what is the same and what
is different about each approach. Next, give each student the opportunity to add detail to
their own display for 1-2 minutes.

3. As groups are presenting, circulate the room and select 2-3 students to share their
sequence of transformations taking Figure A to Figure C. Be sure to select a variety of
approaches, including one that involves a rotation.

Draw students’ attention to the different ways the figures were transformed (e.g.,
rotations, reflections, and translations) and how the sequence of transformation is
expressed in their explanation. Also, use the bullet points in the Activity Synthesis to
emphasize specific features of translations, reflections, and rotations.
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4. After the selected students have finished sharing with the whole class, lead a discussion
comparing, contrasting, and connecting the different approaches.

Consider using these prompts to amplify student language while comparing and
contrasting the different approaches: “Why did the approaches lead to the same
outcome?”, “What worked well in __'s approach? What did not work well?”, and “What
would make __'s strategy more complete or easy to understand?”

Consider using these prompts to amplify student language while connecting the different
approaches: “What role does a translation play in each approach?” “Is it possible to use
the all three types of transformations?”, and “What transformation do you see present in
all the strategies?”

5. Close the discussion by inviting 3 students to revoice the strategies used in the
presentations, and then transition back to the Lesson Synthesis and Cool-Down.

Lesson Synthesis

The goal for this lesson is for students to begin to identify the features that determine a translation,
rotation, or reflection. Refer to the permanent display produced in a previous lesson as you discuss.
To highlight the features specific to each type of transformation, consider asking the following
questions:

® "If you want to describe a translation, what important information do you need to include?" (A
translation is determined by two points that specify the distance and direction of the
translation.)

® "If you want to describe a rotation, what important information do you need to include?" (A
rotation is determined by a center point and an angle with a direction.)

® "If you want to describe a reflection, what important information do you need to include?" (A
reflection is determined by a line.)

® "What does the word transformation mean?" (Translations, rotations, and reflections, or any
combination of these.)

® "What does sequence of transformations mean?" (More than one applied one after the other.)

4.4 What Does It Take?

Cool Down: 5 minutes
Addressing

® 8.G.A.1
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Student Task Statement

AEEE
//\§B
/T

|
/ |
|

1. If you were to describe a translation of triangle A BC, what information would you need
to include in your description?

2. If you were to describe a rotation of triangle A BC, what information would you need to
include in your description?

3. If you were to describe a reflection of triangle A BC, what information would you need
to include in your description?

Student Response

1. The distance and direction of the translation. One way to do this would be by picking a point
on the triangle (A, for example) and then showing where this point goes (A’ on the translated
triangle).

2. A center point, an angle, and a direction (clockwise or counterclockwise).

3. Aline.

Student Lesson Summary

A move, or combination of moves, is called a transformation. When we do one or more
moves in a row, we often call that a sequence of transformations. To distinguish the original
figure from its image, points in the image are sometimes labeled with the same letters as the
original figure, but with the symbol ’ attached, as in A’ (pronounced “A prime”).

* Atranslation can be described by two points. If a translation moves point A to point A’,
it moves the entire figure the same distance and direction as the distance and direction
from A to A’. The distance and direction of a translation can be shown by an arrow.
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For example, here is a
translation of quadrilateral A D
ABCD that moves Ato A’.

\

B T D’
AI
\
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CI

® Arotation can be described by an angle and a center. The direction of the angle can be
clockwise or counterclockwise.

For example, hexagon
ABCDEF is rotated 90° P B D’
counterclockwise using [ |
center P. A B
CI
F C
- A,
E D F E’

® Areflection can be described by a line of reflection (the “mirror”). Each point is reflected
directly across the line so that it is just as far from the mirror line, but is on the opposite

side.
For example, pentagon
ABCDE is reflected across m.. A’ B’
line m.
A C’
.\. Dr
S . El
’ r *
BN D E .
C
Glossary
® sequence of transformations
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I ¢ transformation
Lesson 4 Practice Problems
Problem 1

Statement

For each pair of polygons, describe a sequence of translations, rotations, and reflections that
takes Polygon P to Polygon Q.
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Solution

a. Sample response: A is translated to H, followed by a rotation 60 degrees clockwise with
center H.

b. Sample response: Polygon ABCDE is reflected over line AE. A is then translated to F and a
rotation of 60 degrees clockwise with center F is applied.

c. Sample response: A is translated to E, then apply a rotation with center E so that B lands on
top of F. Finally the polygon is reflected over line EF.

Problem 2

Statement
Here is quadrilateral ABCD and line 7.

Draw the image of quadrilateral ABCD after reflecting it across line 7.

Solution
A )
B .
D
B
c.”
"' ' C’
. A’
. D'

(From Unit 1, Lesson 2.)
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Problem 3

Statement
Here is quadrilateral ABCD.

Draw the image of quadrilateral A BC D after each rotation using B as center.

a. 90 degrees clockwise
b. 120 degrees clockwise

. 30 degrees counterclockwise

Solution
D’ A’

VB
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A
c
A
120°
D B
C
A
Al
C
D’ ¢

(From Unit 1, Lesson 2.)
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Lesson 5: Coordinate Moves

Goals
® Draw and label a diagram of a line segment rotated 90 degrees clockwise or counterclockwise
about a given center.

® Generalize (orally and in writing) the process to reflect any point in the coordinate plane.

® |dentify (orally and in writing) coordinates that represent a transformation of one figure to
another.

Learning Targets

® | can apply transformations to points on a grid if | know their coordinates.

Lesson Narrative

Students continue to investigate the effects of transformations. The new feature of this lesson is the
coordinate plane. In this lesson, students use coordinates to describe figures and their images
under transformations in the coordinate plane. Reflections over the x-axis and y-axis have a very
nice structure captured by coordinates. When we reflect a point like (2, 5) over the x-axis, the
distance from the x-axis stays the same but instead of lying 5 units above the x-axis the image lies 5
units below the x-axis. That means the image of (2,5) when reflected over the x-axis is (2, -5).
Similarly, when reflected over the y-axis, (2, 5) goes to (-2, 5), the point 2 units to the left of the
y-axis.

Using the coordinates to help understand transformations involves MP7 (discovering the patterns
coordinates obey when transformations are applied).

Alignments
Building On

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

Addressing

® 8.G.A.3: Describe the effect of dilations, translations, rotations, and reflections on
two-dimensional figures using coordinates.

Building Towards

® 8.G.A.3: Describe the effect of dilations, translations, rotations, and reflections on
two-dimensional figures using coordinates.

Instructional Routines

® MLR7: Compare and Connect

® MLRS: Discussion Supports
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Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Let's transform some figures and see what happens to the coordinates of points.

5.1 Translating Coordinates

Warm Up: 5 minutes

The purpose of this warm-up is to remind students how the coordinate plane works and to give
them an opportunity to see how one might describe a translation when the figure is plotted on the

coordinate plane.

There are many ways to express a translation because a translation is determined by two points P
and Q once we know that P is translated to Q. There are many pairs of points that express the
same translation. This is different from reflections which are determined by a unique line and
rotations which have a unique center and a specific angle of rotation.

Building On
® 8.G.A1

Building Towards
® 8.G.A3

Launch

Ask students how they describe a translation. Is there more than one way to describe the same
translation? After they have thought about this for a minute, give them 2 minutes of quiet work

time followed by a whole-class discussion.

Anticipated Misconceptions

Students may think that they need more information to determine the translation. Remind them
that specifying one point tells you the distance and direction all of the other points move in a

translation.

Unit1 Lesson>5
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Student Task Statement

Select all of the translations that take Triangle T to Triangle U. There may be more than one
correct answer.
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1. Translate (-3,0) to (1, 2).
2. Translate (2, 1) to (-2, -1).
3. Translate (-4,-3) to (0, -1).
4. Translate (1,2) to (2, 1).

Student Response
These are both correct: (-3,0) to (1,2) and (-4,-3) to (0,-1)

Activity Synthesis

Remind students that once you name a starting point and an ending point, that completely
determines a translation because it specifies a distance and direction for all points in the plane.
Appealing to their experiences with tracing paper may help. In this case, we might describe that
distance and direction by saying “all points go up 2 units and to the right 4 units.” Draw the arrow
for the two correct descriptions and a third one not in the list, like this:
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Point out that each arrow does, in fact, go up 2 and 4 to the right.

5.2 Reflecting Points on the Coordinate Plane

15 minutes (there is a digital version of this activity)

While the warm-up focuses on studying translations using a coordinate grid, the goal of this activity
is for students to work through multiple examples of specific points reflected over the x-axis and
then generalize to describe where a reflection takes any point (MP8). They also consider reflections
over the y-axis with slightly less scaffolding. In the next activity, students will study 90 degree
rotations on a coordinate grid, rounding out this preliminary investigation of how transformations
work on the coordinate grid.

Watch for students who identify early the pattern for how reflections over the x-axis or y-axis
influence the coordinates of a point. Make sure that they focus on explaining why the pattern holds
as the goal here is to understand reflections better using the coordinate grid. The rule is less
important than understanding how it is essential to see the coordinate grid and state the rule.

Building On
® 8.G.A.1

Addressing
® 8.G.A3

Instructional Routines

® MLR7: Compare and Connect
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Launch

Tell students that they will have 5 minutes of quiet think time to work on the activity, and tell them
to pause after the second question.

Select 2-3 students to share their strategies for the first 2 questions. You may wish to start with
students who are measuring distances of points from the x-axis or counting the number of squares
a point is from the x-axis and then counting out the same amount to find the reflected point. These
strategies work, but overlook the structure of the coordinate plane. To help point out the role of the
coordinate plane, select a student who noticed the pattern of changing the sign of the y-coordinate
when reflecting over the x-axis.

After this initial discussion, give 2-3 minutes of quiet work time for the remaining questions, which
ask them to generalize how to reflect a point over the y-axis.

Classes using the digital version have an applet for graphing and labeling points.

Support for Students with Disabilities

Representation: Internalize Comprehension. Chunk this task into more manageable parts to
differentiate the degree of difficulty or complexity. For example, to get students started,
provide a smaller bank of points and only the first two instructions. Once students have
successfully completed the four steps for each, present the remaining questions, one at a time.

Supports accessibility for: Conceptual processing; Organization

Support for English Language Learners

Speaking: MLR7 Compare and Connect. Use this routine when students present their strategies
for reflecting points using the x-axis as the line of reflection before continuing on. Ask students
to consider what is the same and what is different about the strategies. Draw students’
attention to the different ways students reasoned to find the reflected coordinates. These
exchanges strengthen students’ mathematical language use and reasoning of reflections along
the x-axis and y-axis.

Design Principle(s): Maximize meta-awareness

Anticipated Misconceptions

If any students struggle getting started because they are confused about where to plot the points,
refer them back to the warm-up activity and practice plotting a few example points with them.

76



Student Task Statement
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1. Here is a list of points
A=(05,4) B = (-4,5) C=(,-2) D = (6,0) E =(0,-3)

On the coordinate plane:

a. Plot each point and label each with its coordinates.
b. Using the x-axis as the line of reflection, plot the image of each point.
c. Label the image of each point with its coordinates.

d. Include a label using a letter. For example, the image of point A should be labeled
Al

2. If the point (13, 10) were reflected using the x-axis as the line of reflection, what would
be the coordinates of the image? What about (13,-20)? (13, 570)? Explain how you
know.

3. The point R has coordinates (3, 2).

a. Without graphing, predict the coordinates of the image of point R if point R were
reflected using the y-axis as the line of reflection.

b. Check your answer by finding the image of R on the graph.

Unit1 Lesson5
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c. Label the image of point R as R'.

d. What are the coordinates of R'?

4. Suppose you reflect a point using the y-axis as line of reflection. How would you
describe its image?
Student Response

1. The picture shows the points A, B, C, D, E and also their reflections over the x-axis:
A" =(05,-4), B = (4,-5),C' =(7,2), D' =(6,0), E' = (0,3).

YA
”B:.:(-4:' 5) 5 i 1
| A=(05,4)
- 3¢ : | | | |
“[E'+(0,3) C'=(7,2)
! Dand D= (6, 0)
54 3 20| 1 2 3 45 ¢ 7 8 9 100
, c407,-2)
|E= (0, -3)
B'=(-4,-5) | A'=(0.5,-4)
-6

2. Using the x-axis as line of reflection, the reflection of (13, 10) is (13, -10), the reflection of
(13,-20) is (13, 20) and the reflection of (13, 570) is (13, -570). Using the x-axis as line of
reflection does not move points horizontally but it does move points which are not on the
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x-axis vertically. In coordinates, the x-coordinate of the point stays the same while the
y-coordinate changes sign.

3. Using the y-axis as line of reflection does not move points vertically but it does move points
that are not on the y-axis horizontally. In coordinates, the y-coordinate of the point stays the
same while the x-coordinate changes sign. The point R has coordinates (3, 2). When | reflect it
over the y-axis it will go to (-3, 2): the x-coordinate changes sign but the y-coordinate remains
the same.

4. The point will have the same y-coordinate but the x-coordinate will change signs. The distance
from the y-axis does not change and the y-coordinate does not change.

Activity Synthesis
To facilitate discussion, display a blank coordinate grid.
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Questions for discussion:

® "When you have a point and an axis of reflection, how do you find the reflection of the point?"
® "How can you use the coordinates of a point to help find the reflection?"
® "Are some points easier to reflect than others? Why?"

® "What patterns have you seen in these reflections of points on the coordinate grid?"

The goal of the activity is not to create a rule that students memorize. The goal is for students to
notice the pattern of reflecting over an axis changing the sign of the coordinate (without having to
graph). The coordinate grid can sometimes be a powerful tool for understanding and expressing
structure and this is true for reflections over both the x-axis and y-axis.

Unit1 Lesson5 79



5.3 Transformations of a Segment

15 minutes (there is a digital version of this activity)

This activity concludes looking at how the different basic transformations (translations, rotations,
and reflections) behave when applied to points on a coordinate grid. In general, it is difficult to use
coordinates to describe rotations. But when the center of the rotation is (0, 0) and the rotation is 90
degrees (clockwise or counterclockwise), there is a straightforward description of rotations using
coordinates.

Unlike translations and reflections over the x or y axis, it is more difficult to visualize where a 90
degree rotation takes a point. Tracing paper is a helpful tool, as is an index card.
Building On

® 8.G.A.1

Addressing
® 8.G.A3

Instructional Routines

® MLRS: Discussion Supports

Launch

Demonstrate how to use tracing paper in order to perform a 90 degree rotation. It is helpful to put
a small set of perpendicular axes (a + sign) on the piece of tracing paper and place their intersection
point at the center of rotation. One of the small axes can be lined up with the segment being
rotated and then the rotation is complete when the other small axis lines up with the segment.

An alternative method to perform rotations would be with the corner of an index card, which is part
of the geometry toolkit.

Students using the digital version will see the segment being rotated by the computer as they
manipulate the sliders.
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Student Task Statement
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Apply each of the following transformations to segment A B.

1. Rotate segment A B 90 degrees counterclockwise around center B. Label the image of
A as C. What are the coordinates of C?

2. Rotate segment A B 90 degrees counterclockwise around center A. Label the image of
B as D. What are the coordinates of D?

3. Rotate segment AB 90 degrees clockwise around (0, 0). Label the image of A as E and
the image of B as F. What are the coordinates of E and F?

4. Compare the two 90-degree counterclockwise rotations of segment A B. What is the
same about the images of these rotations? What is different?

Unit1 Lesson5
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Student Response
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1.C = (3,-2)
2.D=(1,7)
3. E=(3,0), F = (2,-4)

4. Answers vary. Sample response. The two counterclockwise rotations of AB are in different
locations. The points A and B move different distances with the different rotations. One
rotation can be mapped to the other by a translation.

Are You Ready for More?
Suppose EF and GH are line segments of the same length. Describe a sequence of
transformations that moves EF to GH.
Student Response
Answers vary. For example, translate EF so that E lands on G ,and then rotate EF with center G
until (the image of) F lands on H.
Activity Synthesis
Ask students to describe or demonstrate how they found the rotations of segment AB. Make sure

to highlight these strategies:

® Using tracing paper to enact a rotation through a 90 degree angle.

® Using an index card: Place the corner of the card at the center of rotation, align one side with
the point to be rotated, and find the location of the rotated point along an adjacent side of the
card. (Each point's distance from the corner needs to be equal.)
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® Using the structure of the coordinate grid: All grid lines are perpendicular, so a 90 degree
rotation with center at the intersection of two grid lines will take horizontal grid lines to
vertical grid lines and vertical grid lines to horizontal grid lines.

The third strategy should only be highlighted if students notice or use this in order to execute the
rotation, with or without tracing paper. This last method is the most accurate because it does not

require any technology in order to execute, relying instead on the structure of the coordinate grid.

If some students notice that the three rotations of segment AB are all parallel, this should also be
highlighted.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Break the class into small discussion groups and then
invite a representative from each group to report back to the whole class.
Supports accessibility for: Language; Social-emotional skills; Attention

Support for English Language Learners

Speaking: MLR8 Discussion Supports. To support students in explaining the similarities and
differences of the segment rotations for the last question, provide sentence frames for
students to use when they are comparing segments, points, and rotations. For example, “___is
similarto_____because ____"or"”____isdifferentthan ____ because _____." Revoice student
ideas using mathematical language use as needed.

Design Principle(s): Support sense-making; Optimize output for (comparison)

Lesson Synthesis

By this point, students should start to feel confident applying translations, reflections over either
axis, and rotations of 90 degrees clockwise or counterclockwise to a point or shape in the
coordinate plane.

To highlight working on the coordinate plane when doing transformations, ask:

® "What are some advantages to knowing the coordinates of points when you are doing
transformations?”

® "What changes did we see when reflecting points over the x-axis? y-axis?"

® "How do you perform a 90 degree clockwise rotation of a point with center (0, 0)?"

Time permitting, ask students to apply a few transformations to a point. For example, where does
(1,2) go when

Unit1 Lesson>5
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® reflected over the x-axis? (1,-2)
* reflected over the y-axis? (-1,2)

® rotated 90 degrees clockwise with center (0,0)? (2,-1)

5.4 Rotation or Reflection

Cool Down: 5 minutes
Building On

® 8.G.A.1

Addressing
® 8.G.A3

Student Task Statement

One of the triangles pictured is a rotation of triangle ABC and one of them is a reflection.
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1. Identify the center of rotation, and label the rotated image PQR.
2. Identify the line of reflection, and label the reflected image XY Z.

Student Response

1. The center of the rotation taking /A ABC to /A POR is (0,0), and the rotation is 90 degrees in
a counterclockwise direction.

2. A reflection over the x-axis takes /AABC to AXY Z.
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Student Lesson Summary

We can use coordinates to describe points and find patterns in the coordinates of
transformed points.

We can describe a translation by expressing it as a sequence of horizontal and vertical
translations. For example, segment A B is translated right 3 and down 2.
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B=/(1,2)

A = ('2,% | o .

. B =(4,0)
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A'=(1,-1)
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Reflecting a point across an axis changes the sign of one coordinate. For example, reflecting
the point A whose coordinates are (2,-1) across the x-axis changes the sign of the
y-coordinate, making its image the point A’ whose coordinates are (2, 1). Reflecting the point
A across the y-axis changes the sign of the x-coordinate, making the image the point A”
whose coordinates are (-2, -1).

Unit1 Lesson5
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. A'=(2,1)

3 10 1 2 3 4 5%
=(2,-1) A=(2,-1)

Reflections across other lines are more complex to describe.

We don't have the tools yet to describe rotations in terms of coordinates in general. Here is

an example of a 90° rotation with center (0, 0) in a counterclockwise direction.

Point A has coordinates (0, 0). Segment A B was rotated 90° counterclockwise around A.

YA
X B=(23)
B3.2 | |/
o/
1 T 1
/A= (0,0)
3 2 95 2 3 4 %

Point B with coordinates (2, 3) rotates to point B’ whose coordinates are (-3, 2).

Glossary

® coordinate plane
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Lesson 5 Practice Problems

Problem 1
Statement
a. Here are some points.
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What are the coordinates of A, B, and C after a translation to the right by 4 units and
up 1 unit? Plot these points on the grid, and label them A’, B’ and C’.

b. Here are some points.
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What are the coordinates of D, E, and F after a reflection over the y axis? Plot these
points on the grid, and label them D', E’ and F’.

Unit1 Lesson5
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c. Here are some points.
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What are the coordinates of G, H, and I after a rotation about (0, 0) by 90 degrees
clockwise? Plot these points on the grid, and label them G’, H” and I’.

Solution
a. A’ =(=2,6),B' =(7,3),C' =(4,0)
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b. D' =(3,3), E' =(-5,0), F' =(-2,-2)
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Problem 2
I Statement

Describe a sequence of transformations that takes trapezoid A to trapezoid B.

Unit1 Lesson5

89



Solution

Answers vary. Sample response: Translate A up, then rotate it 60 degrees counter-clockwise (with
center of rotation the bottom vertex), and then translate it left.

(From Unit 1, Lesson 4.)

Problem 3

Statement
Reflect polygon P using line Z.

NS

Solution

(From Unit 1, Lesson 3.)
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Unit1 Lesson6

Lesson 6: Describing Transformations

Goals
® Create a drawing on a coordinate grid of a transformed object using verbal descriptions.

® |dentify what information is needed to transform a polygon. Ask questions to elicit that
information.

Learning Targets

® | can apply transformations to a polygon on a grid if | know the coordinates of its vertices.

Lesson Narrative

Prior to this lesson, students have studied and classified different types of transformations
(translations, rotations, reflections). They have practiced applying individual transformations

and sequences of transformations to figures both on and off of a coordinate grid. In this lesson,
they focus on communicating precisely the information needed to apply a sequence of
transformations to a polygon on the coordinate grid. They must think carefully about what
information they need (MP1) and request this information from their partner in a clear, precise way.
They also explain why they need each piece of information (MP3). The coordinate grid plays a key
role in this work, allowing students to communicate precisely about the locations of polygons and
how they are transformed.

Alignments
Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

® 8.G.A.3: Describe the effect of dilations, translations, rotations, and reflections on
two-dimensional figures using coordinates.

Instructional Routines
® MLR4: Information Gap Cards

® Think Pair Share
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Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper"is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Pre-printed slips, cut from copies of the
blackline master

Print 1 copy of the blackline master for every 2 students. Cut them up ahead of time.

From the geometry toolkits, graph paper and tracing paper are especially helpful.

I Student Learning Goals

Let's transform some polygons in the coordinate plane.

6.1 Finding a Center of Rotation

Warm Up: 5 minutes

Sometimes it is easy to forget to communicate all of the vital information about a transformation. In

this case, the center of a rotation is left unspecified. Students do not need to develop a general
method for finding the center of rotation, given a polygon and its rotated image. They identify the
center in one situation and this can be done via geometric intuition and a little trial and error.

Addressing
® 8.G.A.1

Instructional Routines
® Think Pair Share

Launch

Arrange students in groups of 2 and provide access to geometry toolkits. Tell students that they
have a diagram of a figure and its rotated image and that they need to identify the center of
rotation. Give them 2 minutes of quiet work time and an opportunity to share with a partner,

followed by a whole-class discussion.

Anticipated Misconceptions

Students may have trouble getting started. Suggest that they trace P on to tracing paper and try
rotating it 90°. How must they rotate it to get it to land on P'? Where is the center of the "spin"?
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Student Task Statement

Andre performs a 90-degree counterclockwise rotation of Polygon P and gets Polygon P’, but
he does not say what the center of the rotation is. Can you find the center?

P/

Student Response

The rotation takes the horizontal side of P to the vertical side of P, and the center of rotation is the
intersection of the grid lines containing these two sides.

Activity Synthesis

Emphasize that it is important to communicate clearly. When we perform a transformation, we
should provide the information necessary for others to understand what we have done. For a
rotation, this means communicating:

® The center of the rotation.
® The direction of the rotation (clockwise or counterclockwise).

® The angle of rotation.

The grid provides extra structure that helps to identify these three parts of the rotation. Invite
students to share how they identified the center of rotation. Methods may include:

® Experimenting with tracing paper.

® Understanding that the rotation does not change the distance between the center of rotation
and each vertex, so the center should be the same distance from each vertex and its image.

Unit1 Lesson6
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6.2 Info Gap: Transformation Information

30 minutes

This info gap activity gives students an opportunity to determine and request the information
needed to perform a transformation in the coordinate plane. A sample pair of cards looks as
follows:

Info Gap: Transformation Information Info Gap: Transformation laformation
Problem Card 1 Data Card 1
y Translation: 2 units up and 3 units to the right
6 Rotation: none
—5 Reflection: over x-axis
4 Order of Transformations: Translation first and then reflection
—3

Polygon AB'C'D’ is the image of ABCD after some transformations.

Find ABCD’.

Students likely need several rounds to determine the information they need.

® They need to know which transformations were applied (i.e., translation, rotation,
or reflection)

® They need to determine the order in which the transformations were applied.

® They need to remember what information is needed to describe a translation, rotation, or
reflection.

Monitor for students who successfully determine or remember each of these three important
pieces of information as well as students who have partially but not completely solved the
problem. Students may not realize that the order in which the transformations are applied is
important, and this should be addressed in the Synthesis.

The info gap structure requires students to make sense of problems by determining what
information is necessary, and then to ask for information they need to solve it. This may take
several rounds of discussion if their first requests do not yield the information they need (MP1). It
also allows them to refine the language they use and ask increasingly more precise questions until
they get the information they need (MP6).

Addressing
®* 8.G.A.1



Unit1 Lesson6

® 8.G.A3

Instructional Routines
® MLR4: Information Gap Cards

Launch

Tell students they will continue to describe transformations using coordinates. Explain the info gap
structure, and consider demonstrating the protocol if students are unfamiliar with it.

Arrange students in groups of 2. Provide access to graph paper. In each group, distribute a problem
card to one student and a data card to the other student. After you review their work on the first
problem, give them the cards for a second problem and instruct them to switch roles.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Display or provide students with a physical copy of
the written directions. Check for understanding by inviting students to rephrase directions in
their own words. Keep the display of directions visible throughout the activity.

Supports accessibility for: Memory; Organization

Support for English Language Learners

Conversing: This activity uses MLR4 Information Gap to give students a purpose for discussing
information necessary to transform a polygon. Display questions or question starters for
students who need a starting point such as: “Can you tell me . . . (specific piece of information)”,
and “Why do you need to know . . . (that piece of information)?"

Design Principle(s): Cultivate Conversation

Anticipated Misconceptions

Students may struggle to ask their partner for all of the information they need or may ask a
question that is not sufficiently precise, such as, “What are the transformations?” Ask these students
what kinds of transformations they have worked with. What information is needed to perform a
translation? What about a rotation or reflection? Encourage them to find out which transformations
they need to perform (Is there a translation? Is there a rotation?) and then find out the information
they need for each transformation.

Student Task Statement

Your teacher will give you either a problem card or a data card. Do not show or read your card
to your partner.
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If your teacher gives you the problem card: If your teacher gives you the data card:

1. Silently read your card and think about 1. Silently read your card.
what information you need to be able to

. . r partner “ ]
answer the question. 2. Ask your partner “What specific

information do you need?” and wait for
2. Ask your partner for the specific them to ask for information.

information that you need.
If your partner asks for information that

3. Explain how you are using the is not on the card, do not do the
information to solve the problem. calculations for them. Tell them you don't

. . _ have that information.
Continue to ask questions until you have

enough information to solve the 3. Before sharing the information, ask “Why
problem. do you need that information?" Listen to
your partner’s reasoning and ask

4, Share the problem card and solve the . .
clarifying questions.

problem independently.
4., Read the problem card and solve the

5. Read the data card and discuss your .
problem independently.

reasoning.
5. Share the data card and discuss your
reasoning.

Pause here so your teacher can review your work. Ask your teacher for a new set of cards
and repeat the activity, trading roles with your partner.

Student Response
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Are You Ready for More?

Sometimes two transformations, one performed after the other, have a nice description as a
single transformation. For example, instead of translating 2 units up followed by translating 3
units up, we could simply translate 5 units up. Instead of rotating 20 degrees
counterclockwise around the origin followed by rotating 80 degrees clockwise around the
origin, we could simply rotate 60 degrees clockwise around the origin.

Can you find a simple description of reflecting across the x-axis followed by reflecting across
the y-axis?

Student Response

Reflecting across the x-axis followed by reflecting across the y-axis is the same as rotating 180
degrees (in either direction) around the origin.

Activity Synthesis

After students have completed their work, share the correct answers and ask students to discuss
the process of solving the problems. Some guiding questions:

® "How did using coordinates help in talking about the problem?"

® "Was the order in which the transformations were applied important? Why?"

® "|f this same problem were a picture on a grid without coordinates, how would you talk about

the points?"

Highlight for students that one advantage of the coordinate plane is that it allows us to

communicate information about transformations precisely. Here is what is needed for each type of

transformation (consider showing one example of each while going through the different
transformations):

Unit1 Lesson6
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® For a translation, the distance of vertical and horizontal components
® For a rotation, the center of rotation, the direction of rotation, and the angle of rotation

® For a reflection, the line of reflection

Lesson Synthesis

Ask students to choose which of the three transformations they have studied so far (translation,
reflection, rotation) is their favorite and give 2-3 minutes for students to write a few sentences
explaining why. Have students first share their explanations with a partner and then invite students
to share their favorite with the class.

6.3 Describing a Sequence of Transformations

Cool Down: 5 minutes

Students describe what information is required to perform a translation and what information is
required to perform a reflection. They also need to think about the order in which the two
transformations are applied as they have just seen that switching the order can impact the
outcome.

Addressing
® 8.G.A.1

® 8.G.A3

Student Task Statement

Jada applies two transformations to a polygon in the coordinate plane. One of the
transformations is a translation and the other is a reflection. What information does Jada
need to provide to communicate the transformations she has used?

Student Response

For the translation, Jada needs to provide the distance and direction of the vertical displacement
and the distance and direction of the horizontal displacement. For the reflection, Jada needs to give
the line of reflection. It is also important for Jada to communicate the order in which the
transformations are applied.

Student Lesson Summary

The center of a rotation for a figure doesn’'t have to be one of the points on the figure. To find
a center of rotation, look for a point that is the same distance from two corresponding points.
You will probably have to do this for a couple of different pairs of corresponding points to
nail it down.
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Lesson 6 Practice Problems

When we perform a sequence
of transformations, the order
of the transformations can be
important. Here is triangle
ABC translated up two units
and then reflected over the
X-axis.

Here is triangle ABC reflected
over the x-axis and then
translated up two units.

Triangle ABC ends up in
different places when the
transformations are applied in
the opposite order!

Problem 1

Statement

Here is Trapezoid A in the coordinate plane:

Unit1 Lesson6
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a. Draw Polygon B, the image of A, using the y-axis as the line of reflection.
b. Draw Polygon C, the image of B, using the x-axis as the line of reflection.

c. Draw Polygon D, the image of C, using the x-axis as the line of reflection.

Solution
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Polygon D is the same as B: reflecting a polygon twice over the x-axis returns it to its original
position.
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Problem 2

Statement

The point (-4, 1) is rotated 180 degrees counterclockwise using center (-3, 0). What are the
coordinates of the image?

A. (-5,-2)
B. (-4,-1)
C.(-2,-1)
D. (4,-1)

Solution

C

Problem 3
Statement

Describe a sequence of transformations for which Triangle B is the image of Triangle A.

<

\

L L

\ B

5412[‘;12345:,\»
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Solution

Answers vary. Sample response: B is the image of A under a reflection over the y-axis, then a
translation 2 units to the right and 2 units up.

Problem 4

Statement
Here is quadrilateral ABCD.
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Draw the image of quadrilateral ABCD after each transformation.
a. The translation that takes B to D.
b. The reflection over segment BC.
c. The rotation about point A by angle DA B, counterclockwise.
Solution

a. Image of trapezoid moved to the left so that B lines up with D

b. Image of trapezoid sharing segment BC with ABCD

c. Image of trapezoid rotated so that the side corresponding to AD is now part of segment AB

(From Unit 1, Lesson 2.)
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Section: Properties of Rigid Transformations
Lesson 7: No Bending or Stretching

Goals

® Comprehend that the phrase “rigid transformation” refers to a transformation where all pairs
of “corresponding distances” and “corresponding angle” measures in the figure and its image
are the same.

® Draw and label a diagram of the image of a polygon under a rigid transformation, including
calculating side lengths and angle measures.

® |dentify (orally and in writing) a sequence of rigid transformations using a drawing of a figure
and its image.

Learning Targets

® | can describe the effects of a rigid transformation on the lengths and angles in a polygon.

Lesson Narrative

In this lesson, students begin to see that translations, rotations, and reflections preserve lengths
and angle measures, and for the first time call them rigid transformations. In earlier lessons,
students talked about corresponding points under a transformation. Now they will talk about
corresponding sides and corresponding angles of a polygon and its image.

As students experiment with measuring corresponding sides and angles in a polygon and its image,
they will need to use the structure of the grid (MP7) as well as appropriate technology, including
protractors, rulers, and tracing paper.

Alignments
Building On

® 4.MD.A: Solve problems involving measurement and conversion of measurements from a
larger unit to a smaller unit.

Addressing

® 8.G.A.1.a: Lines are taken to lines, and line segments to line segments of the same length.

® 8.G.A.1.b: Angles are taken to angles of the same measure.

Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect
® MLR2: Collect and Display

® MLR8: Discussion Supports
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Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper"is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plusa  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Let's compare measurements before and after translations, rotations, and reflections.

7.1 Measuring Segments

Warm Up: 5 minutes
In this warm-up, students measure four line segments. They discuss the different aspects of making
and recording accurate measurements. It is important to highlight the fractional markings and
fraction and decimal equivalents used as students explain how they determined the length of the
segment.
Building On

® 4 MD.A

Launch

Give students 2 minutes of quiet work time followed by whole-class discussion.

Anticipated Misconceptions

Students may struggle with the ruler that is not pre-partitioned into fractional units. Encourage
these students to use what they know about eighths and tenths to partition the ruler and estimate
their answer.

Student Task Statement

For each question, the unit is represented by the large tick marks with whole numbers.

1. Find the length of this segment to the nearest % of a unit.

1‘ 2 3 4 5‘ 6
L bbb b bbbl

2. Find the length of this segment to the nearest 0.1 of a unit.
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3. Estimate the length of this segment to the nearest % of a unit.

1‘ 2‘ 3‘ 4‘ 5

4. Estimate the length of the segment in the prior question to the nearest 0.1 of a unit.

Student Response

5 .
1. 45 units
2. 4.7 units
3 6 .
3. 3: (or 3§ units)
4, 3.7 units (or 3.8 units)

Activity Synthesis

Invite students to share their responses and record them for all to see. Ask the class if they agree or
disagree with each response. When there is a disagreement, have students discuss possible
reasons for the different measurements.

Students are likely to have different answers for their measure of the third segment. The ruler
shown is not as accurate as the question requires as it has not been pre-partitioned into fractional
units. Ask 2-3 students with different answers to share their strategies for measuring the third
segment. There will be opportunities for students to use measuring strategies later in this lesson.

7.2 Sides and Angles

15 minutes (there is a digital version of this activity)

The purpose of this activity is for students to see that translations, rotations, and reflections
preserve lengths and angle measures. Students can use tracing paper to help them draw the
figures and make observations about the preservation of side lengths and angle measures under
transformations. While the grid helps measure lengths of horizontal and vertical segments, the
students may need more guidance when asked to measure diagonal lengths. Itis important in the
launch to demonstrate for students how to either use the tracing paper or an index card to mark
off unit lengths using the grid (MP5).

Unit1 Lesson7 105



Since students are creating their own measuring tool, they can only give an estimate, and some
flexibility should be allowed in the response. During the discussion, highlight different reasonable
answers that students find for the lengths which are not whole numbers.

As students work individually, monitor and ask them to explain how they are performing their
transformations and finding the side lengths and angle measures. During the discussion, select

students who mention corresponding sides and angles, which they learned in grade 7 when making

scaled copies, to share. Also select students who estimated the side lengths for Figure C correctly
using either the tracing paper or index card.
Addressing

® 8.G.A.1.a

® 8.G.A.1.b

Instructional Routines

® MLRS: Discussion Supports

Launch

Tell students, “In this activity you will be performing transformations. You can use tracing paper to
help you draw the images of the figures or to check your work.”

Point students to Figure C and tell them, “When you are asked to measure side lengths here, you
will need to make a ruler on either tracing paper or on a blank edge of an index card.” This
reinforces the strategies and estimates students made in the warm-up.

Give students 3 minutes of quiet think time. Be sure to save at least 5 minutes for the discussion.

For classrooms using the digital version of the activity, the applets contain tools for the three rigid
transformations students need. They have to choose which tool to use in each problem. Caution
students that a quick click is all that is needed to select a figure. If they move the cursor away, and
the image does not seem “highlighted,” it is likely they selected and de-selected the figure.

Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. To support development of organizational
skills, check in with students within the first 2-3 minutes of work time. Look for students who
make a ruler and use it appropriately in finding side lengths. Invite students to share how they
found diagonal side lengths in the last problem.

Supports accessibility for: Memory; Organization

Anticipated Misconceptions

Students may try to count the grid squares on the diagonal side lengths. Remind students to

measure these lengths with their tracing paper or index card. Students may also struggle estimating
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the diagonal side lengths on their self-marked index card or tracing paper. Remind students of how
they estimated the lengths for the questions in the warm-up where the ruler was not marked.
Student Task Statement

1. Translate Polygon A so point P goes to point Q. In the image, write the length of each
side, in grid units, next to the side.

P 4Q

2. Rotate Triangle B 90 degrees clockwise using R as the center of rotation. In the image,
write the measure of each angle in its interior.

3. Reflect Pentagon C across line 7.
a. In the image, write the length of each side, in grid units, next to the side. You may
need to make your own ruler with tracing paper or a blank index card.

b. In the image, write the measure of each angle in the interior.
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Student Response
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The side lengths are measured in units where one unit is the side length of the square in the
grid.
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The lengths are measured in grid units. The sides that are not whole numbers have been
rounded to the nearest tenth.

Activity Synthesis

Ask selected students to share how they performed the given transformation for each question.
After each explanation, ask the class if they agree or disagree. Introduce students to the idea of
corresponding sides and corresponding angles. Ask students to identify the corresponding angles
in the first question and the corresponding side lengths in the second since they were not asked
about these attributes the first time. The point here is not to find the actual values but to note that
the corresponding measurements are equal. Since it is sometimes not possible to measure angles
or side lengths exactly, student estimates for these values (both corresponding sides and
corresponding angles) may be slightly different.

Point out that for each of the transformations in this activity, the lengths of the sides of the original
figure equal the lengths of the corresponding sides in the image, and the measures of the angles in
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the original figure equal the measures of the corresponding angles in the image. For this reason, we
call these transformations rigid transformations: they behave as if we are moving the shapes
around without stretching, bending, or breaking them. An example of a non-rigid transformation is
one that compresses a figure vertically, like this:

Al

Tell them that a rigid transformation is a transformation where all pairs of corresponding distances
and angle measures in the figure and its image are equal. It turns out that translations, reflections,
and rotations are the building blocks for all rigid transformations, and we will explore that next.

Support for English Language Learners

Speaking: MLR8 Discussion Supports. As students describe their approaches, press for details in
students’ explanations by requesting that students challenge an idea, elaborate on an idea, or
give an example of their process. Connect the terms corresponding sides and corresponding
angles to students’ explanations multi-modally by using different types of sensory inputs, such
as demonstrating the transformation or inviting students to do so, using the images, and using
gestures. This will help students to produce and make sense of the language needed to
communicate their own ideas.

Design Principle(s): Optimize output (for explanation)

7.3 Which One?

10 minutes (there is a digital version of this activity)

The purpose of this activity is to decide if there is a sequence of translations, rotations, and
reflections that take one figure to another and, if so, to produce one such sequence. Deciding
whether or not such a sequence is possible uses the knowledge that translations, rotations, and
reflections do not change side lengths or angle measures. The triangles ABC and CFG form part
of a large pattern of images of triangle ABC that will be examined more closely in future lessons.
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Monitor for students who use different transformations to take triangle ABC to triangle CFG and
select them to share during the discussion. (There are two possible sequences in the
Possible Responses section, but these are not the only two.)

Addressing
® 8.G.A.l.a
®* 8.G.A1.b
Instructional Routines
® Anticipate, Monitor, Select, Sequence, Connect
® MLR2: Collect and Display

Launch

Provide access to geometry toolkits. Give students 4 minutes quiet work time, 2 minutes to discuss
with partner, and then time for a whole-class discussion.

If using the digital activity, have a brief discussion of the previous activity to highlight the
transformations that the students used. Then give students 4 minutes of individual work time, 2
minutes to discuss with a partner, and then time for a whole-class discussion.

Support for Students with Disabilities

Action and Expression: Develop Expression and Communication. Invite students to talk about their
ideas with a partner before writing them down. Display sentence frames to support students
when they explain their ideas. For example, “Triangle _____is arigid transformation of Triangle
ABC because..." "l agree/disagree because...,” or “Another transformationis ___because....”
Supports accessibility for: Language; Organization

Support for English Language Learners

Conversing: MLR2 Collect and Display. As students discuss their work with a partner, listen for
and collect the language students use to describe each transformation. Record students’ words
and phrases on a visual display (e.g., "Rotate triangle ABC 90 degrees counterclockwise
around point C," "Translate triangle ABC 7 units right," etc.), and update it throughout the
remainder of the lesson. Remind students to borrow language from the display as needed.
This will help students read and use mathematical language during paired and whole-group
discussions.

Design Principle(s): Optimize output (for explanation); Maximize meta-awareness
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Student Task Statement
Here is a grid showing triangle A BC and two other triangles.

D

You can use a rigid transformation to take triangle A BC to one of the other triangles.
1. Which one? Explain how you know.
2. Describe a rigid transformation that takes A BC to the triangle you selected.

Student Response

1. It's triangle CFG. Triangle DBE is smaller than /A ABC, so no sequence of rigid
transformations can take /\ ABC to triangle DBE.

2. Answers vary. Here are two possible sequences:

® Translate triangle ABC 7 units right so that B matches up with F. Then rotate 90 degrees
clockwise around F.

® Rotate triangle ABC 90 degrees counterclockwise around point C, and then rotate 180
degrees around the midpoint of M of segment CG.

Are You Ready for More?

A square is made up of an L-shaped region
and three transformations of the region. If the
perimeter of the square is 40 units, what is the
perimeter of each L-shaped region?
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Student Response

25 units.

Activity Synthesis

Ask a student to explain why triangle ABC cannot be taken to triangle DBE. (We are only using
rigid transformations and therefore the corresponding lengths have to be equal and they are not.)
If a student brings up that they think triangle DBE is a scale drawing of ABC, bring the discussion
back to translations, rotations, and reflections, rather than talking about how or why triangle DBE
isn't actually a scale drawing of ABC.

Offer as many methods for transforming triangle ABC as possible as time permits, selecting
previously identified students to share their methods. Include at least two different sequences of
transformations. Make sure students attend carefully to specifying each transformation with the
necessary level of precision. For example, for a rotation, that they specify the center of rotation, the
direction, and the angle of rotation.

If time allows, consider asking the following questions:

® "Can triangle ABC be taken to triangle CFG with only a translation?" (No, since CFG is
rotated.)

® "What about with only a reflection?" (No, because they have the same orientation.)

® "What about with a single rotation?" (The answer is yes, but this question does not need to be
answered now as students will have an opportunity to investigate this further in a future
lesson.)

Lesson Synthesis

Remind students that a rigid transformation is a transformation for which all pairs of
corresponding lengths and angle measures in the original figure and its image are equal.
Translations, rotations, and reflections have this property, so they are rigid transformations.
Sequences of these are as well—for example, if you translate a figure then reflect the image, the
side lengths and angle measures stay the same.

Ask students to think of ways they could look at two shapes and tell that one is not the image of the
other under a rigid transformation. Give a moment of quiet think time, and then invite students to
share their ideas (If two shapes have different side lengths or angle measures then there is no rigid
transformation taking one shape to the other).

When there is a rigid transformation taking one figure to another, there are many ways to do this.
Ask students:

® "What are some good ways to tell whether one shape can be taken to another with a sequence
of rigid transformations?" (Measure all of the side lengths and angle measure and ensure that
corresponding measurements are equal. Use tracing paper to see if one shape matches up
exactly with the other.)
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® "What are the three basic types of rigid transformations?" (rotations, translations, and
reflections)

7.4 Translated Trapezoid

Cool Down: 5 minutes

Students use key defining properties of rigid motions, namely that they preserve side lengths and
angle measures, in order to calculate side lengths and angle measures in a polygon and its image
under a rigid transformation.

Addressing
® 8.G.A.1.a

®* 8.GA1Db

Launch

Provide access to a geometry toolkit.

Student Task Statement
Trapezoid A’ B'C' D' is the image of trapezoid ABC D under a rigid transformation.

D

e
()
.

1. Label all vertices on trapezoid A’ B'C' D'.

2. On both figures, label all known side lengths and angle measures.
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Student Response

A 6 D
/4/’
130°
p 4
‘/\ 50° B
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Student Lesson Summary

The transformations we've learned about so far, translations, rotations, reflections, and
sequences of these motions, are all examples of rigid transformations. A rigid
transformation is a move that doesn’t change measurements on any figure.

Earlier, we learned that a figure and its image have corresponding points. With a rigid
transformation, figures like polygons also have corresponding sides and corresponding
angles. These corresponding parts have the same measurements.

For example, triangle EF D was made by reflecting triangle ABC across a horizontal line,
then translating. Corresponding sides have the same lengths, and corresponding angles have

the same measures.

Unit1 Lesson7
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measurements in triangle ABC | corresponding measurements in image EFD

AB =224 EF =224

BC =2.83 FD =283

CA=3.00 DE =3.00
m£ABC =71.6° msZEFD =171.6°
ms£BCA =45.0° msFDE =45.0°
msZCAB = 63.4° m£DEF = 63.4°

Glossary

® corresponding

® rigid transformation

Lesson 7 Practice Problems
Problem 1

Statement

Is there a rigid transformation taking Rhombus P to Rhombus Q? Explain how you know.

A

No, because the angle measures of the two polygons are different, and a rigid transformation must
preserve all lengths and angle measures.

Solution

Problem 2
I Statement

Describe a rigid transformation that takes Triangle A to Triangle B.
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Solution

Translate three units right and two units up.

Problem 3
Statement

Is there a rigid transformation taking Rectangle A to Rectangle B? Explain how you know.

Solution

No, because the side lengths of the two rectangles are different, and a rigid transformation must
preserve all lengths and angle measures.

Problem 4
Statement

For each shape, draw its image after performing the transformation. If you get stuck,
consider using tracing paper.
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a. Translate the shape so
that A goesto A’.

a. Rotate the shape 180
degrees counterclockwise
around B.

a. Reflect the shape over
the line shown.

VaVAVAVAVAY

\\‘,-" //\//, \ \/\ \ / \ // \\ )
\/\/\

Solution

a.
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(From Unit 1, Lesson 4.)
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Lesson 8: Rotation Patterns

Goals

® Draw and label rotations of 180 degrees of a line segment from centers of the midpoint, a
point on the segment, and a point not on the segment.

® Generalize (orally and in writing) the outcome when rotating a line segment 180 degrees.
® |dentify(orally and in writing) the rigid transformations that can build a diagram from one

starting figure.

Learning Targets

® | can describe how to move one part of a figure to another using a rigid transformation.

Lesson Narrative

In this lesson, rigid transformations are applied to line segments and triangles. For line segments,
students examine the impact of a 180 degree rotation. This is important preparatory work for
studying parallel lines and rigid transformations, the topic of the next lesson. For triangles
students look at a variety of transformations where rotations of 90 degrees and 180 degrees are
again a focus. This work and the patterns that students build will be important later when they
study the Pythagorean Theorem.

Throughout the lesson, students use the properties of rigid transformations (they do not change
distances or angles) in order to make conclusions about the objects they are transforming (MP7).

Alignments
Addressing

® 8.G.A.1.a: Lines are taken to lines, and line segments to line segments of the same length.

® 8.G.A.1.b: Angles are taken to angles of the same measure.

Building Towards

® 8.G.A.1.c: Parallel lines are taken to parallel lines.

Instructional Routines

® MLR8: Discussion Supports

® Think Pair Share
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Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Let's rotate figures in a plane.

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

8.1 Building a Quadrilateral

Warm Up: 5 minutes

Students rotate a copy of a right isosceles triangle four times to build a quadrilateral. It turns out
that the quadrilateral is a square. Students are not asked or expected to justify this but it can be
addressed in the discussion. The fourth question about rotational symmetry of the quadrilateral will

help students conclude that it is a square.

There are many more opportunities to build figures using rigid transformations in other lessons.

Addressing
® 8.G.A.l.a

® 8.G.A1.b

Launch

Provide access to geometry toolkits, particularly tracing paper.

Student Task Statement

Here is a right isosceles triangle:
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1. Rotate triangle ABC 90 degrees clockwise around B.
2. Rotate triangle ABC 180 degrees clockwise round B.
3. Rotate triangle ABC 270 degrees clockwise around B.

4. What would it look like when you rotate the four triangles 90 degrees clockwise around
B? 180 degrees? 270 degrees clockwise?

Student Response
1-3.

4. The overall figure would look the same. These rotations just interchange the 4 triangles.

Activity Synthesis

Ask students what they notice and wonder about the quadrilateral that they have built. Likely
responses include:

® |tlooks like a square.

® Rotating it 90 degrees clockwise or counterclockwise interchanges the 4 copies of triangle
ABC.

® Continuing the pattern of rotations, the next one will put ABC back in its original position.

Ask the students how they know the four triangles fit together without gaps or overlaps to make a
quadrilateral. Here the key point is that the triangle is isosceles, so the rotations match up these
sides perfectly. The four right angles make a complete 360 degrees, so the shape really is a
quadrilateral. The fact that the quadrilateral is a square can be deduced from the fact that it is
mapped to itself by a 90 degree rotation, but this does not need to be stressed or addressed.

8.2 Rotating a Segment

15 minutes (there is a digital version of this activity)
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The purpose of this activity is to allow students to explore special cases of rotating a line segment
180°. In general, rotating a segment 180° produces a parallel segment the same length as the
original. This activity also treats two special cases:

® When the center of rotation is the midpoint, the rotated segment is the same segment as the
original, except the vertices are switched.

® When the center of rotation is an endpoint, the segment together with its image form a
segment twice as long as the original.

As students look to make general statements about what happens when a line segment is rotated
180° they engage in MP8. They are experimenting with a particular line segment but the
conclusions that they make, especially in the last problem, are for any line segment.

Watch for how students explain that the 180° rotation of segment CD in the second part of the
question is parallel to CD. Some students may say that they “look parallel” while others might try to
reason using the structure of the grid. Tell them that they will investigate this further in the next
lesson.

Addressing

® 8.G.A.1.a

Building Towards
® 8.G.A.1.C

Instructional Routines
® MLRS: Discussion Supports
® Think Pair Share

Launch

Arrange students in groups of 2. Provide access to geometry toolkits. Give 3 minutes of quiet work
time, followed by sharing with a partner and a whole-class discussion.

Support for Students with Disabilities

Representation: Internalize Comprehension. Begin the activity with concrete or familiar contexts.
As in previous lessons, use tracing paper or digital software to rotate a segment 180 degrees
around a point. Lead the class in a think aloud considering the point of rotation to be the
midpoint or endpoint of the segment as an entry point for this activity.

Supports accessibility for: Conceptual processing; Memory
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Anticipated Misconceptions

Students may be confused when rotating around the midpoint because they think the image
cannot be the same segment as the original. Assure students this can occur and highlight that point
in the discussion.

Student Task Statement

1. Rotate segment C'D 180 degrees around point D. Draw its image and label the image of
Cas A.

2. Rotate segment CD 180 degrees around point E. Draw its image and label the image of
C as B and the image of D as F.

3. Rotate segment C' D 180 degrees around its midpoint, G. What is the image of C?

4. What happens when you rotate a segment 180 degrees around a point?

Student Response
1.
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2. The image of the segment lines up with itself, but the endpoints are switched. D is now where
C was and C is where D was.

3. The new segment may change its location, but it remains the same length. The new segment is
parallel to the original segment. When the point of rotation is the midpoint of the segment,
then the rotated segment is the same as the original (the endpoints trade places) and when
the point of rotation is an end point of the segment, the image connects to the original to form
a segment twice as long.

Are You Ready for More?

Here are two line segments. Is it possible to rotate one line segment to the other? If so, find
the center of such a rotation. If not, explain why not.
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Student Response

Yes

Activity Synthesis

Ask students why it is not necessary to specify the direction of a 180 degree rotation (because a 180
degree clockwise rotation around point P has the same effect as a 180 degree counterclockwise
rotation around P). Invite groups to share their responses. Ask the class if they agree or disagree
with each response. When there is a disagreement, have students discuss possible reasons for the
differences.

Three important ideas that emerge in the discussion are:

® Rotating a segment 180" around a point that is not on the original line segment produces a
parallel segment the same length as the original.

® When the center of rotation is the midpoint, the rotated segment is the same segment as the
original, except the vertices are switched.

® When the center of rotation is an endpoint, the segment together with its image form a
segment twice as long.

If any of the ideas above are not brought up by the students during the class discussion, be sure to
make them known.

All of these ideas can be emphasized dynamically by carrying out a specified rotation in the

applet and then moving the center of rotation or an endpoint of the original line segment. Even if
students are not using the digital version of the activity, you may want to display and demonstrate
with the applet.
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Support for English Language Learners

Speaking: MLR8 Discussion Supports. Use this routine to support whole-class discussion when
students discuss whether it is necessary to specify the direction of a 180 degree rotation. After
a student speaks, call on students to restate and/or revoice what was shared using
mathematical language (e.g., rotation, line segment, midpoint, etc.). This will provide more
students with an opportunity to produce language as they explore special cases of rotating a
line segment 180°.

Design Principle(s): Support sense-making; Maximize meta-awareness

8.3 A Pattern of Four Triangles

10 minutes (there is a digital version of this activity)

In this activity, students use rotations to build a pattern of triangles. In the previous lesson, students
examined a right triangle and a rigid transformation of the triangle. In this activity, several rigid
transformations of the triangle form an interesting pattern.

Triangle ABC can be mapped to each of the three other triangles in the pattern with a single
rotation. As students work on the first three questions, watch for any students who see that a single
rotation can take triangle ABC to CDE. The center for the rotation is not drawn in the diagram: it
is the intersection of segment AE and segment CG. For students who finish early, guide them to
look for a single transformation taking A BC to each of the other triangles.

This pattern will play an important role later when students use this shape to understand a proof of
the Pythagorean Theorem.

Identify students who notice that they have already solved the first question in an earlier activity.
Watch for students who think that CAGE is a square and tell them that this will be addressed in a
future lesson. However, encourage them to think about what they conclude about CAGE now.
Also watch for students who repeat the same steps to show that ABC can be mapped to each of
the other three triangles.

Addressing
® 8.G.A.1.a
® 8.G.A.1.b

Instructional Routines
® MLRS: Discussion Supports

Launch

Arrange students in groups of 2-4. Provide access to geometry toolkits.
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If using the digital activity, give students individual work time before allowing them to converse with
a partner.

Support for Students with Disabilities

Representation: Internalize Comprehension. Demonstrate and encourage students to use color
coding and annotations to draw students’ attention to the triangles in the diagram and the
corresponding question. For example, highlight and isolate triangles ABC and CDE to help
make connections to work in the previous activity.

Supports accessibility for: Visual-spatial processing

Anticipated Misconceptions

Some students might not recognize how this work is similar to the previous activity. For these
students, ask them to step back and consider only triangles ABC and CDE, perhaps covering the
bottom half of the diagram.

Student Task Statement

B Is D You can use rigid
transformations of a
figure to make
patterns. Here is a
diagram built with
three different
transformations of
triangle ABC.

H G F
1. Describe a rigid transformation that takes triangle ABC to triangle CDE.

2. Describe a rigid transformation that takes triangle ABC to triangle EFG.
3. Describe a rigid transformation that takes triangle ABC to triangle GH A.

4. Do segments AC, CE, EG, and GA all have the same length? Explain your reasoning.
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Student Response
1. Answers vary. Sample responses:
® Translate point B to point D, then rotate 90 degrees clockwise using D as center.

® Rotate counterclockwise using C as center until segment CA matches up perfectly with
segment CE, then rotate 180 degrees using the midpoint of segment CE as center.

1. Answers vary. Sample responses:

® Translate B to F and then rotate 180 degrees with center F.

® Translate so segment AC matches up with segment GE and then rotate 180 degrees with the
midpoint of segment GE as center of rotation.

1. Answers vary. Sample responses:

® Translate B to H and then rotate 90 degrees counterclockwise with center H.

® Rotate with center A so that segment AC matches up with segment AG and then rotate 180
degrees with the midpoint of segment AG as center.

1. Yes, because the size and shape of triangle A BC did not change under the rigid
transformation. Segment AC can be matched up exactly with segments CE, EG, and GA so
the lengths of these segments are all the same.

Activity Synthesis

Select a student previously identified who noticed how the first question relates to a previous
activity to share their observation. Discuss here how previous work can be helpful in new work,
since students may not be actively looking for these connections. The next questions are like the
first, but the triangles have a different orientation and different transformations are needed.

Discuss rigid transformations. Focus especially on the question about lengths. A key concept in this
section is the idea that lengths and angle measures are preserved under rigid transformations.

Some students may claim CAGE is a square. If this comes up, leave it as an open question for now.

This question will be revisited at the end of this unit, once the angle sum in a triangle is known. The
last question establishes that CAGE is a rhombus.

Support for English Language Learners

Speaking: MLRS Discussion Supports. Give students additional time to make sure that everyone in
their group can explain whether the segments AC, CE, EG, and GA all have the same lengths.
Then, vary who is called on to represent the ideas of each group. This routine will prepare
students for the role of group representative and to support each other to take on that role.
Design Principle(s): Optimize output (for explanation)
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Lesson Synthesis
Ask students to describe the possible outcomes when a line segment AB is rotated 180 degrees.
®* ABis mapped to itself, when the center of rotation is the midpoint of the segment

® ABis mapped to another segment collinear with the first, when the center of rotation is A or
B (or any other point on segment AB)

® ABis mapped to a parallel segment, when the center of rotation is not on line AB.

8.4 Is it arotation?

Cool Down: 5 minutes

Having studied rotations in detail throughout this lesson, students look at a triangle and its image
after a rigid transformation. They decide whether or not one is a rotation of the other. It turns out
to be a reflection rather than a rotation. Students can use tracing paper to verify their conjectures,
but at this point they should start to have an intuition for the effects of a rotation versus a
reflection.

Addressing
® 8.G.A.1.a
®* 8.G.A1.b

Launch

Make tracing paper available.

Student Task Statement

Here are two triangles.

Is Triangle B a rotation of Triangle A? Explain your reasoning.
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Student Response

No, Triangle B is a reflection of Triangle A over line £. A rotation can be used to match two sides of

the triangles but will not match one up perfectly with the other.

Student Lesson Summary
When we apply a 180-degree rotation to a line segment, there are several possible outcomes:
® The segment maps to itself (if the center of rotation is the midpoint of the segment).

® The image of the segment overlaps with the segment and lies on the same line (if the
center of rotation is a point on the segment).

® The image of the segment does not overlap with the segment (if the center of rotation is
not on the segment).

We can also build patterns by rotating a shape. For example, triangle ABC shown here has
m(£A) = 60. If we rotate triangle ABC 60 degrees, 120 degrees, 180 degrees, 240 degrees,
and 300 degrees clockwise, we can build a hexagon.

Lesson 8 Practice Problems
Problem 1

Statement

For the figure shown here,

132



a. Rotate segment CD 180° E
around point D. .

b. Rotate segment CD 180°
around point E.

c. Rotate segment CD 180° M
around point M.

Solution

a. The segment is attached at point D and is an extension of segment CD.

b. The segment is above point E and is parallel to segment CD.

c. The segment is identical to segment CD.

Problem 2
Statement

Here is an isosceles right triangle:

Draw these three rotations of
. C
triangle ABC together.

a. Rotate triangle ABC 90
degrees clockwise around
A.

b. Rotate triangle ABC 180 B A
degrees around A.

c. Rotate triangle ABC 270
degrees clockwise around
A.

Unit1 Lesson 8

133



Solution

Problem 3

Statement

Each graph shows two polygons ABCD and A’ B'C’ D'. In each case, describe a sequence of
transformations that takes ABCD to A’ B'C' D'.

a.
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Solution

a. Reflect ABCD over the y-axis, and then translate down 1.

b. Rotate ABCD 90 degrees clockwise with center B = (-1,0), and then translate (-1,0) to (3, 1).

(From Unit 1, Lesson 5.)

Problem 4
Statement

Lin says that she can map Polygon A to Polygon B using only reflections. Do you agree with
Lin? Explain your reasoning.

Solution

| agree with Lin. If Polygon A is reflected first over the vertical line £ and then over the horizontal
line m, this takes Polygon A to Polygon B.
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(From Unit 1, Lesson 4.)
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Lesson 9: Moves in Parallel

Goals

® Comprehend that a rotation by 180 degrees about a point of two intersecting lines moves
each angle to the angle that is vertical to it.

® Describe (orally and in writing) observations of lines and parallel lines under rigid
transformations, including lines that are taken to lines and parallel lines that are taken to
parallel lines.

® Draw and label rigid transformations of a line and explain the relationship between a line and
its image under the transformation.

® Generalize (orally) that “vertical angles” are congruent using informal arguments about 180
degree rotations of lines.

Learning Targets

® | can describe the effects of a rigid transformation on a pair of parallel lines.

® |f | have a pair of vertical angles and know the angle measure of one of them, | can find the
angle measure of the other.

Lesson Narrative

The previous lesson examines the impact of rotations on line segments and polygons. This lesson
focuses on the effects of rigid transformations on lines. In particular, students see that parallel lines
are taken to parallel lines and that a 180° rotation about a point on the line takes the line to itself. In
grade 7, students found that vertical angles have the same measure, and they justify that here
using a 180° rotation.

As they investigate how 180° rotations influence parallel lines and intersecting lines, students are
looking at specific examples but their conclusions hold for all pairs of parallel or intersecting lines.
No special properties of the two intersecting lines are used so the 180° rotation will show that
vertical angles have the same measure for any pair of vertical angles.

Alignments
Building On

® 7.G.B.5: Use facts about supplementary, complementary, vertical, and adjacent angles in a
multi-step problem to write and solve simple equations for an unknown angle in a figure.

Addressing

® 8.G.A.1.a: Lines are taken to lines, and line segments to line segments of the same length.
® 8.G.A.1.b: Angles are taken to angles of the same measure.

® 8.G.A.1.c: Parallel lines are taken to parallel lines.
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Instructional Routines

® MLR7: Compare and Connect

Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Let's transform some lines.

9.1 Line Moves

Warm Up: 10 minutes

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper"is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

In this warm-up, students continue their work with transformations by shifting from applying rigid
transformations to shapes to applying them specifically to lines. Each image in this activity has the
same starting line and students are asked to name the translation, rotation, or reflection that takes
this line to the second marked line. Because of their infinite and symmetric nature, different
transformations of lines look the same unless specific points are marked, so 1-2 points on each line

are marked.

While students have experience transforming a variety of figures, this activity provides the
opportunity to use precise language when describing transformations of lines while exploring how
sometimes different transformations can result in the same final figures. During the activity,
encourage students to look for more than one way to transform the original line.

Addressing
® 8.G.A.1.a

Launch

Provide access to tracing paper. Give students 2 minutes of quiet work time followed by whole-class

discussion.

Student Task Statement

For each diagram, describe a translation, rotation, or reflection that takes line £ to line
¢'. Then plot and label A’ and B’, the images of A and B.
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Student Response

1. Answers vary. Possible responses:
© Translation in many possible directions, for example, down 3 units

o Reflection over a line parallel to £ halfway between £ and ¢’

© Rotation using a point halfway between # and ¢’ as the center of rotation and an angle
of 180°

2. Answers vary. Possible responses:
© Reflection across the vertical line through point A

© Reflection across the horizontal line through point A

© Counterclockwise rotation about point A by the obtuse angle whose vertex is at A
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© Clockwise rotation about point A by the acute angle whose vertex is at A

Activity Synthesis

Invite students to share the transformations they choose for each problem. Each diagram has more
than one possible transformation that would result in the final figure. If the class only found one,
pause for 2-3 minutes and encourage students to see if they can find another. For the first diagram,
look for a single translation, single rotation, and single reflection that work. For the second diagram,
look for a single rotation and a single reflection.

® "Will a translation work for the second diagram? Explain your reasoning." (A translation will not
work. Since translations do not incorporate a turn, translations of a line are parallel to the
original line or are the same line.)

9.2 Parallel Lines

15 minutes

In this activity, students will investigate the question, “What happens to parallel lines under rigid
transformations?” by performing three different transformations on a set of parallel lines. After
applying each transformation, they will jot down what they notice by answering the questions for
each listed transformation.

As students work through these problems they may remember essential features of parallel lines
(they do not meet, they remain the same distance apart). Rigid transformations do not change
either of these features which means that the image of a set of parallel lines after a rigid
transformation is another set of parallel lines (MP7).

Identify the students who saw that the orientation of the lines changes but the lines remain parallel
to each other regardless and select them to share during the discussion.

Addressing
® 8.G.A.1.C

Launch

Before beginning, review with students what happens when we perform a rigid transformation.
Demonstrate by moving the tracing paper on top of the image to replicate an example
transformation (for example, rotation of the lines clockwise 90° around the center K). Tell students
that the purpose of this activity is to investigate, “What happens to parallel lines when we perform
rigid transformations on them?”
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Arrange students in groups of 3. Provide access to tracing paper. Each student in the group does
one of the problems and then the group discusses their findings.

Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. Chunk this task into more manageable
parts to support students who benefit from support with organizational skills in problem
solving. For example, present one question at a time and monitor students to ensure they are
making progress throughout the activity.

Supports accessibility for: Organization; Attention

Anticipated Misconceptions

Students may not perform the transformations on top of the original image. Ask these students to
place the traced lines over the original and perform each transformation from there.

Unit1 Lesson9 141



Student Task Statement

Use a piece of tracing paper to trace lines a and b and point K. Then use that tracing paper to
draw the images of the lines under the three different transformations listed.

As you perform each transformation, think about the question:
What is the image of two parallel lines under a rigid transformation?
1. Translate lines @ and b 3 units up and 2 units to the right.

a. What do you notice about the changes that occur to lines a and b after the
translation?

b. What is the same in the original and the image?
2. Rotate lines a and b counterclockwise 180 degrees using K as the center of rotation.

a. What do you notice about the changes that occur to lines a and b after the
rotation?

b. What is the same in the original and the image?
3. Reflect lines a and b across line h.

a. What do you notice about the changes that occur to lines a and b after the
reflection?

b. What is the same in the original and the image?
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Student Response

1. Translation: 3 grid square units up and 2 grid square units to the right

\
\\ \\

Answers vary. Sample Responses:

a. All 4 lines, a, b, a’, and b’ are parallel. The lines @’ and b’ look like a and b but shifted
upward.

b. The pair of lines remain parallel. The distance between the lines did not change.

2. Rotation around K
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Answers vary. Sample responses:
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a. The new pair of lines @’ and b’ are parallel to the original lines a and b.
b. The lines @’ and b’ are still parallel and they are the same distance apart as a and b.

3. Reflection over line hA.

-

e
/ A
L // /‘ e

\
\

Answers vary. Sample responses:

a. Line a is above line b whereas line b’ is above line a’.

b. Lines @’ and b’ are still parallel and are the same distance apart as lines a and b. All four
lines are parallel to one another.

Are You Ready for More?

When you rotate two parallel lines, sometimes the two original lines intersect their images
and form a quadrilateral. What is the most specific thing you can say about this quadrilateral?
Can it be a square? A rhombus? A rectangle that isn't a square? Explain your reasoning.
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Student Response

The quadrilateral is always a rhombus. It can be a square if the two pair of parallel lines are
perpendicular. It can not be a rectangle that is not a square because the distance between the two
sets of parallel lines is the same.

Activity Synthesis

Ask previously selected students who saw that the images of the parallel lines were parallel to the
original in all three cases to share how they would answer the main question “What is the image of
two parallel lines under a rigid transformation?” Make sure students understand that in general if
and m are parallel lines and £’ and m’ are their images under a rigid transformation then:

e 7' and m' are parallel.

® £ and m are not necessarily parallel to £/ and m’ (refer to the 90 degree rotation shown during
the launch).

In addition to the fact that the parallel lines remain parallel to each other when rigid
transformations are performed, the distance between the lines stay the same. What can change is
the position of the lines in the plane, in relative terms (i.e., which line is ‘on top’) or in absolute
terms (i.e., does a line contain a particular point in the plane).

Give students 1-2 minutes of quiet time to write a response to the main question, "What is the
image of two parallel lines under a rigid transformation?"

9.3 Let's Do Some 180's

15 minutes

In this activity, students apply their understanding of the properties of rigid transformations to 180°
rotations of a line about a point on the line in order to establish the vertical angle theorem.
Students have likely already used this theorem in grade 7, but this lesson informally demonstrates
why the theorem is true. The demonstration of the vertical angle theorem exploits the structure of
parallel lines and properties of both 180 degree rotations (studied in the previous lesson) and rigid
transformations. This lesson is a good example of MP7, investigating the structure of different
mathematical objects.

Students begin the activity by rotating a line with marked points 180° about a point on the line.
Unlike the whole-class example discussed in the launch, this line contains marked points other than
the center of rotation. Then students rotate an angle 180° about a point on the line to draw
conclusions about lengths and angles. Finally, students are asked to consider the intersection of
two lines, the angles formed, and how the measurements of those angles can be deduced using

a 180° rotation about the intersection of the lines, which is the vertical angle theorem.

While students are working, encourage the use of tracing paper to show the transformations
directly over the original image in order to help students keep track of what is happening with lines
in each 180° rotation.
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Building On
® 7.G.B.5

Addressing
® 8.G.A.1.a

®* 8.G.A1.b

Instructional Routines

® MLR7: Compare and Connect

Launch

Rotations require the students to think about rotating an entire figure. It would be good to remind
students about this before the start of this activity. This might help students see what is happening
in the first question better.

Before students read the activity, draw a line £ with a marked point D for all to see. Ask students to
picture what the figure rotated 180° around point D looks like. After a minute of quiet think time,
invite students share what they think the transformed figure would look like. Make sure all students
agree that #’ looks “the same” as the original. If no students bring it up in their explanations, ask for
suggestions of features that would make it possible to quickly tell the difference between the ¢’

and Z, such as another point or if the line were different colors on each side of point D.

Provide access to tracing paper.

Support for Students with Disabilities

Engagement: Internalize Self Regulation. Chunk this task into more manageable parts to
differentiate the degree of difficulty or complexity. For example, to get students started,
display only the first problem and diagram. Once students have successfully completed the
three parts, introduce the remaining problems, one at a time. Invite students to think aloud
about the relationships between the angles after the 180 degree rotation.

Supports accessibility for: Organization; Attention

Anticipated Misconceptions

In the second question, students may not understand that rotating the figure includes both
segment CA and segment AD since they have been working with rotating one segment at a time.
Explain to these students that the figure refers to both of the segments. Encourage them to use
tracing paper to help them visualize the rotation.
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Student Task Statement

1. The diagram shows a line with points labeled A, C, D, and B.
a. On the diagram, draw the image of the line and points A, C, and B after the line
has been rotated 180 degrees around point D.

b. Label the images of the points A’, B’, and C’.
c. What is the order of all seven points? Explain or show your reasoning.

C D B

2. The diagram shows a line with points A and C on the line and a segment AD where D
is not on the line.
a. Rotate the figure 180 degrees about point C. Label the image of A as A" and the
image of D as D’.

b. What do you know about the relationship between angle CAD and angle CA’ D'?
Explain or show your reasoning.

D
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3. The diagram shows two lines £ and m that intersect at a point O with point A on £ and

point D on m.
a. Rotate the figure 180 degrees around O. Label the image of A as A’ and the image

of Das D'.

b. What do you know about the relationship between the angles in the figure? Explain
or show your reasoning.

Student Response
1.A,C,B',D,BC' A

2 ¢ g __ ¢ g & g

2. Lengths of segment CA and segment CA’ are the same, lengths of segment AD and segment
A’ D’ are the same, and angles CAD and CA’ D’ have the same measure because both
distances and angle measures are preserved under rigid transformations.
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3. Possible responses: Angles AOD and A’OD’ have the same measure. Angles DOA’ and
D’ OA have the same measure.

Activity Synthesis

The focus of the discussion should start with the relationships students find between the lengths of
segments and angle measures and then move to the final problem, which establishes the vertical
angle theorem as understood through rigid transformations. Questions to connect the discussion

include:
® "What relationships between lengths did we find after performing transformations?" (They are

the same.)
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® "What relationships between angle measures did we find after performing transformations?"
(They are the same.)

® "What does this transformation informally prove?" (Vertical angles are congruent.)

If time permits, consider discussing how the vertical angle theorem was approached in grade 7,
namely by looking for pairs of supplementary angles. Pairs of vertical angles have the same
measure because they are both supplementary to the same angle. The argument using 180 degree
rotations is different because no reference needs to be made to the supplementary angle. The 180
degree rotation shows that both pairs of vertical angles have the same measure directly by
mapping them to each other!

Support for English Language Learners

Representing, Speaking: MLR7 Compare and Connect. Use this routine when students share what
they noticed about the relationships between the angle measures. Ask students to consider
what changes and what stays the same when rigid transformations are applied to lines and
segments. Draw students’ attention to the associations between the rigid transformation,
lengths of segments, and angle measures. These exchanges strengthen students’
mathematical language use and reasoning based on rigid transformations of lines and will lead
to the informal argument of the vertical angle theorem.

Design Principle(s): Maximize meta-awareness

Lesson Synthesis

In this lesson, students apply different rigid transformations to lines with a focus on parallel lines.
They should be able to articulate what happens to parallel lines when a rigid transformation is
performed on them. In addition, students gain a better understanding of why the vertical angle
theorem they learned in grade 7 is true.

To highlight how transformations affect parallel lines, ask students:

® "When we perform rigid transformations on parallel lines, what do we know about their
image?"

® "Does the distance between the lines change?"

To help students make a connection to how rotations affect lines in the second activity, ask:

® "When we rotate a line 180° around a point on the line where does the line land?"
® "How does the rotation affect the angle measurements for a pair of intersecting lines?"

® "How does this help us prove the vertical angle theorem?"
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Students should see that a rotation of two intersecting lines about the point of intersection by 180°
moves each angle to the angle that is vertical to it. Since rotation is a rigid transformation, the
vertical angles must have the same measure.

In general, rigid transformations help us see that when we transform lines it might change the
orientation but the lines retain their original properties.

9.4 Finding Missing Measurements

Cool Down: 5 minutes
Building directly from the previous activity, students fill in missing measurements using their
understanding of both rigid transformations and the vertical angle theorem.
Addressing
® 8.GAA.1.a

® 8.G.A1.b

Student Task Statement

Points A’, B', and C’ are the images of 180-degree rotations of A, B, and C, respectively,
around point O.

Answer each question and explain your reasoning without measuring segments or angles.
1. Name a segment whose length is the same as segment AO.
2. What is the measure of angle A’OB’?

Student Response

1. Segment A’ O, because A’ is the image of A after a 180 degree rotation with center at O. This
rotation preserves distances and takes segment AO to segment A’O.
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2. 79 degrees, the same measure as ZAOB, because the 180 degree rotation with center at O
takes ZAOBto A’ OB'. The rotation preserves angle measures.

Student Lesson Summary

Rigid transformations have the following properties:
® Arigid transformation of a line is a line.

® Arigid transformation of two parallel lines results in two parallel lines that are the same
distance apart as the original two lines.

® Sometimes, a rigid transformation takes a line to itself. For example:

© Atranslation parallel to the line. The arrow shows a translation of line m that will
take m to itself.

© Arotation by 180° around any point on the line. A 180° rotation of line m around
point F will take m to itself.

© Areflection across any line perpendicular to the line. A reflection of line m across
the dashed line will take m to itself.

These facts let us make an important conclusion. If two lines intersect at a point, which we’'ll

call O, then a 180° rotation of the lines with center O shows that vertical angles are
congruent. Here is an example:
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Rotating both lines by 180° around O sends angle AOC to angle A’OC’, proving that they
have the same measure. The rotation also sends angle AOC’ to angle A’OC.

I Glossary

® vertical angles

Lesson 9 Practice Problems
Problem 1

Statement
a. Draw parallel lines AB and CD.
b. Pick any point E. Rotate AB 90 degrees clockwise around E.
c. Rotate line CD 90 degrees clockwise around E.

d. What do you notice?

Solution

a. Answers vary.
b. Answers vary. The new line should be perpendicular to AB.
c. Answers vary. The new line should be perpendicular to CD and parallel to A’ B'.

d. Answers vary. Sample response: the two new rotated lines are parallel.

Problem 2
I Statement

Use the diagram to find the measures of each angle. Explain your reasoning.
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a. mzZABC
b. mzEBD A

c. m£LABE

[ ]

[ ]

50°

Solution
a. 130 degrees. ZABC and £CBD make a line, so they add up to 180 degrees.

b. 130 degrees. ZEBD and «CBD make a line, so they add up to 180 degrees.

c. 50 degrees. ZABE and ZA BC make a line, so they add up to 180 degrees.

Problem 3

Statement
Points P and Q are plotted on a line.
a. Find a point R so that a 180-degree rotation with center

Rsends PtoQ and Q to P.
0 b. Is there more than one point R that works for part a?
p
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Solution
a. If R is the midpoint of segment PQ, then a rotation of 180 degrees with center R sends P to

Q and Q to P.
b. No (The midpoint of PQ is the only point that works. 180-degree rotations with any other

center donotsend Pto QorQto P.)

Problem 4
Statement
In the picture triangle A’ B'C’ is an image of triangle ABC after a rotation. The center of
rotation is D.
A
\ 1
/ = C
/ ) / ’ §2°
- [ A
8 ,
D
. 50°
v
CI

a. What is the length of side B’ C’? Explain how you know.
b. What is the measure of angle B? Explain how you know.

c. What is the measure of angle C? Explain how you know.

Solution
a. 4 units. Rotations preserve side lengths, and side B'C’ corresponds to side BC under this

rotation.
b. 52 degrees. Rotations preserve angle measures, and angles B and B’ correspond to each

other under this rotation.
c. 50 degrees. Rotations preserve angle measures, and angles C and C’ correspond to each

other under this rotation.

(From Unit 1, Lesson 7.)
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Problem 5
Statement

The point (-4, 1) is rotated 180 degrees counterclockwise using center (0, 0). What are the
coordinates of the image?

A. (-1,-4)
B. (-1,4)
C.(4,1)

D. (4,-1)

Solution

D
(From Unit 1, Lesson 6.)
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Lesson 10: Composing Figures

Goals

® Draw and label images of triangles under rigid transformations and then describe (orally and
in writing) properties of the composite figure created by the images.

® Generalize that lengths and angle measures are preserved under any rigid transformation.
*® |dentify side lengths and angles that have equivalent measurements in composite shapes and

explain (orally and in writing) why they are equivalent.

Learning Targets

® | can find missing side lengths or angle measures using properties of rigid transformations.

Lesson Narrative

In this lesson, students create composite shapes using translations, rotations, and reflections of
polygons and continue to observe that the side lengths and angle measures do not change. They
use this understanding to draw conclusions about the composite shapes. Later, they will use these
skills to construct informal arguments, for example about the sum of the angles in a triangle.

When students rotate around a vertex or reflect across the side of a figure, it is easy to lose track of
the center of rotation or line of reflection since they are already part of the figure. It can also be
challenging to name corresponding points, segments, and angles when a figure and its
transformation share a side. Students attend to these details carefully in this lesson (MP6).

Consider using the optional activity if you need to reinforce students’ belief that rigid
transformations preserve distances and angle measures after main activities.

Alignments
Addressing

® 8.G.A.1.a: Lines are taken to lines, and line segments to line segments of the same length.

® 8.G.A.1.b: Angles are taken to angles of the same measure.

Instructional Routines
® MLR1: Stronger and Clearer Each Time
® MLR3: Clarify, Critique, Correct

® MLR7: Compare and Connect

® Think Pair Share
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Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper" is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plusa  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Let's use reasoning about rigid transformations to find measurements without measuring.

10.1 Angles of an Isosceles Triangle

Warm Up: 10 minutes

Isosceles triangles are triangles with (at least) one pair of congruent sides. Isosceles triangles also
have (at least) one pair of congruent angles. In this warm-up, students show why this is the case
using rigid motions by exploiting the fact that rigid motions of the plane do not change angle
measures (MP7).

Addressing

®* 8.G.A1.b

Launch

Give students 3 minutes of quiet work time followed by whole-class discussion.

Student Task Statement

Here is a triangle. A

1. Reflect triangle ABC over line AB. Label
the image of Cas C'.

2. Rotate triangle ABC’ around A so that
C’ matches up with B.

3. What can you say about the measures of
angles B and C? B 2 C
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Student Response

1. B 2 C

2. Rotating ABC’ as described takes ABC’ back to the original triangle.

3. The measures of angles B and C are the same. Neither the rotation nor the reflection change
the angle measures, and so since these transformations take the angle at C to the angle at B,
they must have the same measure.

Activity Synthesis

Select students to share their images and conclusions about the measures of angles B and C.

Time permitting, mention that it is also true that when a triangle has two angles with the same
measure then the sides opposite those angles have the same length (i.e., the triangle is isosceles).
This can also be shown with rigid transformations. Reflect the triangle first and then line up the
sides containing the pairs of angles with the same measure.

10.2 Triangle Plus One

10 minutes

The purpose of this task is to use rigid transformations to describe an important picture that
students have seen in grade 6 when they developed the formula for the area of a triangle. They first
found the area of a parallelogram to be base « height and then, to find %base - height for the area
of a triangle, they “composed” two copies of a triangle to make a parallelogram. The language
“compose” is a grade 6 appropriate way of talking about a 180° rotation. The focus of this activity is
on developing this precise language to describe a familiar geometric situation.

Students need to remember and use an important property of 180 degree rotations, namely that
the image of a line after a 180 degree rotation is parallel to that line. This is what allows them to
conclude that the shape they have built is a parallelogram (MP7).

Addressing
® 8.G.A.1.a

®* 8.GA1Db
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Instructional Routines

® MLR1: Stronger and Clearer Each Time
® Think Pair Share

Launch

Arrange students in groups of 2. Provide access to geometry toolkits. A few minutes of quiet work
time, followed by sharing with a partner and a whole-class discussion.

Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. To support development of organizational
skills, check in with students within the first 2-3 minutes of work time. Look for students who

struggle with visualizing the 180 degree rotation using center M. Consider pausing for a brief
discussion to invite 1-2 pairs of students to demonstrate and explain how to do the rotation.

Supports accessibility for: Memory; Organization

Anticipated Misconceptions

Students may struggle to see the 180° rotation using center M. This may be because they do not
understand that M is the center of rotation or because they struggle with visualizing a 180°
rotation. Offer these students patty paper, a transparency, or the rotation overlay from earlier in
this unit to help them see the rotated triangle.

Student Task Statement
Here is triangle ABC. A
1. Draw midpoint M of side AC.

2. Rotate triangle ABC 180 degrees using
center M to form triangle CDA. Draw
and label this triangle. B« o« C

3. What kind of quadrilateral is ABCD?
Explain how you know.

Student Response
1.
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B (o

2. A parallelogram. The 180 degree rotation around M takes line AB to line CD and so these are
parallel. It also takes line BC to line AD so these lines are also parallel. That means that
ABCD is a parallelogram.

Are You Ready for More?

In the activity, we made a parallelogram by taking a triangle and its image under a
180-degree rotation around the midpoint of a side. This picture helps you justify a
well-known formula for the area of a triangle. What is the formula and how does the figure
help justify it?

Student Response

A formula for the area of a triangle is A = %bh, where b is a base of the triangle and h the

corresponding height. In the image we have added b and h to the parallelogram, and marked off
two triangles of interest with dashed lines. Since the left and right triangles have the same area, the
area of the parallelogram displayed is the same as the area of a rectangle with height A and base b,
namely, an area of bh. Since the area of each triangle is half the area of the parallelogram, each

triangle has area A = %bh.

B
Activity Synthesis

Begin the discussion by asking, "What happens to points A and C under the rotation?" (They end up
at C and A respectively.) This type of rotation and analysis will happen several times in upcoming
lessons.

Next ask, "How do you know that the lines containing opposite sides of ABCD are parallel?" (They
are taken to one another by a 180 degree rotation.) As seen in the previous lesson, the image of a
180° rotation of a line £ is parallel to Z. Students also saw that when 180" rotations were applied to
a pair of parallel lines it resulting in a (sometimes) new pair of parallel lines which are also parallel
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to the original lines. The logic here is the same, except that only one line is being rotated 180°
rather than a pair of lines. This does not need to be mentioned unless it is brought up by students.

Finally, ask students "How is the area of parallelogram ABCD is related to the area of triangle
ABC?" (The area of the parallelogram ABCD is twice the area of triangle ABC because it is made
up of ABC and CDA which has the same area as ABC.) Later in this unit, area of shapes and their
images under rigid transformations will be studied further.
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Support for English Language Learners

Writing, Speaking: Math Language Routine 1 Stronger and Clearer Each Time. This is the first time
Math Language Routine 1 is suggested as a support in this course. In this routine, students are
given a thought-provoking question or prompt and are asked to create a first draft response.
Students meet with 2-3 partners to share and refine their response through conversation.
While meeting, listeners ask questions such as, “What did you mean by . . .?" and “Can you say
that another way?” Finally, students write a second draft of their response reflecting ideas from
partners and improvements on their initial ideas. The purpose of this routine is to provide a
structured and interactive opportunity for students to revise and refine their ideas through
verbal and written means.

Design Principle(s): Optimize output (for justification)

How It Happens:
1. Use this routine to provide students a structured opportunity to refine their justification
for the question asking “What kind of quadrilateral is ABC D? Explain how you know.”
Give students 2-3 minutes to individually create first draft responses in writing.

2. Invite students to meet with 2-3 other partners for feedback.

Instruct the speaker to begin by sharing their ideas without looking at their written draft,
if possible. Listeners should press for details and clarity.

Provide students with these prompts for feedback that will help individuals strengthen
their ideas and clarify their language: “What do you mean when you say...?”, “Can you
describe that another way?”, “How do you know the lines are parallel?”, and “What
happens to lines under rotations?” Be sure to have the partners switch roles. Allow 1-2
minutes to discuss.

3. Signal for students to move on to their next partner and repeat this structured meeting.

4. Close the partner conversations and invite students to revise and refine their writing in a
second draft. Students can borrow ideas and language from each partner to strengthen
the final product.

Provide these sentence frames to help students organize their thoughts in a clear, precise
way: “Quadrilateral ABCD is a because....” and “Another way to verify this is....".

Here is an example of a second draft:

“ABCD is a parallelogram, | know this because a 180-degree rotation creates new lines
that are parallel to the original lines. In this figure, the 180-degree rotation takes line AB
to line CD and line BC to line AD. | checked this by copying the triangle onto patty paper
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and rotating it 180 degrees. This means the new shape will have two pairs of parallel
sides. Quadrilaterals that have two pairs of parallel sides are called parallelograms.”

5. If time allows, have students compare their first and second drafts. If not, have the
students move on by discussing other aspects of the activity.

10.3 Triangle Plus Two

15 minutes

This activity continues the previous one, building a more complex shape this time by adding an
additional copy of the original triangle. The three triangle picture in the task statement will be
important later in this unit when students show that the sum of the three angles in a triangle is
180°. To this end, encourage students to notice that the points E, A, and D all lie on a line.

As with many of the lessons applying transformations to build shapes, students are constantly
using their structural properties (MP7) to make conclusions about their shapes. Specifically, that
rigid transformations preserve angles and side lengths.

Addressing
® 8.G.A.1.a
®* 8.G.A.1.b

Instructional Routines
® MLR3: Clarify, Critique, Correct

Launch

Keep students in the same groups. Provide access to geometry toolkits. Allow for a few minutes of
quiet work time, followed by sharing with a partner and a whole-class discussion.

Support for Students with Disabilities

Representation: Internalize Comprehension. Demonstrate and encourage students to use color
coding and annotations to highlight connections between representations in a problem. For
example, use the same color to highlight corresponding points in different triangles and
consider redrawing the triangles in the same orientation to emphasize corresponding parts.
Supports accessibility for: Visual-spatial processing
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Anticipated Misconceptions

Students may have trouble understanding which pairs of points correspond in the first two
questions, particularly the fact that point A in one triangle may not correspond to point A in
another. Use tracing paper to create a transparency of triangle A BC, with its points labeled, and let

students perform their rigid transformation. They should see A, B, and C on top of points in the
new triangle.

Student Task Statement

The picture shows 3 triangles. Triangle 2 and Triangle 3 are images of Triangle 1 under rigid
transformations.

E A D

~ !

B C

1. Describe a rigid transformation that takes Triangle 1 to Triangle 2. What points in
Triangle 2 correspond to points A, B, and C in the original triangle?

2. Describe a rigid transformation that takes Triangle 1 to Triangle 3. What points in
Triangle 3 correspond to points A, B, and C in the original triangle?

3. Find two pairs of line segments in the diagram that are the same length, and explain
how you know they are the same length.

4. Find two pairs of angles in the diagram that have the same measure, and explain how
you know they have the same measure.

Student Response

1. Answers vary. Sample response: a 180-degree rotation using the midpoint of side AC as
center. In triangle 2, point C corresponds to A in the original, D corresponds to B in the
original, and A corresponds to C in the original.

2. Answers vary. Sample responses: a 180-degree rotation using the midpoint of side AB as
center or a 180 degree rotation using the midpoint of segment AC as center followed by a
translation taking A to E. In triangle 3, point A corresponds to B in the original, B
corresponds to A in the orginal, and E corresponds to C in the original.

3. Answers vary. Sample response: segment AE and segment BC are the same length and
segments AB and CD are also the same length. This is true because a rigid transformation
doesn’t change a figure’s side lengths.
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4. Answers vary. Sample response: «D and £ABC have the same measure and so do £E and
£ACB. This is true because a rigid transformation doesn’'t change a figure’s angle measures.

Activity Synthesis

Ask students to list as many different pairs of matching line segments as they can find. Then, do the
same for angles. Record these for all to see. Students may wonder why there are fewer pairs of line
segments: this is because of shared sides AB and AC. If they don't ask, there’s no reason to bring it

up.

If you create a visual display of these pairs, hang on to the information about angles that have the
same measure. The same diagram appears later in this unit and is used for a proof about the sum
of the angle measures in a triangle.

After this activity, ask students to summarize their understanding about lengths and angle
measures under rigid transformations. If students don’t say it outright, you should: "Under any rigid
transformation, lengths and angle measures are preserved."
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Support for English Language Learners

Writing: Math Language Routine 3 Clarify, Critique, Correct. This is the first time Math Language
Routine 3 is suggested as a support in this course. In this routine, students are given an
incorrect or incomplete piece of mathematical work. This may be in the form of a written
statement, drawing, problem-solving steps, or another mathematical representation. Pairs of
students analyze, reflect on, and improve the written work by correcting errors and clarifying
meaning. Typical prompts are: “Is anything unclear?” or “Are there any reasoning errors?” The
purpose of this routine is to engage students in analyzing mathematical thinking that is not
their own and to solidify their knowledge through communicating about conceptual errors and
ambiguities in language.

Design Principle(s): Maximize meta-awareness

How It Happens:
1. In the class discussion for this activity, present this incomplete description of a rigid
transformation that takes Triangle 1 to Triangle 2:

“CBand AD are the same because you turn ABC.”

Prompt students to identify the ambiguity of this response. Ask students, “What do you
think this person is trying to say? What is unclear?”

2. Give students 1 minute of individual time to respond to the questions in writing, and then
3 minutes to discuss with a partner.

As pairs discuss, provide these sentence frames for scaffolding: “I think that what the
author meant by ‘turn ABC' was....”, “The part that is the most unclear to me is ...
because....”, and “I think this person is trying to say....". Encourage the listener to press for
detail by asking follow-up questions to clarify the intended meaning of the statement.
Allow each partner to take a turn as the speaker and listener.

Listen for students using appropriate geometry terms such as “transformation” and
“rotation” in explaining why the two sides are equivalent.

3. Then, ask students to write a more precise version and explain their reasoning in writing
with their partner. Improved responses should include for each step an explanation,
order/time transition words (first, next, then, etc.), and/or reasons for decisions made
during steps.

Here are two sample improved responses:

“First, | used tracing paper to create a copy of triangle ABC because | wanted to
transform it onto the new triangle. Next, | labeled the vertices on my tracing paper. Then,

Unit1 Lesson 10 167



using the midpoint of side AC as my center, | rotated the tracing paper 180 degrees,
because then it matched up on top of Triangle 2. So, sides CB and AD are equivalent.”

or

“First, | accessed my geometry technology tool to create the drawing of only only Triangle
1 and 2. Next, | tried different transformations of Triangle 1 to make the points A, B, and
C fall on top of points in Triangle 2. The one that worked was rotating Triangle 1 180
degrees using the midpoint of side AC. Finally, | know that sides CB and AD are
equivalent because Triangle 1 is exactly on top of Triangle 2.”

4. Ask each pair of students to contribute their improved response to a poster, the
whiteboard, or digital projection. Call on 2-3 pairs of students to present their response
to the whole class, and invite the class to make comparisons among the responses
shared and their own responses.

Listen for responses that identify the correct pair of equivalent sides and explain how
they know. In this conversation, also allow students the opportunity to name other
equivalent sides and angles.

5. Close the conversation with the generalization that lengths and angle measures are
preserved under any rigid transformation, and then move on to the next lesson activity.

10.4 Triangle ONE Plus

Optional: 10 minutes

This activity builds upon the ideas of the previous one. This time a pattern is built from a single
triangle via reflections and the goal is to study the angles and side lengths in this pattern as it
grows. If they build the pattern carefully, students may notice after putting together 6 triangles, like
in the previous activity, that two of the sides of the triangles (one side of the original and one side of
the 6th) lie on the same line. The 6 triangle pattern can be reflected over this line to make it
“complete” with 12 copies of the original triangle. Alternatively, students may notice the right angle
made by 3 triangles and reason that they can complete a circle with 4 right angles. Both of these
arguments are good examples of MP8. Rather than repeating the reflecting procedure 12 times, itis
possible to use the structure of what they have learned along the way to accurately predict how
many copies make a circle.

Addressing
® 8.G.A.1.a

® 8.G.A.1.b
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Instructional Routines

® MLR7: Compare and Connect

Launch

Provide access to geometry toolkits. Allow for 8 minutes of work time, then a brief whole-class
discussion.

Anticipated Misconceptions

If students are stuck with the first reflection, suggest that they use tracing paper. If you need to,
show them the first reflected triangle, then have them continue to answer the problems and do the
next reflection on their own.

Some students may have difficulty with the length of OT, since it uses the initial information that
triangle ON E is isosceles (otherwise, OT is unlabeled). Ask students what other information is
given and if they can use it to figure out the missing length.

Student Task Statement

Here is isosceles triangle ON E. Its sides ON 0
and OF have equal lengths. Angle O is 30
degrees. The length of ON is 5 units.

30°

N E

1. Reflect triangle ON E across segment ON. Label the new vertex M.
2. What is the measure of angle MON?
3. What is the measure of angle MOE?

4. Reflect triangle MON across segment OM. Label the point that corresponds to N as
T.

5. How long is OT'? How do you know?

6. What is the measure of angle TOE?

7. If you continue to reflect each new triangle this way to make a pattern, what will the
pattern look like?
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Student Response
1.

30°

N E

2. 30° because angle measures are the same after applying a rigid transformation and angle
NOE becomes angle NOM after reflection.

3. 60° because ZMOE is gotten by putting together ZMON and ZNOE and these are both 30
degree angles.

30°

N E

5. Segment OT measures 5 units because it is the image of segment ON after a reflection so it
has the same length as segment ON.

6. 90°, a right angle because M OE measures 60° and ZTOM measures 30°. Since £TOE is
gotten by putting together ZTOM and ZMOE so itis a 90 degree angle.

7. Answers vary. One possible description: Eventually point O will be completely surrounded by

triangles, with the 12th triangle touching OE again. There are 4 right angles in a full circle and
each right angle has 3 copies of the original triangle.
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Activity Synthesis

The main goal of this activity is to apply and reinforce students’ belief that rigid transformations
preserve distances and angle measures. Watch and make sure students are doing well with this. If
they are not, reinforce the concept. It is critical that this is understood by students before moving
forward.

Identify a few students, each with a different response, to share their description of the pattern
they saw in the last question. The way in which each student visualizes and explains this shape may
give insight into the different strategies used to create the final pattern.

Note: It is not important nor required that students know or understand how to find the base angle
measures of the isosceles triangles, or even that the base angles have the same measure (though
students do study this in the warm-up). Later in this unit, students will learn and prove that the sum
of the angle measures in a triangle is 180 degrees.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Break the class into small discussion groups and then
invite a representative from each group to report back to the whole class.
Supports accessibility for: Attention; Social-emotional skills

Support for English Language Learners

Speaking: MLR7 Compare and Connect. Use this routine when students describe the pattern they
saw when reflecting the triangle multiple times. Ask students to consider what is the same and
what is different about each description. Draw students’ attention to the different ways the
pattern is explained. Some students may benefit from the use of gestures to support their
understanding of the descriptions. These exchanges can strengthen students’ mathematical
language use and reasoning to make sense of strategies used to create composite shapes.
Design Principle(s): Maximize meta-awareness

Lesson Synthesis

Briefly review the properties of rigid transformations (they preserve lengths and angle measures).
Go over some examples of corresponding sides and angles in figures that share points. For
example, talk about which sides and angles correspond if this image is found by reflecting ABCD
across line AD.
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Point out to students that sides on a reflection line do not move, so they are their own image when
we reflect across a side. Also, the center of rotation does not move, so it is its own image when we
rotate around it. All points move with a translation.

10.5 Identifying Side Lengths and Angle Measures

Cool Down: 5 minutes

Students apply the fact that rigid motions preserve side lengths and angles. They are presented
with a figure and two transformed images, and they use what they know to find the side lengths
and angles of the transformed figures.

Addressing
® 8.G.A.1.a

®* 8.G.A1Db

Student Task Statement

C C
Here is a diagram showing triangle ABC and some transformations of triangle ABC.

On the left side of the diagram, triangle ABC has been reflected across line AC to form
quadrilateral ABCD. On the right side of the diagram, triangle ABC has been rotated 180
degrees using midpoint M as a center to form quadrilateral ABCE.

Using what you know about rigid transformations, side lengths and angle measures, label as
many side lengths and angle measures as you can in quadrilaterals ABCD and ABCE.
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Student Response

Student Lesson Summary

Earlier, we learned that if we apply a sequence of rigid transformations to a figure, then
corresponding sides have equal length and corresponding angles have equal measure. These
facts let us figure out things without having to measure them!

For example, here is triangle ABC.

A \30 . B

We can reflect triangle ABC across side AC to form a new triangle:

A
|

/

[
Aﬁ{w/\.g

Because points A and C are on the line of reflection, they do not move. So the image of
triangle ABC is AB'C. We also know that:

® Angle B’ AC measures 36° because it is the image of angle BAC.

® Segment AB’ has the same length as segment AB.
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When we construct figures using copies of a figure made with rigid transformations, we know
that the measures of the images of segments and angles will be equal to the measures of the
original segments and angles.

Lesson 10 Practice Problems
Problem 1

Statement
Here is the design for the flag of Trinidad and Tobago.

Describe a sequence of translations, rotations, and reflections that take the lower left triangle
to the upper right triangle.

Solution

Answers vary. Sample response: 180 degree rotation around the center point of the flag. Another
sample response: The lower left triangle is first translated to the right so that it shares an edge with
the upper right triangle. Then it's rotated 180 degrees around the midpoint of the common side.

Problem 2
Statement

Here is a picture of an older version of the flag of Great Britain. There is a rigid
transformation that takes Triangle 1 to Triangle 2, another that takes Triangle 1 to Triangle 3,

and another that takes Triangle 1 to Triangle 4.
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a. Measure the lengths of the sides in Triangles 1 and 2. What do you notice?
b. What are the side lengths of Triangle 3? Explain how you know.

c. Do all eight triangles in the flag have the same area? Explain how you know.

Solution

a. Answers vary. The side lengths of the two triangles are the same.

b. The side lengths will be the same as Triangle 1, because there is a rigid transformation taking
Triangle 1 to Triangle 3.

¢. No. The four triangles without number labels are larger, so they will not have the same area as
the smaller labeled triangles.

Problem 3
Statement

a. Which of the lines in the picture is parallel to line £? Explain how you know.

b. Explain how to translate, rotate or reflect line £ to obtain line k.
c. Explain how to translate, rotate or reflect line £ to obtain line p.

Solution

a. k. These two lines do not intersect no matter how far out they extend.
b. Line k can be obtained by translating line #.

c. Line p can be obtained by rotating line Z.
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The picture shows how to translate £ to get k and how to rotate £ to get p.

NP

(From Unit 1, Lesson 9.)

Problem 4
Statement

Point A has coordinates (3, 4). After a translation 4 units left, a reflection across the x-axis,
and a translation 2 units down, what are the coordinates of the image?

Solution
('19'6)

(From Unit 1, Lesson 6.)

Problem 5

Statement
Here is triangle XY Z:

Draw these three rotations of triangle XY Z together.
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a. Rotate triangle XY Z 90 degrees clockwise around Z.
b. Rotate triangle XY Z 180 degrees around Z.

c. Rotate triangle XY Z 270 degrees clockwise around Z.

Solution

Each rotation shares vertex Z with triangle XY Z. The four triangles together look like a pinwheel.

(From Unit 1, Lesson 8.)
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Section: Congruence
Lesson 11: What Is the Same?

Goals

® Compare and contrast (orally and in writing) side lengths, angle measures, and areas using
rigid transformations to explain why a shape is or is not congruent to another.

® Comprehend that congruent figures have equal corresponding side lengths, angle measures,
and areas.

® Describe (orally and in writing) two figures that can be moved to one another using a
sequence of rigid transformations as “congruent.”

Learning Targets

® | can decide visually whether or not two figures are congruent.

Lesson Narrative

In this lesson, students explore what it means for shapes to be “the same” and learn that the term
congruent is a mathematical way to talk about figures being the same that has a precise meaning.
Specifically, they learn that two figures are congruent if there is a sequence of translations,
rotations, and reflections that moves one to the other. They learn that figures that are congruent
can have different orientations, but corresponding lengths and angle measures are equal. Agreeing
upon and formulating the definition of congruence requires careful use of precise language (MP6)
and builds upon all of the student experiences thus far in this unit, moving shapes and trying to
make them match up.

As they work to decide whether or not pairs of shapes are congruent, students will apply MP7. For
shapes that are not congruent, what property can be identified in one that is not shared by the
other? This could be an angle measure, a side length, or the size of the shape. For shapes that are
congruent, is there any way to tell other than experimenting with tracing paper? In some cases, like
the rectangles, students discover that looking at the length and width is enough to decide if they are
congruent.

In elementary grades, deciding if two shapes are the “same” usually involves making sure that they
are the same general shape (for example, triangles or circles) and that the size is the same. As
shapes become more complex and as we develop new ways to measure them (angles for example),
something more precise is needed. The definition of congruence here states that two shapes are
congruent if there is a sequence of translations, rotations, and reflections that matches one shape
up exactly with the other. This definition has many advantages:

® |t does not require measuring all side lengths or angles.

® |t applies equally well to all shapes, not just polygons.
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® |tis precise and unambiguous: certain moves are allowed and two shapes are congruent when
one can be moved to align exactly with the other.

The material treated here will be taken up again in high school (G-CO.B) from a more abstract point
of view. In grade 8, it is essential for students to gain experience executing rigid motions with a
variety of tools (tracing paper, coordinates, technology) to develop the intuition that they will need

when they study these moves (or transformations) in greater depth later.

Alignments
Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:

® 8.G.A.2: Understand that a two-dimensional figure is congruent to another if the second can
be obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.

Building Towards

® 8.G.A.2: Understand that a two-dimensional figure is congruent to another if the second can
be obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.

Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect

® MLR1: Stronger and Clearer Each Time
® MLR2: Collect and Display

® Think Pair Share

Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Colored pencils are supposed to be a usual part of the geometry toolkit, but they are called out
here because one activity asks students to shade rectangles using different colors.

Unit1 Lesson 11
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I Student Learning Goals

Let's decide whether shapes are the same.

11.1 Find the Right Hands

Warm Up: 5 minutes

In this activity, students get their first formal introduction to the idea of mirror orientation,
sometimes called “handedness” because left and right hands are reflections of each other. The
easiest way to decide which are the right hands is to hold one’s hands up and rotate them until they
match a particular figure (or don't). This prepares them for a discussion about whether figures with
different mirror orientation are the same or not.

Addressing
®* 8.G.A.1

Building Towards
® 8.G.A2

Instructional Routines
® Think Pair Share

Launch

Arrange students in groups of 2, and provide access to geometry toolkits. Give 2 minutes of quiet
work time, followed by time for sharing with a partner and a whole-class discussion.

Show students this image or hold up both hands and point out that our hands are mirror images of
each other. These are hands shown from the back. If needed, clarify for students that all of the
hands in the task are shown from the back.

\  llefthand " right hand
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Student Task Statement

A person’s hands are mirror images of each other. In the diagram, a left hand is labeled.
Shade all of the right hands.

s
2 )
®G®

Student Response

®@@

Activity Synthesis

Ask students to think about the ways in which the left and right hands are the same, and the ways
in which they are different.
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Some ways that they are the same include:

® The side lengths and angles on the left and right hands match up with one another.

® |f aleft hand is flipped, it can match it up perfectly with a right hand (and vice versa).
Some ways that they are different include:

® They can not be lined up with one another without flipping one of the hands over.

® |tis not possible to make a physical left and right hand line up with one another, except as
“mirror images.”

11.2 Are They the Same?

15 minutes

In previous work, students learned to identify translations, rotations, and reflections. They started
to study what happens to different shapes when these transformations are applied. They used
sequences of translations, rotations, and reflections to build new shapes and to study complex
configurations in order to compare, for example, vertical angles made by a pair of intersecting lines.
Starting in this lesson, rigid transformations are used to formalize what it means for two shapes to
be the same, a notion which students have studied and applied since the early grades of
elementary school.

In this activity, students express what it means for two shapes to be the same by considering
carefully chosen examples. Students work to decide whether or not the different pairs of shapes
are the same. Then the class discusses their findings and comes to a consensus for what it means
for two shapes to be the same: the word “same” is replaced by “congruent” moving forward.

There may be discussion where a reflection is required to match one shape with the other. Students
may disagree about whether or not these should be considered the same and discussion should be
encouraged. This activity encourages MP3 as students need to explain why they believe that a pair
of figures is the same or is not the same.

Monitor for students who use these methods to decide whether or not the shapes are the same
and invite them to share during the discussion:

® Observation (this is often sufficient to decide that they are not the same): Encourage students
to articulate what feature(s) of the shapes help them to decide that they are not the same.

® Measuring side lengths using a ruler or angles using a protractor: Then use differences among
these measurements to argue that two shapes are not the same.

® Cutting out one shape and trying to move it on top of the other: A variant of this would be to
separate the two images and then try to put one on top of the other or use tracing paper to
trace one of the shapes. This is a version of applying transformations studied extensively prior
to this lesson.
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Addressing
® 8.G.A2

Instructional Routines
® Anticipate, Monitor, Select, Sequence, Connect
® MLR2: Collect and Display

Launch

Give 5 minutes of quiet work time followed by a whole-class discussion. Provide access to geometry
toolkits.

Support for Students with Disabilities

Action and Expression: Develop Expression and Communication. Invite students to talk about their
ideas with a partner before writing them down. Display sentence frames to support students
when they explain their ideas. For example, “This pair of shapes is/is not the same because...”
or “If | translate/rotate/reflect, then....”

Supports accessibility for: Language; Organization

Support for English Language Learners

Conversing, Representing: MLR2 Collect and Display. As students work on comparing shapes,
circulate and listen to students talk. Record common or important phrases (e.g., side length,
rotated, reflected, etc.), together with helpful sketches or diagrams on a display. Pay particular
attention to how students are using transformational language while determining whether the
shapes are the same. Scribe students’ words and sketches on a visual display to refer back to
during whole-class discussions throughout this lesson and the rest of the unit. This will help
students use mathematical language during their group and whole-class discussions.

Design Principle(s): Support sense-making

Anticipated Misconceptions

Students may think all of the shapes are the same because they are the same general shape at first
glance. Ask these students to look for any differences they can find among the pairs of shapes.

I Student Task Statement

For each pair of shapes, decide whether or not they are the same.
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Student Response

1.

The two shapes are the same. Rotating the shape on the left (by 180 degrees) around the top
point and moving it down and to the right it matches up perfectly with the shape on the right.

. They are not the same. Possible strategy: The side lengths of the shapes are the same but the

angles are not. The shape on the right is more squished down (and has less area) so they are
not the same.

. They are the same. Possible strategy: The shapes are both curly arrows and look like they are

the same size. Reflecting over a vertical line halfway between the two shapes, they appear to
match up perfectly with one another. Or: They are not the same. Possible strategy: The curly
arrow on the left moves in a clockwise direction while the curly arrow on the right moves in a
counterclockwise direction.

. They are not the same. Possible strategy: The general shapes are the same and the angles

match up but the side lengths are different. The shape on the left is bigger than the shape on
the right.

. They are not the same. Possible strategy: The part that sticks out of the right side is higher on

the first piece and lower on the second piece. Building a puzzle, both shapes would not fit in
the same spot.
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Activity Synthesis

For each pair of shapes, poll the class. Count how many students decided each pair was the same
or not the same. Then for each pair of shapes, select at least one student to defend their reasoning.
(If there is unanimous agreement over any of the pairs of shapes, these can be dealt with quickly,
but allow the class to hear at least one argument for each pair of shapes.)

Sequence these explanations in the order suggested in the Activity Narrative: general observations,
taking measurements, and applying rigid transformations with the aid of tracing paper.

The most general and precise of these criteria is the third which is the foundation for the
mathematical definition of congruence: The other two are consequences. The moves allowed by
rigid transformations do not change the shape, size, side lengths, or angle measures.

There may be disagreement about whether or not to include reflections when deciding if two
shapes are the same. Here are some reasons to include reflections:

® Ashape and its reflected image can be matched up perfectly (using a reflection).

® Corresponding angles and side lengths of a shape and its reflected image are the same.
And here are some reasons against including reflections:

® Aleft foot and a right foot (for example) do not work exactly the same way. If we literally had
two left feet it would be difficult to function normally!

® Translations and rotations can be enacted, for example, by putting one sheet of tracing paper
on top of another and physically translating or rotating it. For a reflection the typical way to do
this is to lift one of the sheets and flip it over.

If this disagreement doesn't come up, ask students to think about why someone might conclude
that the pair of figures in C were not the same. Explain to students that people in the world can
mean many things when they say two things are "the same." In mathematics there is often a need
to be more precise, and one kind of "the same" is congruent. (Two figures are congruent if one is a
reflection of the other, but one could, if one wanted, define a different term, a different kind of "the
same," where flipping was not allowed!)

Explain that Figure A is congruent to Figure B if there is a sequence of translations, rotations, and
reflections which make Figure A match up exactly with Figure B.

Combining this with the earlier discussion a few general observations about congruent figures
include

® Corresponding sides of congruent figures are congruent.
® Corresponding angles of congruent figures are congruent.

® The area of congruent figures are equal.
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What can be “different” about two congruent figures? The location (they don't have to be on top of
each other) and the orientation (requiring a reflection to move one to the other) can be different.

11.3 Area, Perimeter, and Congruence

10 minutes

Sometimes people characterize congruence as “same size, same shape.” The problem with this is
that it isn't clear what we mean by “same shape.” All of the figures in this activity have the same
shape because they are all rectangles, but they are not all congruent. Students examine a set of
rectangles and classify them according to their area and perimeter. Then they identify which ones
are congruent. Because congruent shapes have the same side lengths, congruent rectangles have
the same perimeter. But rectangles with the same perimeter are not always congruent. Congruent
shapes, including rectangles, also have the same area. But rectangles with the same area are not
always congruent. Highlighting important features, like perimeter and area, which can be used to
quickly establish that two shapes are not congruent develops MP7, identifying fundamental
properties shared by any pair of congruent shapes.

Addressing
® 8.G.A2

Instructional Routines

® MLR1: Stronger and Clearer Each Time

® Think Pair Share

Launch

Tell students that they will investigate further how finding the area and perimeter of a shape can
help show that two figures are not congruent. It may have been a while since students have thought
about the terms area and perimeter. If necessary, to remind students what these words mean and
how they can be computed, display a rectangle like this one for all to see. Ask students to explain
what perimeter means and how they can find the perimeter and area of this rectangle.
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Arrange students in groups of 2. Provide access to geometry toolkits (colored pencils are specifically
called for). Give 2 minutes for quiet work time followed by sharing with a partner and a whole-class
discussion.

Support for Students with Disabilities

Representation: Internalize Comprehension. Chunk this task into more manageable parts to
differentiate the degree of difficulty or complexity. For example, provide students with a subset
of the rectangles to start with and introduce the remaining remaining rectangles once students
have completed their initial set of comparisons.

Supports accessibility for: Conceptual processing; Organization

Anticipated Misconceptions

Watch for students who think about the final question in terms of “same shape and size.” Remind
them of the definition of congruence introduced in the last activity.

Student Task Statement
3
2 R 2
3
1
6
1 C 1
6 1
6
2 6 -
4] F |4
] 24
3 A 3
! 1
2

1. Which of these rectangles have the same area as Rectangle R but different perimeter?
2. Which rectangles have the same perimeter as Rectangle R but different area?
3. Which have the same area and the same perimeter as Rectangle R?

4. Use materials from the geometry tool kit to decide which rectangles are congruent.
Shade congruent rectangles with the same color.
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Student Response

The perimeter of Rectangle R is 10 units since 3 + 2 + 3 + 2 = 10 while its area is 6 square units
since 2 « 3 = 6. All of the rectangles in the picture share at least one of these properties (either the
perimeter or the area) but only the 2 unit by 3 unit rectangles share both:

1. Rectangles B and C have the same area (6 square units) but different perimeter (14 units)
2. Rectangles D and F have the same perimeter (10 units) but different area (4 square units)

3. Rectangles A and E have the same area and perimeter: only their position and orientation on
the page is different.

4. The 2 by 3 rectangles are congruent to Rectangle R. In each case, Rectangle R can
be translated and rotated so that it matches up perfectly with the 2-by-3 rectangle. The same
argument shows that Rectangles B and C are congruent as are Rectangles D and F.

2
4 4
3
1

2
Are You Ready for More?
In square ABCD, points E, F, G, and H are D
midpoints of their respective sides. What \E

fraction of square ABCD is shaded? Explain

your reasoning. 7
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Student Response

% of square ABCD is shaded. Reasoning varies. Sample reasoning: Transform the unshaded pieces

into four congruent squares that are each congruent to the shaded square.

Itis interesting to generalize this problem such that points E, F, G, and H partition the sides of
ABCD in aratio otherthan 1 : 1.

Activity Synthesis

Invite students who used the language of transformations to answer the final question to describe
how they determined that a pair of rectangles are congruent.

Perimeter and area are two different ways to measure the size of a shape. Ask the students:

® "Do congruent rectangles have the same perimeter? Explain your reasoning." (Yes. Rigid
motions do not change distances, and so congruent rectangles have the same perimeter.)

® "Do congruent rectangles have the same area? Explain your reasoning." (Yes. Rigid motions do
not change area or rigid motions do not change distances and so do not change the length
times the width in a rectangle.)

® "Are rectangles with the same perimeter always congruent?" (No. Rectangles D and F have the
same perimeter but they are not congruent.)

® "Are rectangles with the same area always congruent?" (No. Rectangles B and C have the same
area but are not congruent.)

One important take away from this lesson is that measuring perimeter and area is a good method
to show that two shapes are not congruent if these measurements differ. When the measurements
are the same, more work is needed to decide whether or not two shapes are congruent.

Arisk of using rectangles is that students may reach the erroneous conclusion that if two figures
have both the same area and the same perimeter, then they are congruent. If this comes up,
challenge students to think of two shapes that have the same area and the same perimeter, but are
not congruent. Here is an example:
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Support for English Language Learners

Writing, Speaking: MLR1 Stronger and Clearer Each Time. Use this routine with to give students a
structured opportunity to revise their written strategies for deciding which rectangles are
congruent. Give students time to meet with 2-3 partners to share and get feedback on their
responses. Display prompts for feedback that will help individuals strengthen their ideas and
clarify their language. For example, “How was a sequence of transformations used to...?”, “What
properties do the shapes share?”, and “What was different and what was the same about each
pair?” Students can borrow ideas and language from each partner to strengthen their final
product.

Design Principle(s): Optimize output (for explanation)

Lesson Synthesis

Ask students to state their best definition of congruent. (Two shapes are congruent when there is a
sequence of translations, rotations, and reflections that take one shape to the other.)

Some important concepts to discuss:

® "How can you check if two shapes are congruent?" (For rectangles, the side lengths are enough
to tell. For more complex shapes, experimenting with transformations is needed.)

® "Are a shape and its mirror image congruent?” (Yes, because a reflection takes a shape to its
mirror image.)

® "What are some ways to know that two shapes are not congruent?" (Two shapes are not
congruent if they have different areas, side lengths, or angles.)

® "What are some properties that are shared by congruent shapes?" (They have the same
number of sides, same length sides, same angles, same area.)

11.4 Mirror Images

Cool Down: 5 minutes

Throughout this unit, students have been using translations, rotations, and reflections to move
figures in the plane. In this lesson, students have learned that Figure A is congruent to Figure B
when there is a sequence of translations, rotations, and reflections that take Figure A to Figure B.
Here they apply this to two non-polygonal figures, one of which is a reflection of the other.

Addressing
® 8.G.A.2
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congruent? Explain your reasoning.

Student Task Statement
Figure B is the image of Figure A when reflected across line . Are Figure A and Figure B
Figure A Figure B

Student Response

Yes, they are congruent. There is a rigid transformation that takes one figure to the other, so they
are congruent.

Student Lesson Summary

Congruent is a new term for an idea we have already been using. We say that two figures are
congruent if one can be lined up exactly with the other by a sequence of rigid
transformations. For example, triangle EF D is congruent to triangle A BC because they can
be matched up by reflecting triangle ABC across AC followed by the translation shown by
the arrow. Notice that all corresponding angles and side lengths are equal.

Unit1 Lesson 11 191



Here are some other facts about congruent figures:

® We don't need to check all the measurements to prove two figures are congruent; we
just have to find a sequence of rigid transformations that match up the figures.

® Afigure that looks like a mirror image of another figure can be congruent to it. This
means there must be a reflection in the sequence of transformations that matches up
the figures.

® Since two congruent polygons have the same area and the same perimeter, one way to
show that two polygons are not congruent is to show that they have a different
perimeter or area.

Glossary

® congruent

Lesson 11 Practice Problems
Problem 1
Statement

If two rectangles have the same perimeter, do they have to be congruent? Explain how you
know.

Solution

No. Two non-congruent rectangles can have the same perimeter. For example, a rectangle with side
lengths 3 inches and 4 inches is not congruent to a rectangle with side lengths 2 inches and 5
inches. Even though the angles of all rectangles have the same measure, when two figures

are congruent all side lengths and angle measures are the same.

192



Problem 2
I Statement

Draw two rectangles that have the same area, but are not congruent.

Solution

Answers vary. Sample response: a 2-by-6 rectangle and a 3-by-4 rectangle.

Problem 3
Statement
For each pair of shapes, decide whether or not the two shapes are congruent. Explain your
reasoning.
a.
b.
F
G
A E
J
/
K H
B
D
N
L
Solution

a. These appear to be congruent. If the shape on the right is traced, it can be moved over and it
appears to match up perfectly with the shape on the left. This can be done with a rotation (90
degrees clockwise) and then a translation.

b. These appear to be congruent. If ABCDEFG is reflected about a vertical line and then
translated, it appears to land on topof HNMLKJI.
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Problem 4
Statement

a. Reflect Quadrilateral A over the x-axis. Label the image quadrilateral B. Reflect
Quadrilateral B over the y-axis. Label the image C.

y

b. Are Quadrilaterals A and C congruent? Explain how you know.

Solution

a.

b. Yes, because there is a rigid transformation taking A to C, the two shapes are congruent.
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Problem 5
Statement

The point (-2, -3) is rotated 90 degrees counterclockwise using center (0, 0). What are the

coordinates of the image?
A. (-3,-2)
B. (-3,2)
C.(3,-2)
D.(3,2)

Solution
C

(From Unit 1, Lesson 6.)

Problem 6
Statement

Describe a rigid transformation that takes Polygon A to Polygon B.

4

Solution

Answers vary. Sample response: Rotate Polygon A 180 degrees around (0, 0).

(From Unit 1, Lesson 7.)

Unit1 Lesson 11
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Lesson 12: Congruent Polygons

Goals

® Comprehend that figures with the same area and perimeter may or may not be congruent.

® Critique arguments (orally) that two figures with congruent corresponding sides may be
non-congruent figures.

® Justify (orally and in writing) that two polygons on a grid are congruent using the definition of
congruence in terms of transformations.

Learning Targets

® | can decide using rigid transformations whether or not two figures are congruent.

Lesson Narrative

In this lesson, students find rigid transformations that show two figures are congruent and make
arguments for why two figures are not congruent. They learn that, for many shapes, simply having
corresponding side lengths that are equal will not guarantee the figures are congruent.

In the previous lesson, students defined what it means for two shapes to be congruent and started
to apply the definition to determine if a pair of shapes is congruent. In the first part of this lesson,
students continue to determine whether or not pairs of shapes are congruent, but here they have
the extra structure of a grid. With this extra structure, students use MP6 (attend to precision) when
describing translations, reflections, and rotations. For example:

® |nstead of “translate down and to the left,” students can say, “translate 3 units down and 2
units to the left”

® Instead of “reflect the shape,” students can say, “reflect the shape over this vertical line.”

In addition, students have to be careful how they name congruent polygons, making sure that
corresponding vertices are listed in the proper order.

An optional part of the lesson begins to examine criteria to decide when two shapes are congruent.
If two shapes are congruent, then their corresponding sides and angles are congruent. Is it true that
having the same side lengths (or angles) is enough to determine whether or not two shapes are
congruent? Students investigate this question for quadrilaterals in two different situations:

® 4 congruent side lengths.

® 2 pairs of congruent side lengths where the pairs are of different length.
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Alignments
Addressing
® 8.G.A.2: Understand that a two-dimensional figure is congruent to another if the second can
be obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.
Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect
® MLR7: Compare and Connect
® MLR8: Discussion Supports

® Take Turns

Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper" is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plus a  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended. Toothpicks, pencils, straws, or other objects

Required Preparation

If you choose to have students complete the optional activity, have sets of objects ready for
students to build quadrilaterals. Each pair of students requires 12 objects (such as toothpicks,
pencils, or straws) to be used as sides of quadrilaterals: 8 objects of one length and 4 objects of a
different length.

Student Learning Goals
Let's decide if two figures are congruent.

12.1 Translated Images

Warm Up: 5 minutes

This task helps students think strategically about what kinds of transformations they might use to
show two figures are congruent. Being able to recognize when two figures have either a mirror
orientation or rotational orientation is useful for planning out a sequence of transformations.

Addressing
® 8.G.A.2
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Launch

Provide access to geometry toolkits. Allow for 2 minutes of quiet work time followed by a
whole-class discussion.

Anticipated Misconceptions

If any students assert that a triangle is a translation when it isn't really, ask them to use tracing
paper to demonstrate how to translate the original triangle to land on it. Inevitably, they need to
rotate or flip the paper. Remind them that a translation consists only of sliding the tracing paper
around without turning it or flipping it.

Student Task Statement

All of these triangles A ~
are congruent. N\ ) ‘
Sometimes we can B i /

take one figure to /f /] |/
another with a \ vV AV

translation. Shade the C < \/ \

triangles that are | N /\
images of triangle . // \ \ . \
ABC under a N < \\&
translation. NS N \\\ﬁ

Student Response

Activity Synthesis

Point out to students that if we just translate a figure, the image will end up pointed in the same
direction. (More formally, the figure and its image have the same mirror and rotational orientation.)
Rotations and reflections usually (but not always) change the orientation of a figure.
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For a couple of the triangles that are not translations of the given figure, ask what sequence of
transformations would show that they are congruent, and demonstrate any rotations or reflections
required.

12.2 Congruent Pairs (Part 1)

15 minutes

In the previous lesson, students formulated a precise mathematical definition for congruence and
began to apply this to determine whether or not pairs of figures are congruent. This activity is a
direct continuation of that work with the extra structure of a square grid. The square grid can be a
helpful structure for describing the different transformations in a precise way. For example, with
translations we can talk about translating up or down or to the left or right by a specified number of
units. Similarly, we can readily reflect over horizontal and vertical lines and perform some simple
rotations. Students may also wish to use tracing paper to help execute these transformations.
Choosing an appropriate method to show that two figures are congruent encourages MP5.

Students are given several pairs of shapes on grids and asked to determine if the shapes are
congruent. The congruent shapes are deliberately chosen so that more than one transformation
will likely be required to show the congruence. In these cases, students will likely find different ways
to show the congruence. Monitor for different sequences of transformations that show congruence.
For example, for the first pair of quadrilaterals, some different ways are:

® Translate EFGH 1 unit to the right, and then rotate its image 180" about (0, 0).

® Reflect ABCD over the x-axis, then reflect its image over the y-axis, and then translate this
image 1 unit to the left.

For the pairs of shapes that are not congruent, students need to identify a feature of one shape not
shared by the other in order to argue that it is not possible to move one shape on top of another
with rigid motions. At this early stage, arguments can be informal. Monitor for these situations:

® The side lengths are different so it is not possible to make them match up.
® The angles are different so the two shapes can not be made to match up.

® The areas of the shapes are different.

Addressing
® 8.G.A.2

Instructional Routines

® Anticipate, Monitor, Select, Sequence, Connect

® MLR7: Compare and Connect
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Launch

Provide access to geometry toolkits. Allow for 5-10 minutes of quiet work time followed by a
whole-class discussion.

Support for Students with Disabilities

Engagement: Internalize Self Regulation. Chunk this task into more manageable parts to
differentiate the degree of difficulty or complexity. Invite students to choose and respond to 2
out of 4 questions. Once students have successfully completed them, invite them to share with
a partner prior to the whole class discussion.

Supports accessibility for: Organization; Attention

Anticipated Misconceptions

Students may want to visually determine congruence each time or explain congruence by saying,
“They look the same.” Encourage those students to explain congruence in terms of translations,
rotations, reflections, and side lengths. For students who focus on features of the shapes such as
side lengths and angles, ask them how they could show the side lengths or angle measures are the
same or different using the grid or tracing paper.

Student Task Statement

For each of the following pairs of shapes, decide whether or not they are congruent. Explain
your reasoning.

1.

H

[
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Student Response

1. These are congruent. Sample response: Rotate quadrilateral ABCD around D by 180
degrees, and then translate left 3 units and down 2 units. It matches up perfectly with HGFE.

2. These are not congruent. Sample response 1: They are both pentagons, but ABCDE has a
pair of opposite parallel sides while FGH I1J does not. Sample response 2: Angle D in
ABCDE measures more than 180 degrees, while all angles in FGH IJ measure less than 180
degrees. Sample response 3: Side DE measures one unit in length, while all sides of FGHIJ
measure more than 1 unit in length.

3. These are congruent. Sample response: Rotate triangle ABC around (0, 0) counterclockwise
by 90 degrees, and then translate it down 2 units and left 3 units. It matches up with triangle
DEF perfectly.

4. These are not congruent. Sample response: Both are regular octagons, but ABCDEFGH is
larger than IJ K LM NOP. This can be seen by comparing the images or by looking at sides
ABand IJ.Side ABis 2 units in length, while side IJ is less than 2 units in length.

Activity Synthesis

Poll the class to identify which shapes are congruent (A and C) and which ones are not (B and D).
For the congruent shapes, ask which motions (translations, rotations, or reflections) students used,
and select previously identified students to show different methods. Sequence the methods from
most steps to fewest steps when possible.

For the shapes that are not congruent, invite students to identify features that they used to show
this and ask students if they tried to move one shape on top of the other. If so, what happened? Itis
important for students to connect the differences between identifying congruent vs non-congruent
figures.

202



The purpose of the discussion is to understand that when two shapes are congruent, there is a rigid
transformation that matches one shape up perfectly with the other. Choosing the right sequence
takes practice. Students should be encouraged to experiment, using technology and tracing paper
when available. When two shapes are not congruent, there is no rigid transformation that matches
one shape up perfectly with the other. Itis not possible to perform every possible sequence of
transformations in practice, so to show that one shape is not congruent to another, we identify a
property of one shape that is not shared by the other. For the shapes in this problem set, students
can focus on side lengths: for each pair of non congruent shapes, one shape has a side length not
shared by the other. Since transformations do not change side lengths, this is enough to conclude
that the two shapes are not congruent.

Support for English Language Learners

Representing, Conversing, Listening: MLR7 Compare and Connect. As students prepare their work
for discussion, look for approaches that focus on visually determining congruence and on
approaches that focus on features of the shapes such as side lengths and angles. Encourage
students to explain congruence in terms of translations, rotations, reflections, and side lengths
and to show physical representations of congruence of side lengths and angle measures using
grid or tracing paper. Emphasize transformational language used to make sense of strategies
to identify congruent and non-congruent figures.

Design Principle(s): Maximize meta-awareness; Support sense-making

12.3 Congruent Pairs (Part 2)

15 minutes

Students take turns with a partner claiming that two given polygons are or are not congruent and
explaining their reasoning. The partner's job is to listen for understanding and challenge their
partner if their reasoning is incorrect or incomplete. This activity presents an opportunity for
students to justify their reasoning and critique the reasoning of others (MP3).

This activity continues to investigate congruence of polygons on a grid. Unlike in the previous
activity, the non-congruent pairs of polygons share the same side lengths.

Addressing
® 8.G.A2

Instructional Routines

® MLR8: Discussion Supports

® Take Turns
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Launch

Arrange students in groups of 2, and provide access to geometry toolkits. Tell students that they will
take turns on each question. For the first question, Student A should claim whether the shapes are
congruent or not. If Student A claims they are congruent, they should describe a sequence of
transformations to show congruence, while Student B checks the claim by performing the
transformations. If Student A claims the shapes are not congruent, they should support this claim
with an explanation to convince Student B that they are not congruent. For each question, students
exchange roles.

Ask for a student volunteer to help you demonstrate this process using the pair of shapes here.

A
K L
I
F
H G
D ¢
A B >

Then, students work through this same process with their own partners on the questions in the
activity.

Anticipated Misconceptions

For D, students may be correct in saying the shapes are not congruent but for the wrong reason.
They may say one is a 3-by-3 square and the other is a 2-by-2 square, counting the diagonal side
lengths as one unit. If so, have them compare lengths by marking them on the edge of a card, or
measuring them with a ruler.

In discussing congruence for problem 3, students may say that quadrilateral GH 1J is congruent to
quadrilateral PQRS, but this is not correct. After a set of transformations is applied to

quadrilateral GH1J, it corresponds to quadrilateral QRS P. The vertices must be listed in this order
to accurately communicate the correspondence between the two congruent quadrilaterals.

Student Task Statement

For each pair of shapes, decide whether or not Shape A is congruent to Shape B. Explain how
you know.
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Student Response

1. Yes, they are congruent. Sample response: Rotate Hexagon A 90 degrees clockwise with center
(0,0), and then translate it 7 units to the right. It matches up perfectly with Hexagon B.

2. No, they are not congruent. Sample response: Hexagon A has greater area (8 square units)
than Hexagon B (6 square units). They are not congruent because translations, rotations, and
reflections do not change the area of a figure.

3. No, they are not congruent. Sample response: Both shapes are quadrilaterals, and the side
lengths all appear to be 5 units in length. But the angles are not the same. Quadrilateral B is a
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square with 4 right angles. Quadrilateral A is a rhombus. Angles G and | are acute while Angles
H and ] are obtuse. Since translations, rotations, and reflections do not change angle
measures, there is no way to match up any of the angles of these quadrilaterals.

4. Yes, they are congruent. Sample response: Reflect Quadrilateral A over the y-axis, and then
translate one unit to the right and one unit down. It matches up perfectly with Quadrilateral B.

5. No, they are not congruent. Sample response 1: Rotate Quadrilateral B about .S by 45 degrees
counterclockwise and then translate to the left by 7 units. Angle P.S R matches up with angle
GH 1, but the sides of Quadrilateral B are a little shorter than those of Quadrilateral A, so the
two shapes are not congruent. Sample response 2: The area of square Quadrilateral Ais 9
square units. The area of Quadrilateral B (which is also a square) is 8 square units because it
contains 4 whole unit squares and then 8 half unit squares that make 4 more unit squares.
Congruent shapes have the same area so these two shapes are not congruent.

Are You Ready for More?

A polygon has 8 sides: five of length 1, two of length 2, and one of length 3. All sides lie on
grid lines. (It may be helpful to use graph paper when working on this problem.)

1. Find a polygon with these properties.

2. Is there a second polygon, not congruent to your first, with these properties?

Student Response

Here are two non-congruent shapes that meet the conditions.

Activity Synthesis

To highlight student reasoning and language use, invite groups to respond to the following
questions:

® "For which shapes was it easiest to give directions to your partner? Were some
transformations harder to describe than others?"

® "For the pairs of shapes that were not congruent, how did you convince your partner? Did you
use transformations or did you focus on some distinguishing features of the shapes?"

® "Did you use any measurements (length, area, angle measures) to help decide whether or not
the pairs of shapes are congruent?"
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For more practice articulating why two figures are or are not congruent, select students with
different methods to share how they showed congruence (or not). If the previous activity provided
enough of an opportunity, this may not be necessary.

Support for English Language Learners

Listening, Representing: MLR8 Discussion Supports. During the final discussion, revoice student
ideas to demonstrate mathematical language use by restating a statement as a question in
order to clarify, apply appropriate language, and involve more students.

Design Principle(s): Maximize meta-awareness

12.4 Building Quadrilaterals

Optional: 10 minutes

In previous activities, students saw that two congruent polygons have the same side lengths in the
same order. They have also seen that congruent polygons have corresponding angles with the
same measures. In this activity, students build quadrilaterals that contain congruent sides and
investigate whether or not they form congruent quadrilaterals.

In addition to building an intuition for how side lengths and angle measures influence congruence,
students also get an opportunity to revisit the taxonomy of quadrilaterals as they study which types
of quadrilaterals they are able to build with specified side lengths. This high level view of different
types of quadrilaterals is a good example of seeing and understanding mathematical structure
(MP7).

Watch for students who build both parallelograms and kites with the two pair of sides of different
lengths. Invite them to share during the discussion.

Addressing
® 8.G.A.2

Instructional Routines

® MLRS: Discussion Supports

Launch

There are two sets of building materials. Each set contains 4 side lengths. Set A contains 4 side

lengths of the same size. Set B contains 2 side lengths of one size and 2 side lengths of another size.

Divide the class into two groups. One group will be assigned to work with Set A, and the other with
Set B. Within each group, students work in pairs. Each pair is given two of the same set of building
materials. Each student uses the set of side lengths to build a quadrilateral at the same time. Each
time a new set of quadrilaterals is created, the partners compare the two quadrilaterals created

208



and determine whether or not they are congruent. Give students 5 minutes to work with their
partner followed by a whole-class discussion.

Support for Students with Disabilities

Representation: Develop Language and Symbols. Display or provide charts with symbols and
meanings. For example, display a chart of the taxonomy of quadrilaterals to provide access to
precise language of the different types of quadrilaterals they are building.

Supports accessibility for: Conceptual processing; Memory

Anticipated Misconceptions

Students may assume when you are building quadrilaterals with a set of objects of the same length,
the resulting shapes are congruent. They may think that two shapes are congruent because they
can physically manipulate them to make them congruent. Ask them to first build their quadrilateral
and then compare it with their partner's. The goal is not to ensure the two are congruent but to
decide whether they have to be congruent.

Student Task Statement

Your teacher will give you a set of four objects.
1. Make a quadrilateral with your four objects and record what you have made.

2. Compare your quadrilateral with your partner’s. Are they congruent? Explain how you
know.

3. Repeat steps 1 and 2, forming different quadrilaterals. If your first quadrilaterals were
not congruent, can you build a pair that is? If your first quadrilaterals were congruent,
can you build a pair that is not? Explain.

Student Response

There should be a variety of rhombuses and squares from Set A and parallelograms and kites from
Set B. It is possible to build both congruent and non-congruent polygons from both sets of objects.

Activity Synthesis

To start the discussion, ask:

® "Were the quadrilaterals that you built always congruent? How did you check?"

® "Was it possible to build congruent quadrilaterals? What parts were important to be careful
about when building them?"

Students should recognize that there are three important concerns when creating congruent
polygons: congruent sides, congruent angles, and the order in which they are assembled.
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Tell students that it is actually enough to guarantee congruence between two polygons if all three of
those criteria are met. That is, “Two polygons are congruent if they have corresponding sides that
are congruent and corresponding angles that are congruent.”

Also highlight the fact that with two pairs of different congruent sides, there are two different types
of quadrilaterals that can be built: kites (the pairs of congruent sides are adjacent) and
parallelograms (the pairs of congruent sides are opposite one another). When all 4 sides are
congruent, the quadrilaterals that can be built are all rhombuses.

Support for English Language Learners

Speaking: MLRS8 Discussion Supports. Give students extra time to make sure that every pair can
explain or justify each step or part of the problem. Revoice student ideas to model uses of
disciplinary language as you press for details. Make sure to vary who is called on to represent
the work during the discussion so students get accustomed to preparing each other to fill that
role. This will prepare students for the role of group representative and to support each other
to take on that role.

Design Principle(s): Support sense-making

Lesson Synthesis

The main points to highlight at the conclusion of the lesson are:

® Two figures are congruent when there is a sequence of translations, rotations, and reflections
that match one figure up perfectly with the other (this is from the previous lesson but it is vital
to thinking in this lesson as well.).

® When showing that two figures are congruent on a grid, we use the structure of the grid to
describe each rigid motion. For example, translations can be described by indicating how
many grid units to move left or right and how many grid units to move up or down. Reflections
can be described by indicating the line of reflection (an axis or a particular grid line are readily
available).

® Two figures are not congruent if they have different side lengths, different angles, or different
areas.

® Even if two figures have the same side lengths, they may not be congruent. With four sides of
the same length, for example, we can make many different rhombuses that are not congruent
to one another because the angles are different.

12.5 Moving to Congruence

Cool Down: 5 minutes
Students describe explicit transformations that take one polygon to another. Several solutions
are possible. Though students may use tracing paper to help visualize the different
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transformations, at this point they should be able to articulate the move abstractly using the
language of translations, rotations, and reflection.
Addressing

® 8.G.A.2

Student Task Statement

Describe a sequence of reflections, rotations, and translations that shows that quadrilateral
ABCD is congruent to quadrilateral EFGH.

N

Student Response

Answers vary. Sample response: Translate ABCD down 1 and 5 to the right. Then reflect over line
GH.

Student Lesson Summary

How do we know if two figures are congruent?

® |f we copy one figure on tracing paper and move the paper so the copy covers the other
figure exactly, then that suggests they are congruent.

® We can prove that two figures are congruent by describing a sequence of translations,
rotations, and reflections that move one figure onto the other so they match up exactly.

How do we know that two figures are not congruent?

® |f there is no correspondence between the figures where the parts have equal measure,
that proves that the two figures are not congruent. In particular,
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o If two polygons have different sets of side lengths, they can't be congruent. For
example, the figure on the left has side lengths 3, 2, 1, 1, 2, 1. The figure on the
right has side lengths 3, 3, 1, 2, 2, 1. There is no way to make a correspondence
between them where all corresponding sides have the same length.

o If two polygons have the same side lengths, but their orders can’t be matched as
you go around each polygon, the polygons can’t be congruent. For example,
rectangle ABCD can't be congruent to quadrilateral EFG H. Even though they
both have two sides of length 3 and two sides of length 5, they don't correspond in
the same order. In ABCD, the orderis3,5,3,50r5, 3,5, 3;in EFGH, the order
is3,3,550r3,5,5 30r5,5, 3, 3.

H
3
A > D E
5
3 3 3
B c c F c * G

o If two polygons have the same side lengths, in the same order, but different
corresponding angles, the polygons can't be congruent. For example,
parallelogram JK LM can't be congruent to rectangle ABCD. Even though they
have the same side lengths in the same order, the angles are different. All angles
in ABCD are right angles. In JKLM, angles J and L are less than 90 degrees
and angles K and M are more than 90 degrees.
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Glossary
® right angle
Lesson 12 Practice Problems
Problem 1
Statement

a. Show that the two pentagons are congruent.

b. Find the side lengths of ABCDE and the angle measures of FGH1J.

C /
2. 1.4
g /117° TN p J
108° 94° 78

1o 3.2
6 / F /

b

Solution

a. After performing a 90-degree clockwise rotation with center D, then translating 3 units down
and 6 units to the right, ABCDE matches up perfectly with JIHGF. The rotation and
translation do not change side lengths or angle measures.

b. AB=22 BC=14,CD=32 DE=4.1,and EA =28.msF = 59°, mzG = 94°,
msH = 117", mzI = 108°, and mzJ = 162°.
Problem 2
Statement

For each pair of shapes, decide whether or not the two shapes are congruent. Explain your
reasoning.
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Solution

a. Not congruent. Segment EH in polygon EFGH is longer than any of the sides in polygon
ABCD. A, B, and C can be matched up with vertices E, F, and G, but H does not match up
with D.
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b. Congruent. If ABCDEF is rotated 90 degrees clockwise about C and then moved 4 units to
the right and 1 unit up, it matches up perfectly with GHIJKL.

c. Congruent. If the circle on the top left is translated to the right by 8 units and down 3 units, it
lands on top of the other circle.

Problem 3
Statement

a. Draw segment PQ.

b. When PQ is rotated 180" around point R, the resulting segment is the same as PQ.
Where could point R be located?

Solution

a. Answers vary.

b. R must be the midpoint of PQ.

(From Unit 1, Lesson 8.)

Problem 4

Statement
Here is trapezoid ABCD.

120°
60°

.

Using rigid transformations on the trapezoid, build a pattern. Describe some of the rigid
transformations you used.

Solution

Answers vary. Sample response: clockwise rotations, centered at the vertex of the 60° angle, of 60°,
120°, 1807, 240°, and 300° make a “windmill” type figure with copies of the trapezoid.

(From Unit 1, Lesson 10.)
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Lesson 13: Congruence

Goals

® Determine whether shapes are congruent by measuring corresponding points.
® Draw and label corresponding points on congruent figures.

® Justify (orally and in writing) that congruent figures have equal corresponding distances
between pairs of points.

Learning Targets

® | can use distances between points to decide if two figures are congruent.

Lesson Narrative

So far, we have mainly looked at congruence for polygons. Polygons are special because they are
determined by line segments. These line segments give polygons easily defined distances and
angles to measure and compare. For a more complex shape with curved sides, the situation is a
little different (unless the shape has special properties such as being a circle). The focus here is on
the fact that the distance between any pair of corresponding points of congruent figures must be
the same. Because there are too many pairs of points to consider, this is mainly a criterion for
showing that two figures are not congruent: that is, if there is a pair of points on one figure that are
a different distance apart than the corresponding points on another figure, then those figures are
not congruent.

One of the mathematical practices that takes center stage in this lesson is MP6. For congruent
figures built out of several different parts (for example, a collection of circles) the distances between
all pairs of points must be the same. It is not enough that the constituent parts (circles for example)
be congruent: they must also be in the same configuration, the same distance apart. This follows
from the definition of congruence: rigid motions do not change distances between points, so if
figure 1 is congruent to figure 2 then the distance between any pair of points in figure 1 is equal to
the distance between the corresponding pair of points in figure 2.

Alignments
Addressing

® 8.G.A.1.a: Lines are taken to lines, and line segments to line segments of the same length.

® 8.G.A.2: Understand that a two-dimensional figure is congruent to another if the second can
be obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.

Instructional Routines
® MLR5: Co-Craft Questions

® MLR7: Compare and Connect

216



® MLR8: Discussion Supports

® Think Pair Share

Required Materials

Geometry toolkits Notes: (1) "Tracing paper" is easiest to use when
For grade 6: tracing paper, graph paper, colored it's a smaller size. Commercially-available "patty
pencils, scissors, and an index card to use as a paper" is 5 inches by 5 inches and ideal for this.
straightedge or to mark right angles. If using larger sheets of tracing paper, consider

o cutting them down for student use. (2) When
For grades 7 and 8: everything in grade 6, plus a  compasses are required in grades 6-8 they are

ruler and protractor. Clear protractors with no listed as a separate Required Material.
holes and with radial lines printed on them are
recommended.

I Student Learning Goals

Let's find ways to test congruence of interesting figures.

13.1 Not Just the Vertices

Warm Up: 5 minutes

Polygons are special shapes because once we know the vertices, listed in order, we can join them by
line segments to produce the polygon. This is important when performing rigid transformations.
Because rigid transformations take line segments to line segments, once we track where the
vertices of a polygon go, we can join them in the correct order with segments to find the image of
the polygon.

In this warm-up, students begin to explore this structure, finding corresponding points in congruent
polygons which are not vertices.

Addressing
® 8.G.A.2

Launch

Give 3 minutes quiet think time followed by 2 minutes for a whole-class discussion.

Anticipated Misconceptions

Students may struggle to find corresponding points that are not vertices. Suggest that they use
tracing paper or the structure of the grid to help identify these corresponding points.

Student Task Statement
Trapezoids ABCD and A’ B'C’' D’ are congruent.

* Draw and label the points on A’ B'C’ D’ that correspond to E and F.

® Draw and label the points on ABCD that correspond to G’ and H'.
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® Draw and label at least three more pairs of corresponding points.

Student Response

Answers vary. Here are some possibilities:

B I C B | I (o

Activity Synthesis

Remind students that when two figures are congruent, every point on one figure has a
corresponding point on the other figure.

Ask students what methods they used to find their corresponding points. Possible answers include:

® Using the grid and the corresponding vertices to keep track of distances and place the
corresponding point in the right place

® Using tracing paper and rigid motions taking one polygon to the other

13.2 Congruent Ovals

10 minutes

This activity begins a sequence which looks at figures that are not polygons. From the point of view
of congruence, polygons are special shapes because they are completely determined by the set of
vertices. For curved shapes, we usually cannot check that they are congruent by examining a few
privileged points, like the vertices of polygons. We can ascertain that they are not congruent by
identifying a feature of one shape not shared by the other (for example, this oval is 3 units wide
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while this one is only 2% units wide). But to show that two curved shapes are congruent, we need to

apply the definition of congruence and try to move one shape so that it matches up exactly with the
other after some translations, rotations, and reflections.

In this activity, students begin to explore the subtleties of congruence for curved shapes. Make sure
that students provide a solid mathematical argument for the shapes which are congruent, beyond
saying that they look the same. Providing a viable argument, MP3, requires careful thinking about
the meaning of congruence and the structure of the shapes. Monitor for groups who use precise
language of transformations as they attempt to move one traced oval to match up perfectly with
another. Invite them to share their reasoning during the discussion. Also monitor for arguments
based on measurement for why neither of the upper ovals can be congruent to either of the lower
ones.

Addressing
® 8.G.A.2

Instructional Routines
® MLR5: Co-Craft Questions

® Think Pair Share

Launch

Arrange students in groups of 2. Provide access to geometry toolkits. Give students 3 minutes of
quiet work time, then invite them to share their reasoning with a partner, followed by a whole-class
discussion.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Connect a new concept to one with which students
have experienced success. For example, review the criteria used to determine congruence for
polygons so that students can transfer these strategies in determining congruence for curved
shapes.

Supports accessibility for: Social-emotional skills; Conceptual processing
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Support for English Language Learners

Speaking: Math Language Routine 5 Co-Craft Questions. This is the first time Math Language
Routine 5 is suggested as a support in this course. In this routine, students are given a context
or situation, often in the form of a problem stem with or without numerical values. Students
develop mathematical questions that can be asked about the situation. A typical prompt is:
“What mathematical questions could you ask about this situation?” The purpose of this routine
is to allow students to make sense of a context before feeling pressure to produce answers,
and to develop students’ awareness of the language used in mathematics problems.

Design Principle(s): Cultivating Conversations; Maximize meta-awareness

How It Happens:
1. Display the four images of the ovals without the directions.

Ask students, “What mathematical questions could you ask about this situation?”

2. Give students 1 minute of individual time to jot some notes, and then 3 minutes to share
ideas with a partner.

As pairs discuss, support students in using conversation skills to generate and refine their
questions collaboratively by seeking clarity, referring to students’ written notes, and
revoicing oral responses, as necessary. Listen for how students use language about
transformations and/or refer to measurements of the figures when talking about the
curved polygons.

3. Ask each pair of students to contribute one written question to a poster, the whiteboard,
or digital projection. Call on 2-3 pairs of students to present their question to the whole
class, and invite the class to make comparisons among the questions shared and their
own questions.

Listen for questions comparing different features of the ovals to determine congruence,
especially those that use distances between corresponding points. Revoice student ideas
with an emphasis on measurements wherever it serves to clarify a question.

4. Reveal the question, “Are any of the ovals congruent to one another?” and give students a
couple of minutes to compare it to their own question and those of their classmates.
Identify similarities and differences.

Consider providing these prompts: “Which of your questions is most similar to/different
from the one provided? Why?”, “Is there a main mathematical concept that is present in
both your questions and the one provided? If so, describe it.”, and “How do your
questions relate to one of the lesson goals of measuring corresponding points to
determine congruence?”
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5. Invite students to choose one question to answer (from the class or from the curriculum),
and then have students move on to the Activity Synthesis.

Student Task Statement

Are any of the ovals congruent to one another? Explain how you know.

Student Response

Sample response: All four shapes are ovals. For the top two shapes, they can be surrounded by
rectangles that measure 3 units by 2 units. For the bottom two shapes, they measure about 2%

(possibly a little less) units by 2 units. This means that the top shapes are not congruent to the
bottom shapes.

The top two shapes and the bottom two shapes have the same width and height (though the
orientation is different). More is needed, however, to determine whether or not the two upper (and
two lower) ovals are congruent. For this, we can trace one of the upper two ovals on tracing paper
and check that it can be placed on top of the other and similarly for the lower pair of ovals. This can
be done with, for example, a 90 degree clockwise rotation with center at the point shown here:
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Are You Ready for More?

You can use 12 toothpicks to create a polygon
with an area of five square toothpicks, like
this:

Can you use exactly 12 toothpicks to create a
polygon with an area of four square
toothpicks?

Student Response

There is more than one solution, but here is one approach. The first shape has a perimeter of 10
units and an area of 4 square units. To get two more toothpicks in without changing the area, an
indentation can be put on one side which is balanced by the part that “sticks out” on the other side:

< <

Activity Synthesis

Invite groups to explain how they determined that the upper ovals are not congruent to the lower
ones, with at least one explanation focusing on differing measurable attributes (for example length
and width). Also invite previously selected groups to show how they demonstrated that the two
upper (and two lower) ovals are congruent, focusing on the precise language of transformations.

Emphasize that showing that two oval shapes are congruent requires using the definition of
congruence: is it possible to move one shape so that it matches up perfectly with the other using
only rigid transformations? Experimentation with transformations is essential when showing that
two of the ovals match up because, unlike polygons, these shapes are not determined by a finite list
of vertices and side lengths.

Students have seen that rectangles that have the same side lengths are congruent and will
later find criteria for determining when two triangles are congruent. For more complex curved
shapes, the definition of congruence is required.
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13.3 Corresponding Points in Congruent Figures

15 minutes

Corresponding sides of congruent polygons have the same length. For shapes like ovals, examined
in the previous activity, there are no “sides.” However, if points A and B on one figure correspond
to points A’ and B’ on a congruent figure, then the length of segment A B is equal to the length of
segment A’ B because translations, rotations, and reflections do not change distances between
points. Students have seen and worked with this idea in the context of polygons and their sides.
This remains true for other shapes as well.

Because rigid motions do not change distances between points, corresponding points on congruent
figures (even oddly shaped figures!) are the same distance apart. This is one more good

example MP7 as the fundamental mathematical property of rigid motions is that they do not
change distances between corresponding points: this idea holds for any points on any congruent
figures.

There are two likely strategies for identifying corresponding points on the two corresponding
figures:

® Looking for corresponding parts of the figures such as the line segments

® Performing rigid motions with tracing paper to match the figures up

Both are important. Watch for students using each technique and invite them to share during the
discussion.
Addressing

® 8.GA.1.a

® 8.G.A.2

Instructional Routines

® MLR7: Compare and Connect

Launch

Keep students in the same groups. Allow for 5 minutes of quiet work time followed by sharing with
a partner and a whole-class discussion. Provide access to geometry toolkits (rulers are needed for
this activity).
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Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. Provide students with the images on grid or
graph paper to assist in labeling corresponding parts and taking measurements of line
segments.

Supports accessibility for: Language; Organization

Student Task Statement

Here are two congruent 8
shapes with some
corresponding points labeled.

1. Draw the points corresponding to B, D, and E, and label them B’, D/, and E’.

2. Draw line segments AD and A’ D' and measure them. Do the same for segments BC
and B'C’ and for segments AE and A’ E’. What do you notice?

3. Do you think there could be a pair of corresponding segments with different lengths?
Explain.

Student Response
1.
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BI

2. The lengths are the same. The rigid transformations of the plane used to show the congruence
of these shapes do not change distances between points. So, the distance between A and D,
for example, is the same as the distance between A’ and D'. The same is true for the other
pairs of corresponding points. The segments connecting these points are all shown here:

B

Bl

3. Sample response: No, rigid transformations do not change distances between points.
Corresponding segments in the two congruent figures must have the same length.

Activity Synthesis

Ask selected students to show how they determined the points corresponding to B, D, and E,
highlighting different strategies (identifying key features of the shapes and performing rigid
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motions). Ask students if these strategies would work for finding C’ if it had not been marked.
Performing rigid motions matches the shapes up perfectly, and so this method allows us to find the
corresponding point for any point on the figure. Identifying key features only works for points such
as A, B, D, and E, which are essentially like vertices and can be identified by which parts of the
figures are “joined” at that point.

While itis challenging to test “by eye” whether or not complex shapes like these are congruent, the
mathematical meaning of the word “congruent” is the same as with polygons: two shapes are
congruent when there is a sequence of translations, reflections, and rotations that match up one
shape exactly with the other. Because translations, reflections, and rotations do not change
distances between points, any pair of corresponding segments in congruent figures will have the
same length.

If time allows, have students use tracing paper to make a new figure that is either congruent to the
shape in the activity or slightly different. Display several for all to see and poll the class to see if
students think the figure is congruent or not. Check to see how the class did by lining up the new
figure with one of the originals. Work with these complex shapes is important because we tend to
rely heavily on visual intuition to check whether or not two polygons are congruent. This intuition is
usually reliable unless the polygons are complex or have very subtle differences that cannot be
easily seen. The meaning of congruence in terms of rigid motions and our visual intuition of
congruence can effectively reinforce one another:

® |f shapes look congruent, then we can use this intuition to find the right motions of the plane
to demonstrate that they are congruent.

® Through experimenting with rigid motions, we increase our visual intuition about which
shapes are congruent.

Support for English Language Learners

Representing, Conversing, Listening: MLR7 Compare and Connect. As students work, look for
students who perform rigid motions with tracing paper to test congruence of two figures. Call
students’ attention to the different ways they match up figures to identify corresponding
points, and to the different ways these operations are made visible in each representation
(e.g., lengths of segments that are equal, translations, rotations and reflections do not change
distances between points). Emphasize and amplify the mathematical language students use
when determining if two figures are congruent.

Design Principle(s): Maximize meta-awareness; Support sense-making

13.4 Astonished Faces

Optional: 10 minutes
Up to this point, students have mostly worked with simple figures, that is, figures which are
individual and complete and not naturally divided into parts. In this activity, students examine two
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figures made out of disjoint pieces: the outline of a face, two eyes, and a mouth. The disjoint pieces
are congruent to one another taken in isolation. But they are not congruent taken as a collective
whole because the relative positions of the eyes, mouth, and face outline are different in the two
images.

This activity reinforces a goal of the previous activity. In order for two shapes to be congruent, all
pairs of corresponding points in the two images must be the same distance apart. For the example
studied here, this is true for many pairs of points. For example, if we choose a pair of points in one
mouth and the corresponding pair of points in the other mouth, they will be the same distance
from one another. The same is true if we choose a pair of points in the eye of one figure and a
corresponding pair of points in an eye of the other figure. But if we choose one point in each eye or
one point in the mouth and one pointin an eye, the distances change. Strategically selecting
corresponding points whose distance is not the same in the two figures is MP7 as it requires a solid
understanding of the meaning of congruence and corresponding parts.

Monitor for students who:

® |dentify that the parts (face outline, eyes, mouth) of the two faces are congruent.

® |dentify that the relative position of the parts in the two faces are not the same.
Choose students to share these observations at the beginning of the discussion.

Addressing
® 8.G.A.1.a

® 8.G.A.2

Instructional Routines

® MLRS8: Discussion Supports

Launch

Arrange students in groups of 2. Provide access to geometry toolkits. Give 5 minutes quiet work
time followed by time to share their results and reasoning with their partner, then a whole-class
discussion.

Supply tracing paper if desired. However, in this case, students should be encouraged to look for
other ways to know the shapes are not congruent beyond saying that they do not match up when
students try to place one on top of the other.
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Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. Chunk this task into more manageable
parts to support students who benefit from support with organizational skills in problem
solving. For example, present one section of the face at a time and monitor students to ensure
they are making progress throughout the activity.

Supports accessibility for: Organization; Attention

Anticipated Misconceptions

Students may think the two faces are congruent if all of the pieces of the faces match up, however
the translations for each to match up are different. This may happen when students use tracing
paper to test each individual piece. Ask students to find the distance between a pair of
corresponding points that is not the same in the two faces. For example, ask them to measure the
distance between a point on the left eye and point on the right eye and the corresponding distance
in the second face.

Student Task Statement

Are these faces congruent? Explain your reasoning.

Student Response

No. Sample response: the faces are not congruent although the parts of the faces (outline, eyes,
mouth) are congruent taken one by one. The two oval outlines of the faces sit in 8 unit by 10 unit
rectangles and they are congruent as can be seen by translating the left face outline 10 units to the
right (or reflecting over the center vertical line on the grid). All 4 eyes in the two faces are also
congruent: this can be shown using horizontal translations. The two mouths are congruent, also
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using a translation, but this time the translation has a horizontal component (10 units to the right)
and a vertical component (about a half of a unit down).

While the individual parts are congruent, the faces as wholes are not. In the figure on the left, the
eyes are one unit apart. For the figure on the right they are almost 2 units apart. The mouth on the
left is about one unit below each eye while the mouth on the right is more than one unit below each
eye. The mouth on the right is also closer to the outline of the face than the mouth on the left. In
each case, there is a pair of corresponding points in the two figures whose distances are different.
This means that the figures are not congruent.

Activity Synthesis

Ask selected students if the face outlines are congruent. What about the eyes? The mouths? Have
them share their method for checking, emphasizing precise language that uses rigid motions
(translations are all that is needed).

Ask selected students if the two faces, taken as a whole, are congruent. What corresponding points
were they able to identify that were not the same distance apart in the two faces? Distance between
the eyes, from the eyes to the mouth, from the eyes to the face outline, or from the mouth to face
outline are all valid responses.

Even though the individual parts of the two faces are congruent, the two faces are not congruent.
We could find one translation that takes the outline of one face to the outline of the other and
similarly we could find a translation taking the left eye, right eye, and mouth of one figure to the left
eye, right eye, and mouth of the other. But these translations are different. In order for two figures
to be congruent, there must be one sequence of transformations that match all parts of one figure
perfectly with the other.

Support for English Language Learners

Speaking: MLR8 Discussion Supports. Amplify students' uses of mathematical language to
communicate about rigid transformations. As pairs share their results and reasoning, revoice
their ideas using the terms “congruent figures,” “vertical component,” and “horizontal
component.” Then, invite students to use the terms when describing their results and
strategies for determining congruence. Some students may benefit from chorally repeating the
phrases that include the terms “congruent figures,” “vertical component,” and “horizontal
component” in context.

Design Principle(s): Optimize output (for explanation)

Lesson Synthesis

This lesson wraps up work on congruence. Important points to highlight include:

® Two figures are congruent when there is a sequence of translations, rotations, and reflections
matching up one figure with the other
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® To show that two figures are not congruent it is enough to find corresponding points on the
figures which are not the same distance apart, or corresponding angles that have different
measure

® The distance between pairs of corresponding points in congruent figures is the same (this says
that corresponding side lengths on polygons have the same length but it applies to curved
figures also or to any pair of points, not necessarily vertices, on polygons)

® Some figures are made up of several parts. For example, these two designs are each made up
of three circles:

~D OO0

All six of the circles are congruent (as we could check using tracing paper). But in the left
design, each circle touches both of the other two, but this is not true in the design on the right.
The distances between any two circle centers in one design will be different than the distances
between any two circle centers in the other design.

13.5 Explaining Congruence

Cool Down: 5 minutes
Students decide whether or not two ovals are congruent. These particular ovals are visually quite
distinct so expect students to use one of these methods:

® |dentify a distance on one oval that is different than the corresponding distance on the other
oval.

® Trace one of the ovals and observe that it does not match up with the other one.

Addressing
® 8.G.A.2

Launch

Make tracing paper available.

Student Task Statement
Are Figures A and B congruent? Explain your reasoning.
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Figure A Figure B

Student Response

Answers vary. Sample response: These figures are not congruent because if they were, the longest
horizontal distances between two points would be the same. However, for A it is less than 4 units,
and for B it is about 4 units.

Student Lesson Summary

To show two figures are congruent, you align one with the other by a sequence of rigid
transformations. This is true even for figures with curved sides. Distances between
corresponding points on congruent figures are always equal, even for curved shapes. For
example, corresponding segments AB and A’ B’ on these congruent ovals have the same
length:

BI

To show two figures are not congruent, you can find parts of the figures that should
correspond but that have different measurements.

For example, these two ovals don’t look congruent.
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On both, the longest distance is 5 units across, and the longest distance from top to bottom
is 4 units. The line segment from the highest to lowest point is in the middle of the left oval,

but in the right oval, it's 2 units from the right end and 3 units from the left end. This proves
they are not congruent.

Lesson 13 Practice Problems
Problem 1

I Statement

Which of these four figures are congruent to the top figure?
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Solution
C

Problem 2
Statement

These two figures are congruent, with corresponding points marked.

C A’
B
BI
A C
a. Are angles ABC and A’ B'C’ congruent? Explain your reasoning.

b. Measure angles ABC and A’ B'C’ to check your answer.
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Solution

a. Yes they are angles made by corresponding points on congruent figures so they are
congruent.

b. Both angles measure about 110 degrees.

Problem 3
Statement

Here are two figures.

A B :
Show, using measurement, that these two figures are not congruent.

Solution

Answers vary. Sample response: The rightmost and leftmost points on Figure A are further apart
than any pair of points on Figure B. So these two points can not correspond to any pair of points on
Figure B and the two figures are not congruent.

Problem 4
Statement

Each picture shows two polygons, one labeled Polygon A and one labeled Polygon B. Describe
how to move Polygon A into the position of Polygon B using a transformation.

a.

]
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Solution
a. Flip A over the vertical line through the vertex shared by A and B.

b. Rotate A in a clockwise direction around the vertex shared by the two polygons.

c. Translate A up and to the right. It needs to go up one unit and right 3 units.

(From Unit 1, Lesson 3.)
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Section: Angles in a Triangle
Lesson 14: Alternate Interior Angles

Goals

® Calculate angle measures using alternate interior, adjacent, vertical, and supplementary
angles to solve problems.

® Justify (orally and in writing) that “alternate interior angles” made by a “transversal” connecting
two parallel lines are congruent using properties of rigid motions.

Learning Targets

® |f I have two parallel lines cut by a transversal, | can identify alternate interior angles and use
that to find missing angle measurements.

Lesson Narrative

In this lesson, students justify that alternate interior angles are congruent, and use this and the
vertical angle theorem, previously justified, to solve problems.

Thus far in this unit, students have studied different types of rigid motions, using them to

examine and build different figures. This work continues here, with an emphasis on examining
angles. In a previous lesson, 180 degree rotations were employed to show that vertical angles,
made by intersecting lines, are congruent. The warm-up recalls previous facts about angles made
by intersecting lines, including both vertical and adjacent angles. Next a third line is added, parallel
to one of the two intersecting lines. There are now 8 angles, 4 each at the two intersection points of
the lines. At each vertex, vertical and adjacent angles can be used to calculate all angle measures
once one angle is known. But how do the angle measures compare at the two vertices? It turns out
that each angle at one vertex is congruent to the corresponding angle (via translation) at the other
vertex and this can be seen using rigid motions: translations and 180 degree rotations are
particularly effective at revealing the relationships between the angle measures.

One mathematical practice that is particularly relevant for this lesson is MP8. Students will notice as
they calculate angles that they are repeatedly using vertical and adjacent angles and that often they
have a choice which method to apply. They will also notice that the angles made by parallel lines cut
by a transversal are the same and this observation is the key structure in this lesson.

Alignments

Building On

® 7.G.B.5: Use facts about supplementary, complementary, vertical, and adjacent angles in a
multi-step problem to write and solve simple equations for an unknown angle in a figure.

Addressing

® 8.G.A.1: Verify experimentally the properties of rotations, reflections, and translations:
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® 8.G.A.5: Use informal arguments to establish facts about the angle sum and exterior angle of
triangles, about the angles created when parallel lines are cut by a transversal, and the
angle-angle criterion for similarity of triangles. For example, arrange three copies of the same
triangle so that the sum of the three angles appears to form a line, and give an argument in

terms of transversals why this is so.

Instructional Routines
® MLR2: Collect and Display

® MLRS8: Discussion Supports

® Think Pair Share

Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper"is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Students need rulers and tracing paper from the geometry toolkits.

I Student Learning Goals

Let's explore why some angles are always equal.

14.1 Angle Pairs

Warm Up: 5 minutes

This task is designed to prompt students to recall their prior work with supplementary angles. While

they have seen this material in grade 7, this is the first time it has come up explicitly in grade 8. As

students work on the task, listen to their conversations specifically for the use of vocabulary such as

supplementary and vertical angles. If no students use this language, make those terms explicit in

the discussion.

Some students may wish to use protractors, either to double check work or to investigate the
different angle measures. This is an appropriate use of technology (MP5), but ask these students

what other methods they could use instead.

Building On
® 7.G.B.5
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Launch
Provide access to geometry toolkits. Before students start working, make sure they are familiar with
the convention for naming an angle using three points, where the middle letter denotes the angle’s
vertex.

Student Task Statement

1. Find the measure of angle JGH. Explain or show your reasoning.

2. Find and label a second 30" degree angle in the diagram. Find and label an angle
congruent to angle JGH.
Student Response

1. 150°. Sample response: In the diagram, the given 30° angle and angle JGH are
supplementary, so they add up to 180°.

J H

2. Angles are labeled as shown using reasoning about vertical or supplementary angles.

Activity Synthesis

Display the image for all to see. Invite students to share their responses, adding onto the image as
needed to help make clear student thinking. If not mentioned by students, make sure to highlight
the term supplementary angles to describe, for example, angles FGJ and JGH, and vertical angles to
describe, for example, angles JGF and HGI.

14.2 Cutting Parallel Lines with a Transversal

15 minutes
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In this task, students explore the relationship between angles formed when two parallel lines are
cut by a transversal line. Students investigate whether knowing the measure of one angle is
sufficient to figure out all the angle measures in this situation. They also consider whether the
relationships they found hold true for any two lines cut by a transversal.

The last two questions in this activity are optional, to be completed if time allows. Make sure to
leave enough time for the next activity, “Alternate Interior Angles are Congruent.”

As students work with their partners, they begin to fill in supplementary angles and vertical angles.
To find the measures of corresponding and alternate interior, students may use tracing paper and
some of the strategies found earlier in the unit. For example, they may use tracing paper to
translate vertex B to vertex E. They might try to translate B to E in the third picture and observe
that the angles at those two vertices are not congruent. Similarly, to find measures of vertical angles
students may use a 180° rotation like they did earlier in this unit when showing that vertical angles
are congruent. Monitor for students who use these different strategies and select them to share
during the discussion.

For students who finish early, ask them to think of different methods they could use to determine
the angles: For example, all of the congruent angles can be shown to be congruent with
transformations.

Addressing
® 8.G.A.1

® 8.G.A5

Instructional Routines
® MLR2: Collect and Display

® Think Pair Share

Launch

A transversal (or transversal line) for a pair of parallel lines is a line that meets each of the parallel
lines at exactly one point. Introduce this idea and provide a picture such as this picture where line k
is a transversal for parallel lines # and m:
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Arrange students in groups of 2. Provide access to geometry toolkits. Give students 1 minute of
quiet think time to plan on how to find the angle measures in the picture then time to share their
plan with their partner. Give partners time for the rest of the task, followed by a whole-class
discussion. Instruct students to stop after the third question if you've decided to skip the last two
questions.

Support for Students with Disabilities

Representation: Develop Language and Symbols. Create a display of important terms and
vocabulary. Invite students to suggest language or diagrams to include that will support their
understanding of these terms. Include the following term and maintain the display for
reference throughout the unit: transversal.

Supports accessibility for: Conceptual processing; Language

Support for English Language Learners

Conversing, Representing: MLR2 Collect and Display. As students discuss with a partner, listen for
and collect vocabulary, gestures, and diagrams students use to describe the relationships they
notice between the angles formed when two parallel lines are cut by a transversal. Capture
student language that reflects a variety of ways to determine determine angle congruence.
Record students’ words, phrases, and diagrams onto a visual display and update it throughout
the lesson. Remind students to borrow language from the display as needed. This will help
students use mathematical language during small-group and whole-class discussions.

Design Principle(s): Support sense-making

Unit1 Lesson 14
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Anticipated Misconceptions

In the first image, students may fill in congruent angle measurements based on the argument that
they look the same size. Ask students how they can be certain that the angles don't differ in

measure by 1 degree. Encourage them a way to explain how we can know for sure that the angles
are exactly the same measure.

Student Task Statement
Lines AC and DF are parallel. They are cut by transversal HJ.

1. With your partner, find the seven unknown angle measures in the diagram. Explain your
reasoning.

2. What do you notice about the angles with vertex B and the angles with vertex E?

3. Using what you noticed, find the measures of the four angles at point B in the second
diagram. Lines AC and DF are parallel.
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4. The next diagram resembles
the first one, but the lines
form slightly different angles.
Work with your partner to
find the six unknown angles
with vertices at points B and
E.
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5. What do you notice about the angles in this diagram as compared to the earlier
diagram? How are the two diagrams different? How are they the same?

Student Response
1.

Explanations vary. Sample strategy 1: Tracing paper helped find the three 117 degree angles.
Each of the other four angles is supplementary to a 117 degree angle, so they are all 63 degree
angles. Sample strategy 2: Using pairs of vertical angles shows that angle CBJ is a 63 degree
angle. The other angles at vertex B can be found using supplementary angles. The angles at
vertex E can be found the same way after using tracing paper to find one of them.

2. Answers vary. Sample response: The angles in the same place relative to the transversal have
the same measure.

3. Answers vary. Sample response: Angle ABH is a 34 degree angle because it forms a vertical
pair with the marked 34 degree angle after translating E to B. Angle HBC is a 146 degree
angle because it is supplementary to the 34 degree angle found by translating E to B.
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A . 108°
108°
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72°

63°

117° 1177

63°

5. Answers vary. Sample response: In both pictures, the two pair of vertical angles at each vertex
are congruent. Also adjacent angles at each vertex are supplementary. In the first picture, the
angle measures at the two vertices are the same while in the second picture they are different.
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Are You Ready for More?

ss/ | XX
// K\

Parallel lines Z and m are cut by two transversals which intersect £ in the same point. Two
angles are marked in the figure. Find the measure x of the third angle.

Student Response
x = 65",

\

Adding in two alternate interior angles, we see that the angles marked 55°, 60°, and x* make a
straight angle, so 55 + 60 + x = 180.

Activity Synthesis

The purpose of this discussion is to make sure students noticed relationships between the angles
formed when two parallel lines are cut by a transversal and to introduce the term alternate interior
angles to students. Display the images from the Task Statement for all to see one at a time and
invite groups to share their responses. Encourage students to use precise vocabulary, such as
supplementary and vertical angles, when describing how they figured out the different angle
measurements. After students point out the matching angles at the two vertices, define the

term alternate interior angles and ask a few students to identify some pairs of angles from the
activity.
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Consider asking some of the following questions:

® "What were some tools you used to find or confirm angle measures?" (Tracing paper,
protractor, transformations)

® "What were some angle relationships you used to find missing measures?" (Vertical angles,
supplementary angles)

® "What do you notice about the angles at vertex B compared to the angles at vertex E?" (They
have the same angle measures for angles in the same position relative to the transversal.)

® "Which angle relationships were true for all three pictures? Which were true for only one or
two of the pictures?" (Congruent vertical and supplementary angles around a vertex were
always true. Congruent angles in corresponding positions at the two vertices were only true in
the first two pictures, which had parallel lines.)

14.3 Alternate Interior Angles Are Congruent

15 minutes

The goal of this task is to experiment with rigid motions to help visualize why alternate interior
angles (made by a transversal connecting two parallel lines) are congruent. This result will be used
in a future lesson to establish that the sum of the angles in a triangle is 180 degrees. The second
question is optional if time allows. This provides a deeper understanding of the relationship
between the angles made by a pair of (not necessarily parallel) lines cut by a transversal.

Expect informal arguments as students are only beginning to develop a formal understanding of
parallel lines and rigid motions. They have, however, studied the idea of 180 degree rotations in a
previous lesson where they used this technique to show that a pair of vertical angles made by
intersecting lines are congruent. Consider recalling this technique especially to students who get
stuck and suggesting the use of tracing paper.

Given the diagram, the tracing paper, and what they have learned in this unit, students should be
looking for ways to demonstrate that alternate interior angles are congruent using transformations.
Make note of the different strategies (including different transformations) students use to show
that the angles are congruent and invite them to share their strategies during the

discussion. Approaches might include:

® A 180 degree rotation about M

® First translating P to Q and then applying a 180-degree rotation with center Q

Addressing
® 8.G.A1

® 8.G.A5
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Instructional Routines

® MLRS: Discussion Supports

Launch

Provide access to geometry toolkits. Tell students that in this activity, we will try to figure out why
we saw all the matching angles we did in the last activity.

Support for Students with Disabilities

Action and Expression: Develop Expression and Communication. Invite students to talk about their
ideas with a partner before writing them down. Display sentence frames to support students
when they explain their ideas. For example, “First, | _____because...”, “I noticed ___so l...",
“Why did you...?", “l agree/disagree because....”

Supports accessibility for: Language; Organization

Student Task Statement
1. Lines Z and k are parallel and ¢ is a transversal. Point M is the midpoint of segment
PQ.
L B Q
M

Kk

P A
t

Find a rigid transformation showing that angles M PA and M Q B are congruent.

2. In this picture, lines # and k are no longer parallel. M is still the midpoint of segment

PQ.
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Does your argument in the
earlier problem apply in this
B Q situation? Explain.

Student Response
1. Rotate the picture 180° with center M.

t

Since 180 degrees is half of a circle this takes each point on the circle to its “opposite.” Point A
maps to point B and B maps to A. So the 180 degree rotation will interchange P and Q. The

rotation interchanges lines ell and m and also angles MQ B and M PA so the angles are
congruent.

2. If £ and m are not parallel, a 180 degree rotation around M still takes P to Q and Q to P. The
problem is that it does not take # to m, and it does not take m to £ because m is not parallel to
Z. So this rotation does not take angle M QB to angle M PA and vice versa. The argument
from 1 does not apply unless # and m are parallel.
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Activity Synthesis

Select students to share their explanations. Pay close attention to which transformations students

use in the first question and make sure to highlight different possibilities if they arise. Ask students
to describe and demonstrate the transformations they used to show that alternate interior angles

are congruent.

Highlight the fact that students are using many of the transformations from earlier sections of this
unit. The argument here is especially close to the one used to show that vertical angles made by
intersecting lines are congruent. In both cases a 180 degree rotation exchanges pairs of angles. For
vertical angles, the center of rotation is the common point of intersecting lines. For alternate
interior angles, the center of rotation is the midpoint of the transverse between the two parallel
lines. But the structure of these arguments is identical.

Support for English Language Learners

Speaking: MLR8 Discussion Supports. Use this routine to amplify students’ mathematical uses of
language when describing and demonstrating transformations used for showing alternate
interior angles are congruent. After a student shares their response, invite another student to
repeat the reasoning using the following mathematical language: vertical angles, 180 degree
rotation, center of rotation, intersecting lines, midpoint, parallel lines. Invite all students to
chorally repeat the phrases that include these words in context.

Design Principle(s): Support sense-making, Optimize output (for explanation)

Lesson Synthesis

Display the image of two parallel lines cut by a transversal. Tell students that in cases like this,
translations and rotations can be particularly useful in figuring out angle measurements since they
move angles to new positions, but the angle measure does not change.

Select students to point out examples of alternate interior, vertical, and supplementary angles in
the picture. They should also be able to articulate which angles are congruent to one another and
give an example of a rigid transformation that explains why.
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In particular, make sure students can articulate:

® ¢ = 60 because it is the measure of an angle forming an alternate interior angle with the given
60 degree angle.

® ¢ = d = 120 because they are also alternate interior angles, each supplementary to a 60
degree angle.

® The rest of the angle measures can be found using vertical or supplementary angles.

14.4 All The Rest

Cool Down: 5 minutes

Students use what they have learned about vertical and alternate interior angles in this lesson and
earlier lessons, applying it to a diagram in order to fill in angle measurements without needing to
measure.

Addressing
® 8.G.A5

Student Task Statement

The diagram shows two parallel lines cut by a transversal. One angle measure is shown.

Find the values of @, b, ¢, d, e, f, and g.

Student Response
a: 126, b: 54, c: 126, d: 54, e: 126, f: 54, g: 126
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Student Lesson Summary

When two lines intersect, vertical angles are equal and
adjacent angles are supplementary, that is, their measures
sum to 180°. For example, in this figure angles 1 and 3 are
equal, angles 2 and 4 are equal, angles 1 and 4 are
supplementary, and angles 2 and 3 are supplementary.

When two parallel lines are cut by another line, called a
transversal, two pairs of alternate interior angles are
created. (“Interior” means on the inside, or between, the two
parallel lines.) For example, in this figure angles 3 and 5 are
alternate interior angles and angles 4 and 6 are also alternate
interior angles.

Alternate interior angles are equal because a 180° rotation around the midpoint of the
segment that joins their vertices takes each angle to the other. Imagine a point M halfway
between the two intersections—can you see how rotating 180° about M takes angle 3 to
angle 5?

Using what we know about vertical angles, adjacent angles, and alternate interior angles, we
can find the measures of any of the eight angles created by a transversal if we know just one
of them. For example, starting with the fact that angle 1 is 70° we use vertical angles to see
that angle 3 is 70°, then we use alternate interior angles to see that angle 5 is 70°, then we
use the fact that angle 5 is supplementary to angle 8 to see that angle 8 is 110° since

180 = 70 = 110. It turns out that there are only two different measures. In this example,
angles 1, 3, 5, and 7 measure 70°, and angles 2, 4, 6, and 8 measure 110°.

Glossary

® alternate interior angles

® transversal

Lesson 14 Practice Problems
Problem 1

Statement

Use the diagram to find the measure of each angle.
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a.mzZABC
b. mzEBD
c. mZABE

45°

Solution
a. 135 degrees

b. 135 degrees

C. 45 degrees

(From Unit 1, Lesson 9.)

Problem 2
Statement

Lines k and £ are parallel, and the measure of angle ABC is 19 degrees.

a. Explain why the measure of angle ECF is 19 degrees. If you get stuck, consider
translating line £ by moving B to C.

b. What is the measure of angle BC D? Explain.

Solution

a. If Z is translated so that B goes to C, then [ goes to k because k is parallel to #Z. Angle ABC
matches up with angle FCE after this translation, so FCE (and ECF) is also a 19 degree
angle.
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b. Angles ECF and BCD are congruent because they are vertical angles. Since angle ECF is a
19 degree angle, so is angle BCD.

Problem 3
Statement

The diagram shows three lines with some marked angle measures.
Find the missing angle

measures marked with
question marks.

Solution

Problem 4
I Statement

Lines s and ¢ are parallel. Find the value of x.
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Solution

x = 50. The measure of the given angle is 40 degrees. The corresponding angle on line ¢ also
measures 40 degrees. This angle is adjacent to the indicated 90-degree angle, on its right side.
Similarly, the angle that measures x° corresponds to the angle that is adjacent to the indicated

90-degree angle, on its left side. This gives the equation 40 + 90 + x = 180. x is 50 degrees,
because 180 — (90 + 40) = 50.

Problem 5
Statement

The two figures are scaled copies of each other.

a. What is the scale
factor that takes 0
Figure 1 to Figure
2?
b. What is the scale — A 'P< ! 46
factor that takes a< € <
. . AL \
Figure 2 to Figure "
12 N S
Figure 1 Figure 2 N
'S
Solution
a.3
1
b. 3
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Lesson 15: Adding the Angles in a Triangle

Goals

® Comprehend that a straight angle can be decomposed into 3 angles to construct a triangle.

® Justify (orally and in writing) that the sum of angles in a triangle is 180 degrees using
properties of rigid motions.

Learning Targets

® |f | know two of the angle measures in a triangle, | can find the third angle measure.

Lesson Narrative

In this lesson, the focus is on the interior angles of a triangle. What can we say about the three
interior angles of a triangle? Do they have special properties?

The lesson opens with an optional activity looking at different types of triangles with a particular

focus on the angle combinations of specific acute, right, and obtuse triangles. After being given a
triangle, students form groups of 3 by identifying two other students with a triangle congruent to
their own. After collecting some class data on all the triangles and their angles, they find that the
sum of the angle measures in all the triangles turns out to be 180 degrees.

In the next activity, students observe that if a straight angle is decomposed into three angles, it
appears that the three angles can be used to create a triangle. Together the activities provide
evidence of a close connection between three positive numbers adding up to 180 and having a
triangle with those three numbers as angle measures.

A new argument is needed to justify this relationship between three angles making a line and three
angles being the angles of a triangle. This is the topic of the following lesson.

Alignments
Building On
® 7.G.A.2: Draw (freehand, with ruler and protractor, and with technology) geometric shapes
with given conditions. Focus on constructing triangles from three measures of angles or sides,

noticing when the conditions determine a unique triangle, more than one triangle, or no
triangle.

Addressing

® 8.G.A.2: Understand that a two-dimensional figure is congruent to another if the second can
be obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.

® 8.G.A.5: Use informal arguments to establish facts about the angle sum and exterior angle of
triangles, about the angles created when parallel lines are cut by a transversal, and the
angle-angle criterion for similarity of triangles. For example, arrange three copies of the same
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triangle so that the sum of the three angles appears to form a line, and give an argument in

terms of transversals why this is so.

Instructional Routines

® Group Presentations

® MLR7: Compare and Connect

Required Materials

Copies of blackline master

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.

Required Preparation

Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.

Pre-printed slips, cut from copies of the
blackline master

Print copies of the Tear it Up blackline master. Prepare 1 copy for every group of 4 students. From

the geometry toolkit, students will need scissors.

If you are doing the optional Find All Three activity, prepare 1 copy of the Find All Three blackline
master for every 15 students. Cut these up ahead of time.

I Student Learning Goals

Let's explore angles in triangles.

15.1 Can You Draw It?

Warm Up: 10 minutes

Students try to draw triangles satisfying different properties. They complete the table and then
check with a partner whether or not they agree that the pictures are correct or that no such triangle

can be drawn. The goals of this warm-up are:

® Reviewing different properties and types of triangles.

® Focusing on individual angle measures in triangles in preparation for studying their sum.

Note that we use the inclusive definition of isosceles triangle having at least two congruent sides. It
is possible that in students’ earlier experiences, they learned that an isosceles triangle has exactly
two congruent sides. This issue may not even come up, but be aware that students may be working
under a different definition of isosceles than what is written in the task statement.

Unit1 Lesson 15
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Building On
®* 7.G.A2

Launch

Arrange students in groups of 2. Quiet work time for 3 minutes to complete the table followed by
partner and whole-class discussion.

Student Task Statement

1. Complete the table by drawing a triangle in each cell that has the properties listed for its
column and row. If you think you cannot draw a triangle with those properties, write
“impossible” in the cell.

2. Share your drawings with a partner. Discuss your thinking. If you disagree, work to
reach an agreement.

acute (all angles right (has a right obtuse (has an
acute) angle) obtuse angle)

scalene (side
lengths all
different)

isosceles (at least
two side lengthsare
equal)

equilateral (three
side lengths equal)
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Student Response

Sample response:

acute (all angles acute) right (has a right angle) obtuse (has an obtuse angle)

I id ’ ‘
e | e

different)

isosceles (at
least two side
lengths are /

equal) / \

equilateral
(three equal Impossible Impossible

side lengths)

Activity Synthesis

Invite students to share a few triangles they were able to draw such as:

® Right and isosceles

® Equilateral and acute

Ask students to share which triangles they were unable to draw and why. For example, there is no
right equilateral or obtuse equilateral triangle because the side opposite the right (or obtuse) angle
is longer than either of the other two sides.

15.2 Find All Three

Optional: 15 minutes

This is a matching activity where each student receives a card showing a triangle and works to form
a group of three. Each card has a triangle with the measure of only one of its angles given. Students
use what they know about transformations and estimates of angle measures to find partners with
triangles congruent to theirs. Each unique triangle’s three interior angles are then displayed for all
to see. Students notice that the sum of the measures of the angles in each triangle is 180 degrees.

During this activity, students can use MP7, thinking about applying rigid motions to their triangle to
see if it might match up with another student's triangle. Or they may identify that their triangle is
acute, right, or obtuse and use this as a criterion when they search for a congruent copy (also MP7).

You will need the Find All Three blackline master for this activity.

Addressing
® 8.G.A2
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® 8.G.AS

Launch

Provide access to geometry toolkits. Distribute one card to each student, making sure that all three
cards have been distributed for each triangle. (If the number of students in your class is not a
multiple of three, it's okay for one or two students to take ownership over two cards showing
congruent triangles.) Explain that there are two other students who have a triangle congruent to
theirs that has been re-oriented in the coordinate plane through combinations of translations,
rotations, and reflections. Instruct students to look at the triangle on their card and estimate the
measures of the other two angles. With these estimates and their triangle in mind, students look for
the two triangles congruent to theirs with one of the missing angles labeled.

Prepare and display a table for all to see with columns angle 1, angle 2, angle 3 and one row for
each group of three students. It should look something like this:

student groups angle 1 angle 2 angle 3

Once the three partners are together, they complete one row in the posted table for their triangle’s
angle measures. Whole-class discussion to follow.

Students might ask if they can use tracing paper to find congruent triangles. Ask how they would
use it and listen for understanding of transformations to check for congruence. Respond that this
seems to be a good idea.

Support for Students with Disabilities

Representation: Provide Access for Perception. Display or provide students with a physical copy of
the written directions and read them aloud. Check for understanding by inviting students to
rephrase directions in their own words. Consider keeping the display of directions visible
throughout the activity.

Supports accessibility for: Language; Memory

Student Task Statement

Your teacher will give you a card with a picture of a triangle.

1. The measurement of one of the angles is labeled. Mentally estimate the measures of
the other two angles.
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2. Find two other students with triangles congruent to yours but with a different angle
labeled. Confirm that the triangles are congruent, that each card has a different angle
labeled, and that the angle measures make sense.

3. Enter the three angle measures for your triangle on the table your teacher has posted.
Student Response
The angle combinations are: 40, 50, 90; 40, 60, 80; 50, 50, 80; 20, 20, 140; 20, 40, 120
Activity Synthesis
Begin the discussion by asking students:
® "What were your thoughts as you set about to find your partners?"

® "How did you know that you found a correct partner?"

Expect students to discuss estimates for angle measures and their experience of how different
transformations influence the position and appearance of a polygon.

Next look at the table of triangle angles and ask students:

® "Is there anything you notice about the combinations of the three angle measures?"

® "Is there something in common for each row?"

Guide students to notice that the sum in each row is the same, 180 degrees. Ask whether they think
this is always be true for any triangle. Share with students that in the next activity, they will work
towards considering whether this result is true for all triangles.

15.3 Tear It Up

25 minutes

In the optional activity, students found that the sum of the angles of all the triangles on the cards
was 180 degrees and questioned if all triangles have the same angle sum. In this activity, students
experiment with the converse: If we know the measures of three angles sum to 180 degrees, can
these three angles be the interior angles in a triangle?

Students cut out three angles that form a line, and then try to use these three angles to make a
triangle. Students also get to create their own three angles from a line and check whether they can
construct a triangle with their angles.

Watch for students who successfully make triangles out of each set of angles and select them to
share (both the finished product and how they worked to arrange the angles) during the discussion.
Watch also for how students divide the blank line into angles. It is helpful if the rays all have about
the same length as in the pre-made examples.
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Addressing
® 8.G.AS

Instructional Routines

® Group Presentations

® MLR7: Compare and Connect

Launch

Arrange students in groups of 4. Provide access to geometry toolkits, especially scissors. Distribute
1 copy of the black line master to each group.

Instruct students to cut the four individual pictures out of the black line master. Each student will
work with one of these. Instruct the student with the blank copy to use a straightedge to divide the
line into three angles (different from the three angles that the other students in the group have).
Demonstrate how to do this if needed.

If needed, you may wish to demonstrate “making a triangle” part of the activity so students
understand the intent. With three cut-out 60 degree angles, for example, you can build an
equilateral triangle. Here is a picture showing three 60 degree angles arranged so that they can be
joined to form the three angles of an equilateral triangle. The students will need to arrange the
angles carefully, and they may need to use a straightedge in order to add the dotted lines to join
the angles and create a triangle.

Student Task Statement

Your teacher will give you a page with three sets of angles and a blank space. Cut out each set
of three angles. Can you make a triangle from each set that has these same three angles?
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Student Response

Answers vary. Sample response: We were all able to build triangles with the given sets of angles.
One is a right triangle, one acute, and one obtuse. The three angles we chose also made a triangle.

Are You Ready for More?

1. Draw a quadrilateral. Cut it out, tear off its angles, and line them up. What do you
notice?

2. Repeat this for several more quadrilaterals. Do you have a conjecture about the angles?

Student Response

The sum of interior angles in any quadrilateral is 360°. This is pretty clear with rectangles.
Parallelograms have 2 pairs of equal supplementary angles, so they work too. In fact, it works for
anything, even non-convex quadrilaterals.

42°

237°

65° 16

Activity Synthesis

If time allows, have students do a "gallery walk" at the start of the discussion. Ask students to
compare the triangle they made to the other triangles made from the same angles and be prepared
to share what they noticed. (For example, students might notice that all the other triangles made
with their angles looked pretty much the same, but were different sizes.) If students do not bring it
up, direct students to notice that all of the "create three of your own angles" students were able to
make a triangle, not just students with the ready-made angles.

Ask previously selected students to share their triangles and explain how they made the triangles.
To make the triangles, some trial and error is needed. A basic method is to line up the line
segments from two angles (to get one side of the triangle) and then try to place the third angle so
that it lines up with the rays coming from the two angles already in place. Depending on the
length of the rays, they may overlap, or the angles may need to be moved further apart. Ask
questions to make sure that students see the important connection:

® "How do you know the three angles you were given sum to 180 degrees?" (They were adjacent
to each other along a line.)

® "How do you know these can be the three angles of a triangle?" (We were able to make a
triangle using these three angles.)
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® "What do you know about the three angles of the triangle you made and why?" (Their
measures sum to 180 because they were the same three angles that made a line.)

Ask students if they think they can make a triangle with any set of three angles that form a line and
poll the class for a positive or negative response. Tell them that they will investigate this in the next
lesson and emphasize that while experiments may lead us to believe this statement is true, the
methods used are not very accurate and were only applied to a few sets of angles.

If time permits, perform a demonstration of the converse: Start with a triangle, tear off its three
corners, and show that these three angles when placed adjacent each other sum to a line.

Support for Students with Disabilities

Engagement: Develop Effort and Persistence. Encourage and support opportunities for peer
interactions. Prior to the whole-class discussion, invite students to share their work with a
partner. Display sentence frames to support student conversation such as “To arrange the
angles, first, | because...” or “I noticed _____so l...."

Supports accessibility for: Language; Social-emotional skills

Support for English Language Learners

Representing, Conversing, Listening: MLR7 Compare and Connect. As students prepare their work
for discussion, look for those who successfully construct triangles out of each set of angles and
for those who successfully create their own three angles from a line and create triangles.
Encourage students to explain how they worked to arrange the angles. Emphasize language
used to make sense of strategies used to find that the sum of the angles in a triangle is 180
degrees.

Design Principle(s): Maximize Meta-awareness, Support sense-making

Lesson Synthesis

Some guiding questions for the discussion include:

® "What did we observe about the sum of the angles inside a triangle?" (The sum of the angles
inside a triangle seem to always add up to 180 degrees.)

® "When you know two angles inside a triangle, how can you find the third angle?" (If all three
angles add up to 180 degrees, then subtracting two of the angles from 180 will give the
measure of the third angle.)

® "Are there pairs of angles that cannot be used to make a triangle?" (Yes. If the two angles are
both bigger than or equal to 90 degrees, then you cannot make a triangle.)
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Emphasize that we were able to see for multiple triangles that the sum of their angles is 180° and
that using several sets of three angles adding to 180° we were able to build triangles with those
angles. In the next lesson we will investigate and explain this interesting relationship.

15.4 Missing Angle Measures

Cool Down: 5 minutes

Students have experimented to see that the sum of the angles in a triangle is 180 degrees. While
they will prove this in the next lesson, here they apply the concept in order to give examples of
different kinds of triangles with one given angle measure.

Addressing
® 8.G.A5

Launch

If needed, tell students to use their conjecture that the sum of the angles in a triangle is always 180
degrees as they work on these problems.

Student Task Statement

In triangle A BC, the measure of angle B is 50 degrees.
1. Give possible values for the measures of angles A and C if ABC is an acute triangle.
2. Give possible values for the measures of angles A and C if ABC is an obtuse triangle.
3. Give possible values for the measures of angles A and C if ABC is a right triangle.

Student Response

Answers vary. Sample responses:

1. To make an acute triangle,the other two angles must measure less than 90 degrees (for
example: 60, 70).

2. To make an obtuse triangle, one of the two angles must be greater than 90 degrees (100, 30).

3. There is only one way to make a right triangle (90, 40).

Student Lesson Summary

A 180" angle is called a straight angle because when it is made with two rays, they pointin
opposite directions and form a straight line.
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180°

If we experiment with angles in a triangle, we find that the sum of the measures of the three
angles in each triangle is 180°—the same as a straight angle!

Through experimentation we find:

® |f we add the three angles of a triangle physically by cutting them off and lining up the
vertices and sides, then the three angles form a straight angle.

® |f we have a line and two rays that form three angles added to make a straight angle,
then there is a triangle with these three angles.

J - e

Glossary

® straight angle

Lesson 15 Practice Problems
Problem 1

Statement
In triangle ABC, the measure of angle A is 40°.

a. Give possible measures for angles B and C if triangle ABC is isosceles.

b. Give possible measures for angles B and C if triangle ABC is right.

Solution

a. There are two possibilities: Angles B and C each measure 70°, or one of angles B and C
measures 40° and the other measures 100°.

b. One of angles B and C measures 50°, and the other angle measures 90°.
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Problem 2
Statement

For each set of angles, decide if there is a triangle whose angles have these measures in
degrees:

a. 60, 60, 60
b. 90, 90, 45
c. 30, 40, 50
d. 90, 45, 45
e. 120, 30, 30

If you get stuck, consider making a line segment. Then use a protractor to measure angles
with the first two angle measures.

Solution

Triangles can be made with the sets of angles in a, d, and e but not with b, and c.

/\ 450
60°
120°
45°
1‘600 600/ 300 300
Problem 3
Statement
Angle A in triangle ABC is obtuse. Can angle B or angle C be obtuse? Explain your
reasoning.
Solution

No, a triangle can not have two obtuse angles. If the obtuse angles were at vertices A and B, for
example, then those angles do not meet at any point C.

Problem 4
Statement

For each pair of polygons, describe the transformation that could be applied to Polygon A to
get Polygon B.
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B
a. |
b.

/,(
Z
\ B

N,

C.
Solution

a. Translation down 3 units and right 6 units
b. Reflection with a vertical line of reflection halfway between the two polygons

c. Rotation by 90 degrees counterclockwise with the vertex shared by the two polygons as the
center of rotation

(From Unit 1, Lesson 3.)
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Problem 5
Statement

. . : 1
On the grid, draw a scaled copy of quadrilateral ABCD using a scale factor of 3

Solution

Answers vary. Each side is % the length of the corresponding side on ABCD. For example, if B'C’

on the scaled copy corresponds to BC, then C’ should be down 1 grid square and right 2 grid
squares from B’. The same should be true for all other sides: this guarantees that corresponding
angles will have the same measure.

(From Unit 1, Lesson 14.)
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Lesson 16: Parallel Lines and the Angles in a
Triangle

Goals

® Create diagrams using 180-degree rotations of triangles to justify (orally and in writing) that
the measure of angles in a triangle sum up to 180 degrees.

® Generalize the Triangle Sum Theorem using rigid transformations or the congruence of
alternate interior angles of parallel lines cut by a transversal.

Learning Targets

® | can explain using pictures why the sum of the angles in any triangle is 180 degrees.

Lesson Narrative

Earlier in this unit, students learned that when a 180° rotation is applied to a line Z, the resulting
line is parallel to . Here is a picture students worked with earlier in the unit:

E A D

B C

The picture was created by applying 180° rotations to /\ ABC with centers at the midpoints of
segments AC and AB. Notice that E, A, and D all lie on the same grid line that is parallel to line
BC. In this case, we have the structure of the grid to help see why this is true. This argument
exhibits one aspect of MP7, using the structure of the grid to help explain why the three angles in
this triangle add to 180 degrees.
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In this lesson, students begin by examining the argument using grid lines described above. Then
they examine a triangle off of a grid, PQR. Here an auxiliary line plays the role of the grid lines: the
line parallel to line PQ through the opposite vertex R. The three angles sharing vertex R make a
line and so they add to 180 degrees. Using what they have learned earlier in this unit

(either congruent alternate interior angles for parallel lines cut by a transverse or applying rigid
transformations explicitly), students argue that the sum of the angles in triangle POR is the same
as the sum of the angles meeting at vertex R. This shows that the sum of the angles in any triangle
is 180 degrees. The idea of using an auxiliary line in a construction to solve a problem is explicitly

called out in MP7.

Alignments
Building On

® 7.NS.A: Apply and extend previous understandings of operations with fractions to add,
subtract, multiply, and divide rational numbers.

® 8.G.A.1.b: Angles are taken to angles of the same measure.

Addressing

® 8.G.A.5: Use informal arguments to establish facts about the angle sum and exterior angle of
triangles, about the angles created when parallel lines are cut by a transversal, and the
angle-angle criterion for similarity of triangles. For example, arrange three copies of the same
triangle so that the sum of the three angles appears to form a line, and give an argument in

terms of transversals why this is so.

Building Towards

® 8.G.B.6: Explain a proof of the Pythagorean Theorem and its converse.

Instructional Routines
® MLR5: Co-Craft Questions

® MLR8: Discussion Supports

® True or False

Required Materials

Geometry toolkits

For grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

For grades 7 and 8: everything in grade 6, plus a
ruler and protractor. Clear protractors with no
holes and with radial lines printed on them are
recommended.
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Notes: (1) "Tracing paper" is easiest to use when
it's a smaller size. Commercially-available "patty
paper" is 5 inches by 5 inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) When
compasses are required in grades 6-8 they are
listed as a separate Required Material.
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I Student Learning Goals

Let's see why the angles in a triangle add to 180 degrees.

16.1 True or False: Computational Relationships

Warm Up: 5 minutes

This warm-up encourages students to reason algebraically about various computational
relationships and patterns. While students may evaluate each side of the equation to determine if it
is true or false, encourage students to think about the properties of arithmetic operations in their
reasoning.

Seeing the structure that makes the equations true or false develops MP7.

Building On
® 7.NS.A

Instructional Routines

® True or False

Launch

Display one problem at a time. Tell students to give a signal when they have an answer and a
strategy. After each problem, give students 1 minute of quiet think time and follow with a
whole-class discussion.

Anticipated Misconceptions

In the first question, students may think you can round or adjust numbers in a subtraction problem
in the same way as in addition problems. For example, when adding 62 + 28, taking 2 from the 62
and adding it to the 28 does not change the sum. However, using that same strategy when
subtracting, the distance between the numbers on the number line changes and the difference
does not remain the same.

Student Task Statement

Is each equation true or false?
62 =28 =60 —30
3:.8=(2--8)-8

16 24 40

22 2
Student Response

® False. Explanations vary. Possible response: Think about a number line. The difference
between numbers is how far apart they are. 62 and 28 are further apart than 60 and 30.

® True. Explanations vary. Possible response: Rewrite (3 « -8) as (2 - -8) + (1 - -8).
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® True. Explanations vary. Possible response: Since 16 + 24 = 40 both sides of the equation are
equal to ﬂ;

Activity Synthesis

Ask students to share their strategies for each problem. Record and display their explanations for
all to see. Ask students how they decided upon a strategy. To involve more students in the
conversation, consider asking:

® Do you agree or disagree? Why?
® Who can restate __'s reasoning in a different way?

® Does anyone want to add on to 'S reasoning?

After each true equation, ask students if they could rely on the reasoning used on the given
problem to think about or solve other problems that are similar in type. After each false equation,
ask students how we could make the equation true.

16.2 Angle Plus Two

15 minutes (there is a digital version of this activity)

In the previous lesson, students conjectured that the measures of the interior angles of a

triangle add up to 180 degrees. The purpose of this activity is to explain this structure in some
cases. Students apply 180° rotations to a triangle in order to calculate the sum of its three angles.
They have applied these transformations earlier in the context of building shapes using rigid
transformations. Here they exploit the structure of the coordinate grid to see in a particular case
that the sum of the three angles in a triangle is 180 degrees. The next activity removes the grid lines
and gives an argument that applies to all triangles.

Building On
®* 8.G.A1.b

Addressing
® 8.G.A5

Instructional Routines

® MLR8: Discussion Supports

Launch

Arrange students in groups of 2-3. Provide access to geometry toolkits. Give 5 minutes work time
building the diagram and measuring angles. Then allow for a short whole-class check-in about angle
measurement error, and then provide time for students to complete the task.

Important note for classes using the digital activity: The applet measures angles in the standard
direction, counterclockwise. Students need to select points in order. For example, to measure angle
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ACB in this triangle, students would select the angle measure tool and then click on A, then C, and
then B. If they click on B, then C, and then A, they get the reflex angle.

Support for Students with Disabilities

Action and Expression: Internalize Executive Functions. Chunk this task into more manageable
parts to support students who benefit from support with organizational skills in problem
solving. For example, present 2-3 questions at a time and monitor students to ensure they are
making progress throughout the activity.

Supports accessibility for: Organization; Attention

Anticipated Misconceptions

Some students may have trouble with the rotations. If they struggle, remind them of similar work
they did in a previous lesson. Help them with the first rotation, and allow them to do the second
rotation on their own.

Student Task Statement
Here is triangle ABC.
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1. Rotate triangle ABC 180° around the midpoint of side AC. Label the new vertex D.
2. Rotate triangle ABC 180° around the midpoint of side A B. Label the new vertex E.

3. Look at angles EAB, BAC, and CAD. Without measuring, write what you think is the
sum of the measures of these angles. Explain or show your reasoning.

4. Is the measure of angle EAB equal to the measure of any angle in triangle ABC? If so,
which one? If not, how do you know?

5. Is the measure of angle CA D equal to the measure of any angle in triangle ABC? If so,
which one? If not, how do you know?

6. What is the sum of the measures of angles ABC, BAC, and ACB?

Student Response

1. Rotating by 180° around the midpoint of segment AC, C and A trade places and B goes to the
new point labeled D in the picture. Rotating 180" around the midpoint of segment A B, points
A and B trade places and C goes to the new point labeled E in the picture.

2. They look like they will add to 180°, because they appear to form a straight angle and there
are 180° in a straight angle.
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3. Yes, angle ABC. When triangle ABC is rotated 180 degrees with center the midpoint of
segment AB, ZABC goesto £EAB.

4. Yes, angle ACB. When triangle ABC is rotated 180 degrees with center the midpoint of
segment AC, ZACB goes to ZCAD.

5. The total measure of these angles should be 180°, because it is the same as the total measure
of angles EAB, BAC, and CAD and these angles add up to 180°.

Activity Synthesis
Ask students how the grid lines helped to show that the sum of the angles in this triangle is 180

degrees. Important ideas to bring out include:

® A 180 rotation of a line BC (with center the midpoint of AB or the midpoint of AC) is parallel
to line BC and lays upon the horizontal grid line that point A is on.

® The grid lines are parallel so the rotated angles lie on the (same) grid line.

Consider asking students, "Is it always true that the sum of the angles in a triangle is 180°?" (Make
sure students understand that the argument here does not apply to most triangles, since it relies
heavily on the fact that BC lies on a grid line which means we know the images of BC, AE and DA,
also lie on grid line that point A is on.)

It turns out that the key to showing the more general result lies in studying the rotations that were
used to generate the three triangle picture. This investigation is the subject of the next activity.

Support for English Language Learners

Speaking: MLR8 Discussion Supports. Use this routine to support whole-class discussion. For each
observation that is shared, ask students to restate and/or revoice what they heard using
mathematical language. Consider providing students time to restate what they hear to a
partner, before selecting one or two students to share with the class. Ask the original speaker if
their peer was accurately able to restate their thinking. Call students' attention to any words or
phrases that helped to clarify the original statement. This will provide more students with an
opportunity to produce language about transformations.

Design Principle(s): Support sense-making

16.3 Every Triangle in the World

15 minutes

The previous activity recalls the 180° rotations used to create an important diagram. This diagram
shows that the sum of the angles in a triangle is 180° if the triangle happens to lie on a grid with a
horizontal side. The purpose of this activity is to provide a complete argument, not depending on

the grid, of why the sum of the three angles in a triangle is 180°.
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In this activity, rather than building a complex shape from a triangle and its rotations, students
begin with a triangle and a line parallel to the base through the opposite vertex:

D B E

In this image, lines AC and DE are parallel. The advantage to this situation is that we know that
points D, B, and E all lie on a line. In order to calculate angles DBA and EBC, students can use
either the rotation idea of the previous activity or congruence of alternate interior angles of parallel
lines cut by a transversal. In either case, they need to analyze the given constraints and decide on a
path to pursue to show the congruence of angles. Students then conclude from the fact that D, B,
and E lie on the same line that a + b + ¢ = 180.

There is a subtle distinction in the logic between this lesson and the previous. The previous lesson
suggests that the sum of the angles in a triangle is 180" using direct measurements of a triangle on
a grid. This activity shows that this is the case by using a generic triangle and reasoning about
parallel lines cut by a transversal. But, in order to do so, we needed to know to draw the line parallel
to line AC through B and that this idea came through experimenting with rotating triangles.

Addressing
® 8.G.A5

Instructional Routines
® MLR5: Co-Craft Questions

Launch

Keep students in the same groups. Tell students they'll be working on this activity without the
geometry toolkit.

In case students have not seen this notation before, explain that m£DBA is shorthand for "the
measure of angle DBA."

Begin with 5 minutes of quiet work time. Give groups time to compare their arguments, then have a
whole-class discussion.
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Support for Students with Disabilities

Action and Expression: Develop Expression and Communication. Invite students to talk about their
ideas with a partner before writing them down. Display sentence frames to support students
when they explain their ideas. For example, “The angles in a triangle always add up to 180
degrees because...”, “To show this, first| _____ because...”, “That could/couldn’t be true
because...”, “This method works/doesn’t work because....”

Supports accessibility for: Language; Organization

Support for English Language Learners

Conversing, Representing, Writing: MLR5 Co-Craft Questions. Display only the image and the first
line of this task without revealing the questions that follow. Ask students to write possible
mathematical questions about the representation. Then, invite groups to share their responses
with the class. Listen for and amplify any questions involving the relationships between the
sum of angles in a triangle and in a straight angle. This will help students produce the language
of mathematical questions prior to being asked to analyze another’s reasoning for the task.
Design Principle(s): Cultivate conversation; Support sense-making

Anticipated Misconceptions

Some students may say that a, b, and c are the three angles in a triangle, so they add up to 180.
Make sure that these students understand that the goal of this activity is to explain why this must
be true. Encourage them to use their answer to the first question and think about what they know
about different angles in the diagram.

For the last question students may not understand why their work in the previous question only
shows a + b + ¢ = 180 for one particular triangle. Consider drawing a different triangle (without the
parallel line to one of the bases), labeling the three angle measures a, b, ¢, and asking the student
why a + b + ¢ = 180 for this triangle.

Student Task Statement
Here is /AAABC. Line DE is parallel to line AC.
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1. Whatis m£DBA + b + m«CBE? Explain how you know.
2. Use your answer to explain why a + b + ¢ = 180.

3. Explain why your argument will work for any triangle: that is, explain why the sum of the
angle measures in any triangle is 180°.

Student Response
1. Angles DBA, ABC, and CBE make a line. So the sum of their angle measures is 180°.

2. Angles DBA and CAB are congruent because these are alternate interior angles for the
parallel lines AC and DE with transversal AB. Angles EBC and BCA are congruent because
these are alternate interior angles for the parallel lines AC and DE with transversal BC.
Angles DBA, ABC, and CBE make a line, and so their angle measures add up to 180°. Then
a+b+c=180.

3. For any triangle, draw a line parallel to one side, containing the opposite vertex:
A

B C
With this picture, use the same argument to show that the sum of the three angles of the
triangle is 180°. This works for every triangle.
Are You Ready for More?
1. Using a ruler, create a few quadrilaterals. Use a protractor to measure the four angles

inside the quadrilateral. What is the sum of these four angle measures?

2. Come up with an explanation for why anything you notice must be true (hint: draw one
diagonal in each quadrilateral).
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Student Response

1. The sum of the interior angle measures in any quadrilateral is 360°. Note that since
protractors are imprecise, physical measurements may range by a few degrees away from
this.

2. In any quadrilateral, you can draw a diagonal that partitions the quadrilateral into two
triangles. The sum of the angle measures in each triangle is 180°, and the six angles in the two
triangles comprise all of the angles in the quadrilateral.

Activity Synthesis

Ask students how this activity differs from the previous one, where /A ABC had a horizontal side
lying on a grid line. Emphasize that:

® This argument applies to any triangle ABC.

® The prior argument relies on having grid lines and having the base of the triangle lie on a grid
line.

® This argument relies heavily on having the parallel line to AC through B drawn, something we
can always add to a triangle.

The key inspiration in this activity is putting in the line DE through B parallel to AC. Once this line
is drawn, previous results about parallel lines cut by a transversal allow us to see why the sum of
the angles in a triangle is 180°. Tell students that the line DE is often called an ‘auxiliary
construction’ because we are trying to show something about /A ABC and this line happens to be
very helpful in achieving that goal. It often takes experience and creativity to hit upon the right
auxiliary construction when trying to prove things in mathematics.

16.4 Four Triangles Revisited

Optional: 5 minutes

This activity revisits a picture that students have seen earlier and that they will see again later when
they investigate the Pythagorean Theorem. The four right triangles around the boundary make a
quadrilateral inside which happens to be a square. Since the four triangles surrounding the inner
quadrilateral are congruent by construction, this makes the inner shape a rhombus. The angle
calculations that students make here justify why it is actually a square. The fact that quadrilateral
ACEG is a square is not asked for in the activity, but if any students notice this, encourage them to
share their observations and reasoning.

Students are making use of structure (MP7) throughout this activity, most notably by:

® Using the fact that congruent triangles have congruent angles.

® Using the fact that the measures of angles that make a line add up to 180 degrees.
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Building On
® 8.G.A1.b

Addressing
® 8.G.A5

Building Towards
® 8.G.B.6

Instructional Routines
® MLR8: Discussion Supports

Launch

Provide 3 minutes of work time followed by a whole-class discussion.

Support for Students with Disabilities

Action and Expression: Develop Expression and Communication. Maintain a display of important
terms and information. During the launch, take time to review the following facts from
previous lessons that students will need to access for this activity: congruent triangles have
congruent angles, a straight angle is equal to 180 degrees, and the sum of the angles in a
triangle add up to 180 degrees.

Supports accessibility for: Memory; Language

Student Task Statement

This diagram shows a square BDF H that has been made by images of triangle ABC under
rigid transformations.
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H G F
Given that angle BAC measures 53 degrees, find as many other angle measures as you can.

Student Response

All other angles can be determined from the one given measure.

Angles ECD, GEF, and AGH all measure 53° because the measure of ZBAC is 53°. These three
angles correspond to ZBAC under a rigid motion of /\ABC. To find angles ACB, CED, EGF,
and GAH, notice that these are all congruent because they are all correspond to ZACB of /AABC
under a rigid motion. Angle AC B measures 37° because the angles in a triangle add to 180°. One
angle in /\ABC measures 53°, and another measures 90°, so the third angle measures

180° = 53° =90° = 37°.

Angles ACE, CEG, EGA, and GAC all measure 90°. Here is an argument for ZACE: We know
that angle AC B measures 37° and angle EC D measures 53°. So angle ACE must measure 90°
because it makes a line together with ZACB and ZECD.

Activity Synthesis

Display the image of the 4 triangles for all to see. Invite students to share how they calculated one
of the other unknown angles in the image, adding to the image until all the unknown angles are
filled in.

In wrapping up, note that angles ACE, CEG, EGA, and GAC are all right angles. It's not necessary
to show or tell students that ACEG is a square yet. This diagram will be used in establishing the
Pythagorean Theorem later in the course, so it's a good place to end.
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Support for English Language Learners

Speaking: MLR8 Discussion Supports. To help students produce statements about finding the
unknown angles in the diagram, provide sentence frames such as, “Knowing ____, helps me
find___because...”or“Angle ____ corresponds to angle _____ because....”

Design Principle(s): Optimize output (for explanation); Support sense-making

Lesson Synthesis

Revisit the basic steps in the proof that shows that the sum of the angles in a triangle is 180°.
Consider asking a student to make a triangle that you can display for all to see and add onto it
showing each step.

® We had a triangle, and a line through one vertex parallel to the opposite side.
® We knew that the three angles with their vertices on the line summed to 180°.

® We knew that two of these angles were congruent to corresponding angles in the triangle, and
the third one was inside the triangle.

® Therefore, the three angles in the triangle must also sum to 180°.

Tell students that this is one of the most useful results in geometry and they will get to use it again
and again in the future.

16.5 Angle Sizes

Cool Down: 5 minutes
Students sketch different triangles and list angle possibilities. Knowing that the sum of the angles in
a triangle is 180 degrees establishes that each angle in an equilateral triangle measures 60 degrees.

Addressing
® 8.G.A5

Student Task Statement

1. In an equilateral triangle, all side lengths are equal and all angle measures are equal.
Sketch an equilateral triangle. What are the measures of its angles?

2. In an isosceles triangle, which is not equilateral, two side lengths are equal and two
angle measures are equal. Sketch three different isosceles triangles.

3. List two different possibilities for the angle measures of an isosceles triangle.
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Student Response

1. The three angle measures must add to 180° but must all be equal. Therefore each measure is
60, since 60 = 5 - 180.

2. Answers vary. Triangles should each have two sides that are the same length but not three.

3. Answers vary. Sample responses: 70°,70°,40° and 30°,30°, 120°.

Student Lesson Summary

Using parallel lines and rotations, we can understand why the angles in a triangle always add
to 180°. Here is triangle ABC. Line DE is parallel to AC and contains B.

D

A 180 degree rotation of triangle ABC around the midpoint of AB interchanges angles A
and DBA so they have the same measure: in the picture these angles are marked as x°. A
180 degree rotation of triangle ABC around the midpoint of BC interchanges angles C and
CBE so they have the same measure: in the picture, these angles are marked as z°. Also,
DBE is a straight line because 180 degree rotations take lines to parallel lines. So the three
angles with vertex B make a line and they add up to 180° (x + y + z = 180). But x, y, z are
the measures of the three angles in /A ABC so the sum of the angles in a triangle is always
180°!

Lesson 16 Practice Problems
Problem 1

I Statement

For each triangle, find the measure of the missing angle.
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C
E
Figure 1 Figure 2 4 F
A D

Solution
a. 24 degrees (24 + 28 + 128 = 180)

b. 20 degrees (20 + 38 + 122 = 180)
C. 88 degrees (88 + 20 + 72 = 180)
d. 35 degrees (35 + 56 + 89 = 180)

Problem 2
I Statement

Is there a triangle with two right angles? Explain your reasoning.

Solution

No, the three angles in a triangle add up to 180 degrees. Two right angles would already make 180
degrees, and so the third angle of the triangle would have to be 0 degrees—this is not possible.

Problem 3
I Statement

In this diagram, lines AB and CD are parallel.
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Angle ABC measures 35° and angle BAC measures 115°.
a. Whatis mzACE?
b. What is mz DCB?
c. Whatis mzACB?
Solution

a. 115°

b. 35°

c. 30°

Problem 4

Statement
Here is a diagram of triangle DEF.
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a. Find the measures of
angles g, r, and s.

b. Find the sum of the
measures of angles g, r,
and s.

¢. What do you notice about
these three angles?

Solution
a.q=100,r =135,5s =125

b.q+7+s =360

c. Answers vary. Sample response: Those three angles together make one full revolution of a
circle, or 360 degrees. If a person starts walking in the middle of segment DE toward E, then
turns and walks to F, turns again and walks to D, and turns one more time to return to the
starting place, they end up facing the same direction they started.

Problem 5

Statement
The two figures are congruent.
a. Label the points A’, B’ and C’ that correspond to A, B, and C in the figure on the right.
C
\\J B \\o—-/
A
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corresponds to D? Explain your reasoning.

C
| \\J i
A
C A’
B
Bl
A C’

b. 2 cm. The shapes are congruent, and the corresponding segments of congruent shapes are
congruent.

b. If segment AB measures 2 cm, how long is segment A’ B'? Explain.
c. The point D is shown in addition to A and C. How can you find the point D’ that

Solution

a.

c. Because the figures are congruent, the point D’ will be on the corresponding side and will be
the same distance from C’ that D is from C. D can be found by looking for the point on the
segment going down and to the right from A’ that is the appropriate distance from C’.
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(From Unit 1, Lesson 13.)
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Section: Let's Put It to Work
Lesson 17: Rotate and Tessellate

Goals

® Create tessellations and designs with rotational symmetry using rigid transformations.

® Explain (orally and in writing) the rigid transformations needed to move a tessellation or
design with rotational symmetry onto itself.

Learning Targets

® | can repeatedly use rigid transformations to make interesting repeating patterns of figures.

® | can use properties of angle sums to reason about how figures will fit together.

Lesson Narrative

In this unit, students have learned how to name different types of rigid motions of the plane and
have studied how to move different figures (lines, line segments, polygons, and more complex
shapes). They have also used rigid motions to define what it means for figures to be congruent and
have used rigid motions to investigate the sum of the angles in a triangle. In this lesson, students
use the language of transformations to produce, describe, and investigate patterns in the plane.
This is a direct extension of earlier work with triangles

® three triangles were arranged in the plane to show that the sum of the angles in a triangle is
180 degrees

® four copies of a triangle were arranged in a large square, cutting out a smaller square in the
middle

Here the focus is more creative. Students will examine and create different patterns of shapes,
including tessellations (patterns that fill the entire plane), and complex designs that exhibit rotational
symmetry (that is, the design is congruent to itself by several rotations). Depending on the time
available, students might work on both activities or choose one of the two.

As with many activities in this lesson, MP7 is central as students use the structure of a given set of
polygons to produce a tessellation. The side lengths and angles of the polygons are constraints and
through experimenting and abstract reasoning students discover a repeating pattern (MP2).
Alignments
Building On

® 4.MD.C: Geometric measurement: understand concepts of angle and measure angles.

® 7.G.B.5: Use facts about supplementary, complementary, vertical, and adjacent angles in a
multi-step problem to write and solve simple equations for an unknown angle in a figure.
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Addressing

® 8.G.A: Understand congruence and similarity using physical models, transparencies, or
geometry software.

Instructional Routines

® Group Presentations

® MLR8: Discussion Supports

Required Materials

Blank paper Notes: (1) "Tracing paper" is easiest to use when
Copies of blackline master it's a smaller size. Commercially-available "patty
Geometry toolkits paper" is 5 inches by 5 inches and ideal for this.
For grade 6: tracing paper, graph paper, colored If using larger sheets of tracing paper, consider
pencils, scissors, and an index card to use as a cutting them down for student use. (2) When
straightedge or to mark right angles. compasses are required in grades 6-8 they are

listed as a separate Required Material.
For grades 7 and 8: everything in grade 6, plus a

ruler and protractor. Clear protractors with no Graph paper
holes and with radial lines printed on them are Isometric graph paper
recommended.

Required Preparation

Print the Deducing Angle Measures blackline master. Prepare 1 copy for every 2 students. Cut the
copies in half, so that there are enough copies for each student to receive a half-sheet. If possible,
make these copies on cardstock so that students will have an easier time tracing shapes after they
cut them out. If available, pattern blocks also work well for this.

Students may benefit from using graph paper and isometric graph paper, but these materials are
optional.
I Student Learning Goals

Let's make complex patterns using transformations.

17.1 Deducing Angle Measures

Warm Up: 10 minutes

Throughout this lesson, students build different patterns with copies of some polygons. In this
activity, they make some copies of each polygon and arrange them in a circle. They calculate some
of the angles of the polygons while also gaining an intuition for how the polygons fit together. Here
are the figures included in the blackline master:
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Students might use a protractor to measure angles, but the measures of all angles can also be
deduced. In the first question in the task, students are instructed to fit copies of an equilateral
triangle around a single vertex. Six copies fit, leading them to deduce that each angle measures 60°
because 360 + 6 = 60. For the other shapes, they can reason about angles that sum to 360°, angles
that sum to a line, and angles that sum to a known angle.

Building On
® 4 MD.C

® 7.G.B.5

Launch

Provide access to geometry toolkits. Distribute one half-sheet (that contains 7 shapes) to each
student. It may be desirable to demonstrate how to use tracing paper to position and trace copies
of the triangle around a single vertex, as described in the first question.

Anticipated Misconceptions

When deducing angle measures, it is important to know that angles "all the way around" a vertex
sum to 360°. Itis also important to know that angles that make a line when adjacent sum to 180°.
Monitor for students who need to be reminded of these facts.

Student Task Statement

Your teacher will give you some shapes.

1. How many copies of the equilateral triangle can you fit together around a single vertex,
so that the triangles’ edges have no gaps or overlaps? What is the measure of each
angle in these triangles?

2. What are the measures of the angles in the
a. square?
b. hexagon?

C. parallelogram?

292



d. right triangle?
e. octagon?
f. pentagon?
Student Response
1. 6,60

2. Measures of angles:
a. Square: 90°

b. Hexagon: 120°

c. Parallelogram: 120" and 60°
d. Right triangle: 45° and 90°

e. Octagon: 135°

f. Pentagon: 90°, 120°, and 150°

Activity Synthesis

For the remainder of the lesson, it is not so important that the degree measures of the angles are
known, so don't dwell on the answers. Select a few students who deduced angles' measures by
fitting pieces together to present their work. Make sure students see lots of examples of shapes
fitting together like puzzle pieces.

Recall from the previous lesson that the 3 congruent angles in an equilateral triangle make a line or
180-degree angle, so it makes sense that 6 copies of this angle make a full circle.

17.2 Tessellate This

35 minutes

Each classroom activity in this lesson (this one, creating a tessellation, and the next one, creating a
design with rotational symmetry) could easily take an entire class period or more. Consider letting
students choose to pursue one of the two activities.

A tessellation of the plane is a regular repeating pattern of one or more shapes that covers the
entire plane. Some of the most familiar examples of tessellations are seen in bathroom and kitchen
tiles. Tiles (for flooring, ceiling, bathrooms, kitchens) are often composed of copies of the same
shapes because they need to fit together and extend in a regular pattern to cover a large surface.
Addressing

® 8.G.A

Instructional Routines

® Group Presentations
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Launch

Share with students a definition of tessellation, like, “A tessellation of the plane is a regular
repeating pattern of one or more shapes that covers the entire plane.” Consider showing several
examples of tessellations. A true tessellation covers the entire plane: While this is impossible to
show, we can identify a pattern that keeps going forever in all directions. This is important when we
think about tessellations and symmetry. One definition of symmetry is, “You can pick it up and put it
down a different way and it looks exactly the same.” In a tessellation, you can perform a translation
and the image looks exactly the same. In the example of this tiling, the translation that takes point
Q to point R results in a figure that looks exactly the same as the one you started with. So does the
translation that takes .S to Q. Describing one of these translations shows that this figure has
translational symmetry.

N
Provide access to geometry toolkits. Suggest to students that if they cut out a shape, it is easy to
make many copies of the shape by tracing it. Encourage students to use the shapes from the
previous activity (or pattern blocks if available) and experiment putting them together. They do not
need to use all of the shapes, so if students are struggling, suggest that they try using copies of a
couple of the simpler shapes.

Support for Students with Disabilities

Representation: Internalize Comprehension. Provide a range of examples and counterexamples of
shapes to use in creating a tessellation. For example, show 1-2 shapes that do not quite fit
together that create gaps or overlaps. Then show 1-2 shapes that correctly create a
tessellation. Consider providing step-by-step directions for students to create a shape that will
make a repeating pattern.

Supports accessibility for: Conceptual processing
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Anticipated Misconceptions

Watch out for students who choose shapes that almost-but-don‘t-quite fit together. Reiterate that
the pattern has to keep going forever—often small gaps or overlaps become more obvious when
you try to continue the pattern.

Student Task Statement

1. Design your own tessellation. You will need to decide which shapes you want to use
and make copies. Remember that a tessellation is a repeating pattern that goes on
forever to fill up the entire plane.

2. Find a partner and trade pictures. Describe a transformation of your partner’s picture
that takes the pattern to itself. How many different transformations can you find that
take the pattern to itself? Consider translations, reflections, and rotations.

3. If there's time, color and decorate your tessellation.
Student Response
1. Answers vary.

2. Answers vary. For example, in the tessellation given previously, we could reflect across the
dashed line, or rotate 90 degrees clockwise around the point marked 7.

Activity Synthesis

Invite students to share their designs and also describe a transformation that takes the design to
itself. Consider decorating your room with their finished products.

17.3 Rotate That

35 minutes
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Each classroom activity in this lesson (the previous one, creating a tessellation, and this one,
creating a design with rotational symmetry) could easily take an entire class period or more.
Consider letting students choose to pursue one of the two activities.

In this activity, using their geometry toolkits, students can make their own design that has rotational
symmetry. They then share designs and find the different rotations (and possibly reflections) that
make the shape match up with itself.

Addressing
® 8.G.A

Instructional Routines

® Group Presentations

® MLRS: Discussion Supports

Launch

O
O

Ask students what transformation they could perform on the figure so that it matches up with its
original position. There are a number of rotations using A as the center that would work: 72° or any
multiple of 72°. Make sure students understand that the 5 triangles in this pattern are congruent
and that 5 - 72 = 360: This is why multiples of 72° with center A match this figure up with itself.
They need to be careful in selecting angles for the shapes in their pattern. If they struggle, consider
asking them to use pattern tiles or copies of the shapes from the previous activity to help build a
pattern.

If possible, show students several examples of figures that have rotational symmetry.

Provide access to geometry toolkits. If possible, provide access to square graph paper or isometric
graph paper.
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Support for Students with Disabilities

Action and Expression: Provide Access for Physical Action. Provide students with access to square
graph paper, isometric graph paper, and/or pattern blocks or shape cut-outs for making a
design with rotational symmetry.

Supports accessibility for: Visual-spatial processing; Organization

Anticipated Misconceptions

Before now, students may think that reflection symmetry is the only kind of symmetry. Because of
this, they may create a design that has reflection symmetry but not rotational symmetry. Steer
students in the right direction by asking them to perform a rotation that takes the figure to itself.
Acknowledge that reflection symmetry is a type of symmetry, but the task here is to create a design
with rotational symmetry.

Student Task Statement

1. Make a design with rotational symmetry.

2. Find a partner who has also made a design. Exchange designs and find a transformation
of your partner’s design that takes it to itself. Consider rotations, reflections, and
translations.

3. If there’s time, color and decorate your design.

Student Response

Answers vary. An example shape is below.

Activity Synthesis

Invite students to share their designs and also describe a transformation that takes the design to
itself. Consider decorating your room with their finished products.
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Support for English Language Learners

Speaking, Listening: MLR8 Discussion Supports. Use this routine to support whole-class
discussion. For each design and transformation that is shared, ask students to restate what
they heard using precise mathematical language. Consider providing students time to restate
what they heard to a partner before selecting one or two students to share with the class. Ask
the original speaker if their peer was accurately able to restate their thinking. Call students'
attention to any words or phrases that helped to clarify the original statement. This provides
more students with an opportunity to produce language as they interpret the reasoning of
others.

Design Principle(s): Support sense-making

Glossary

® tessellation
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Family Support Materials

Rigid Transformations and Congruence

Rigid Transformations
Family Support Materials 1

This week your student will learn to describe the movement of two-dimensional
shapes with precision. Here are examples of a few of the types of movements they will
investigate. In each image, Shape A is the original and Shapes B, C, and D show three
different types of movement:

< A e \°
5 ~.—T/ / \
w \
/ // / ..\‘
/ "
L—"

Students will also experiment with shapes and drawings to build their intuition by:
® cutting shapes out
® tracing shapes on tracing paper to compare with other shapes
® drawing shapes on grid paper
® measuring lengths and angles
® folding paper
Here is a task to try with your student:

1. Describe how the shape changes from one panel to the next.

Grade 8 Unit 1
Rigid Transformations and
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2. Draw a fourth panel that shows what the image would look like if the shape in the
third panel is rotated 180 degrees counterclockwise around the middle of the panel.

Solution:

1. Turn it 90 degrees clockwise then move the shape to the right side.

by

2.

Grade 8 Unit 1
Rigid Transformations and



Properties of Rigid Transformations
Family Support Materials 2

This week your student will investigate rigid transformations, which is the name for moves
(and sequences of moves) that preserve length and angle measures like translations,
rotations, and reflections. For example, in this image the triangle A BC was reflected
across the line AC and then translated to the right and up slightly.

When we construct figures using rigid transformations, we know that the measures of the
images of segments and angles will be equal to the measures of the original segments and
angles.

Here is a task to try with your student:

1. Reflect triangle ABC across side AC C
to form a new triangle AB'C. /

2. What is the measure of angle B’ AC? .
g p /36

3. Name two side lengths that have the
same measure.

Solution:

1.

Grade 8 Unit 1
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36°

A )3 . B

2. 36 degrees. Angle B’ AC corresponds to angle BAC.

3. Sides AB’ and A B have the same length as do sides B'C and BC.

Grade 8 Unit 1
Rigid Transformations and



Congruence
Family Support Materials 3

This week your student will learn what it means for two figures to be congruent. Let’s
define congruence by first looking at two figures that are not congruent, like the two
shown here. What do these figures have in common? What is different about them?

If two figures are congruent, that means there is a sequence of rigid transformations we
could describe that would make one of the figures look like the other. Here, that isn't
possible. While each has 6 sides and 6 vertices and we can make a list of corresponding
angles at the vertices, these figures are not considered congruent because their side
lengths do not correspond. The figure on the left has side lengths 3, 2, 1, 1, 2, 1. The figure
on the right has side lengths 3, 3, 1, 2, 2, 1.

For the last part of this unit, students will use the congruence to investigate some
interesting facts about parallel lines and about the angles in a triangle.

Here is a task to try with your student:

1. Explain why these two ovals are not congruent. Each grid square is 1 unit along a
side.

Grade 8 Unit 1
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2. Draw two new ovals congruent to the ones in the image.

Solution:

1. While each oval has a horizontal measurement of 5 units and a vertical measurement
of 4 units, the oval on the left’s “tallest” measurement is halfway between the left and
right sides while the oval on the right’s “tallest” measurement is closer to the right
side than the left side.

2. There are many possible ways to draw new ovals congruent to the original two. If a
tracing of the original oval lines up exactly when placed on top of the new image
(possibly after some rotation or flipping of the paper the tracing is on), then the two
figures are congruent.

Grade 8 Unit 1
Rigid Transformations and
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Rigid Transformations and Congruence: Check
Your Readiness (A)

You will need a ruler, protractor, and compass.

1. Select all the triangles that can be rotated to match up with Triangle 1.

Tria wglé 1

<
g
<

7 | N
x>

A A
B.B
C.C
D.D

2. a.ldentify all pairs
of lines which appear
to be parallel in the
diagram.

b. Identify all pairs of
lines which appear to
be perpendicular in
the diagram.

Grade 8 Unit 1
Check Your Readiness (A)



3. a.0nthe coordinate
plane, plot and label
these points:
A=(2,1),B=(,1),
C=(1,2.D=4,2)

b. What is the length of
CD?

¢. What kind of
quadrilateral is
ABCD?

4, Lines AB and CD intersect at E.

a. What is the measure of
angle AED? Explain
how you know.

b. What is the measure of
angle DEB? Explain
how you know.

Grade 8 Unit 1
Check Your Readiness (A)

10

A 4




5. For each set of measurements, decide whether or not it is possible to draw a triangle
with those measurements. If it is possible, draw the triangle.

a. Side lengths 2 cm, 3cm, and 4 cm

b. Side lengths 2 cm, 3 cm, and 6 cm

c. Angles 90 degrees, 45 degrees, and 45 degrees

d. Angles 90 degrees , 60 degrees, and 60 degrees

6. Find the area of each parallelogram.

| ' .

Grade 8 Unit 1
Check Your Readiness (A)



7. Here are two triangles:

B
At

|
L/

pd
D‘A’/"/

Describe a way to move triangle ABC so that it matches up perfectly with triangle
FED.

Grade 8 Unit 1
Check Your Readiness (A)



Rigid Transformations and Congruence: Check
Your Readiness (B)

You will need a ruler, protractor, and compass.

1. Select all the triangles that can be rotated

to match up with Triangle 1.
B
C
A
D
Triangle 1
A. Triangle A
B. Triangle B
C. Triangle C
D. Triangle D

2. a.ldentify all pairs of lines which

)
appear to be perpendicular in the
diagram. \
r

b. Identify all pairs of lines which
appear to be parallel in the diagram.

m

Grade 8 Unit 1
Check Your Readiness (B)



3. a.Onthe coordinate plane, plot and

S

label these points: A = (2,2),
B=(2,6),C=4,7), D=(4,3).

b. What is the length of AB?

c. What kind of quadrilateral is ABCD?

N W b~ U1 OO N 0 W

-

Q

4. Lines AC and BD intersect at E.

a. What is the measure of angle BEC?
Explain how you know.

4

120°

5

6 7 8 9

x<Y

b. What is the measure of angle AEB?
Explain how you know.

Grade 8 Unit 1
Check Your Readiness (B)
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5. For each set of measurements, decide whether or not it is possible to draw a triangle
with those measurements. If it is possible, draw the triangle.

a. Side lengths 3cm, 5cm, and 9 cm

b. Side lengths 3 cm, 5 cm, and 6 cm

c. Angles 90 degrees, 45 degrees, and 75 degrees

d. Angles 90 degrees, 30 degrees, and 60 degrees

Grade 8 Unit 1
Check Your Readiness (B)



6. Find the area of each parallelogram.

A

7. Here are two triangles. Describe a
way to move triangle ABC so that
it matches up perfectly with
triangle DEF.

Grade 8 Unit 1
Check Your Readiness (B)
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Rigid Transformations and Congruence:
Mid-Unit Assessment (A)

You will need a straightedge for this assessment.

1. All of these sequences of transformations would return a shape to its original
position except?

A. Translate 3 units up, then 3 units down.
B. Reflect over line p, then reflect over line p again.
C. Translate 1 unit to the right, then 4 units to the left, then 3 units to the right.

D. Rotate 120° counterclockwise around center C, then rotate 220°
counterclockwise around C again.

2. Select all the sequences of transformations that could take Figure P to Figure Q.
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A. a single reflection

B. a single rotation

C. a single translation

D. a translation, then a reflection

E. a reflection, then a different reflection

Grade 8 Unit 1
Mid-Unit Assessment (A



3. In which pair of figures can Figure A be taken to Figure B by a rotation?

PR

pair 1 pair 2 pair 3 pair 4
A. Pair 1

B. Pair 2
C. Pair3

D. Pair4

4. Here are three pairs of figures.

A
W

Pair3 |

a. Which transformation takes Figure A to Figure B in Pair 1: a translation, rotation,
or reflection?

b. Which transformation takes Figure A to Figure B in Pair 2: a translation, rotation,
or reflection?

c. Which transformation takes Figure A to Figure B in Pair 3: a translation, rotation,
or reflection?

Grade 8 Unit 1
Mid-Unit Assessment (A)



5.  a. Explain why Figure B is not the image of Figure A after a rotation using center P.

b. Explain why Figure B is not the image of Figure A after a reflection using line 7.

Grade 8 Unit 1
Mid-Unit Assessment (A



6. Point A is located at coordinates (-4, 3).
y A

. ! - 3

No

=Y

e

No

w

What are the coordinates of each point?

a. Point B is the image of A after a rotation of 180° using (0, 0) as center.

b. Point C is the image of A after a translation two units to the right, then a
reflection using the x-axis.

c. Point D is the image of A after a reflection using the y-axis, then a translation
two units to the right.

Grade 8 Unit 1
Mid-Unit Assessment (A)



7.  a.Draw the image of this figure under a 90° clockwise rotation using center P.

*

b. The figure on the left is reflected using line £ to form the image on the right.
Use the information in the original figure to label the corresponding parts in the
image.

=7 ™

[, \

Grade 8 Unit 1
Mid-Unit Assessment (A



Rigid Transformations and Congruence:
Mid-Unit Assessment (B)

You will need a straightedge for this assessment.

1. In which pair of figures can Figure A be taken to Figure B by a rotation?

Pair 1 Pair 2

N
N

Pair 3 Pair 4

A\
e

A. Pair 1

B. Pair 2
C. Pair 3

D. Pair4

Grade 8 Unit 1
Mid-Unit Assessment (B)



2. Select all the pairs where Figure H is the image of Figure G after a reflection, rotation,
or translation.

.
| o
| s
| %
E. @

e
F. S

Grade 8 Unit 1
Mid-Unit Assessment (B)



3. Which of these sequences of transformations would return a shape to its original
position?

A. Translate 5 units right, then 5 units down.
B. Translate 3 units down, then 2 units up, and then 1 unit down.

C. Rotate 120° counterclockwise around center C, then rotate 240° clockwise
around C again.

D. Reflect over line #, then reflect over line # again.

4. Point A is located at coordinates (1, -3).

y 3

-

What are the coordinates of each point?

a. Point B is the image of A after a reflection using the y-axis, then a translation
three units to the left.

b. Point C'is the image of A after a reflection using the x-axis, then a translation
four units to the right.

c. Point D is the image of A after a rotation of 180° using (0, 0) as center.

Grade 8 Unit 1
Mid-Unit Assessment (B)



5. Here are three pairs of figures.

Pair 1 Pair 2 Pair 3

\ [>

A
>
B

a. In Pair 1, which transformation takes Figure A to Figure B: a translation, rotation,
or reflection?

b. In Pair 2, which transformation takes Figure A to Figure B: a translation, rotation,
or reflection?

c. In Pair 3, which transformation takes Figure A to Figure B: a translation, rotation,
or reflection?

6. Describe a sequence of transformations that takes Figure Q to Figure P.

y h

Grade 8 Unit 1
Mid-Unit Assessment (B)



7.  a.Draw the image of this figure after a reflection using line 7.

b. The figure on the left is rotated 90° clockwise around point P to form the image
on the right. Use the information in the original figure to label the
corresponding parts in the image.

L/
135°

NJ

Grade 8 Unit 1
Mid-Unit Assessment (B)



Rigid Transformations and Congruence:
End-of-Unit Assessment (A)

A straight edge and tracing paper are required for this assessment.
1. Select all the true statements.
A. Two squares with the same side lengths are always congruent.
B. Two rectangles with the same side lengths are always congruent.
C. Two rhombuses with the same side lengths are always congruent.
D. Two parallelograms with the same side lengths are always congruent.

E. Two quadrilaterals with the same side lengths are always congruent.

2. Lines CE and AD intersect at B.

Select all the true statements.
A. The measure of angle CBA is equal to the measure of angle DBE.
B. The sum of the measures of angles CBA and DBE is 180 degrees.
C. The measure of angle CBD is equal to the measure of angle ABE.
D. The sum of the measures of angles CBD and CBA is 180 degrees.

E. The sum of the measures of angles CBA and DBE is 90 degrees.

Grade 8 Unit 1
End-of-Unit Assessment (A)



3. Diego made the shape on the left, and Elena made the shape on the right.
Each shape uses 5 circles.
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Select all the true statements.

A. The smallest circle in Diego's design is congruent to the smallest circle in Elena’s
design.

B. Diego’s design is congruent to Elena’s design.
C. Elena’s design is a translation of Diego's design.

D. The largest circle in Elena's design is congruent to the largest circle in Diego's
design.

E. Each circle in the Elena's design has a congruent circle within Diego's design.

Grade 8 Unit 1
End-of-Unit Assessment (A)



4. Describe a sequence of transformations that shows that Polygon A is congruent to
Polygon B.

AN

o
&

5. For each pair of shapes, decide whether or not Shape A is congruent to Shape B.
Explain your reasoning.

a. First pair:

b. Second pair:

Grade 8 Unit 1
End-of-Unit Assessment (A)



6. Lines AB and CD are parallel. Find the measures of the three angles in triangle
ABF.

7. Triangle CDA is the image of triangle ABC after a 180° rotation around the
midpoint of segment AC. Triangle ECB is the image of triangle ABC after a
180° rotation around the midpoint of segment BC.

D C E

A B
a. Explain why ABCD and ABEC are parallelograms.

b. Identify at least two pairs of congruent angles in the figure and explain how you
know they are congruent.

Grade 8 Unit 1
End-of-Unit Assessment (A)



c. Explain how to use what you know about the sum of the angles in a triangle to
figure out the sum of the angles of quadrilateral ABED.

Grade 8 Unit 1
End-of-Unit Assessment (A)



Rigid Transformations and Congruence:
End-of-Unit Assessment (B)

You need a straight edge and tracing paper for this assessment.
1. Select all the true statements.
A. Two rhombuses with the same side lengths are always congruent.
B. Two squares with the same side lengths are always congruent.
C. Two quadrilaterals with the same side lengths are always congruent.
D. Two rectangles with the same side lengths are always congruent.

E. Two parallelograms with the same side lengths are always congruent.

2. Lines AC and BD intersect at E.

What is the measure of angle BEC?

Grade 8 Unit 1
End-of-Unit Assessment (B)



3. Clare created Figure A. Then she created Figure B by translating Triangle C and then
translating Triangle D.

Figure A Figure B

DI

Select all the true statements.
A. Figure A'is congruent to Figure B
B. Figure B is a translation of Figure A.
C. Triangle C is congruent to Triangle C'.
D. Triangle D' is congruent to Triangle D.

4. Describe a sequence of transformations that shows that Polygon A is congruent to
Polygon B.

Grade 8 Unit 1
End-of-Unit Assessment (B)



5. For each pair of shapes, decide whether or not Shape A is congruent to Shape B.
Explain your reasoning.

1. First pair: 2. Second pair:

6. Lines AD and BC are parallel. Find the measures of the three angles in triangle
ADE.

Grade 8 Unit 1
End-of-Unit Assessment (B)



7. To create this diagram, triangle A BC was translated so that A goes to C. Then,
triangle ABC was translated so that A goes to B. The measure of angle A is 45
degrees and the measure of angle D is 63 degrees.

a. ldentify at least two pairs of congruent angles in the figure and explain how you
know they are congruent.

b. What is the measure of angle CBE? Explain how you know.

c. Name a triangle congruent to triangle C BE. Explain how you know.

Grade 8 Unit 1
End-of-Unit Assessment (B)
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Assessments

Assessment : Check Your Readiness (A)

Teacher Instructions

Provide access to a ruler, protractor, and compass.

Student Instructions

You will need a ruler, protractor, and compass.

Problem 1

The content assessed in this problem is first encountered in Lesson 1: Moving in the Plane.

Some students already have an intuitive (if not rigorous) understanding of what rotations are. This
item probes that understanding by having students identify rotated images of a given triangle. If
students can answer this question correctly, then they already have a good intuition for rigid
motions of the plane.

Triangle A'is a reflection of Triangle 1. Triangle B is a rotation of Triangle 1. Triangle C is a translation
of Triangle 1. Some students may note that it's possible to combine a slide with a 360 degree
rotation to match up the triangles. This argument shows a decent understanding of both reflections
and rotations, but is not technically correct since Triangle C cannot land exactly on Triangle 1 with a
single rotation. Triangle D is a rotation of Triangle 1.

This language will formalize and the concept of rotations will be developed over the span of several
lessons. If most students do well with this item, it may be possible to move more quickly through
the first two lessons in the unit.

Statement

Select all the triangles that can be rotated to match up with Triangle 1.

Triangle 1

Vi
g

‘C‘

Unit 1 Assessments



A A
B.B
C.C

D.D

Solution
['B", "D"]
Aligned Standards

8.G.A
Problem 2

The content assessed in this problem is first encountered in Lesson 8: Rotation Patterns.

Students identify parallel and perpendicular lines.

If most students struggle with this item, plan to use Lesson 3 Activity 1 to review the term parallel
using the isometric grid paper. Lesson 5 Activity 3 provides an opportunity to review the term
perpendicular.

Statement

1. Identify all pairs of lines

which appear to be

parallel in the diagram. f\
2. Identify all pairs of lines

which appear to be

perpendicular in the / ™
diagram.

Solution
1.gand f
2.hand g hand f

Aligned Standards

4.G.A1

Problem 3

The content assessed in this problem is first encountered in Lesson 5: Coordinate Moves.



Students plot points on a coordinate grid and find distances between points sharing the same
x-coordinate or the same y-coordinate. The last part of the problem assesses whether students can
identify a parallelogram.

If most students struggle with this item, plan to use Lesson 5 Activity 1 to review the coordinate
plane and to consider how to describe translations. For extra practice, do the optional activity in
Grade 7 Unit 5 Lesson 7. Grade 6 Unit 7 Lesson 11 has additional activities for more practice.

Statement

1. On the coordinate plane, YA
plot and label these

7

points: A = (2, 1),
B = (5’ l)' C = (77 2): 6
D=(4,2) 5
2. Whatis the length of CD? ———4
3. What kind of 3
quadrilateral is ABCD? 2

=Y

Solution
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1. See plotted points.
2. 3 units

3. Parallelogram

Unit 1: Rigid Transformations and Congruence



Aligned Standards

5.G.A.1,6.G.A3
Problem 4

The content assessed in this problem is first encountered in Lesson 14: Alternate Interior Angles.

Students identify and use facts about adjacent and vertical angles to calculate angles. It is possible
that students will use the fact that angle DE B is adjacent to angle A ED to answer the second
question. Check to see if students remember the vocabulary vertical and supplementary, since
students may remember the properties without remembering those names.

If most students struggle with this item, plan to use Lesson 14 Activity 1 to review supplementary
and vertical angles, making those terms explicit during discussion.

Statement
Lines AB and CD intersect at E.

1. What is the measure of
angle AED? Explain how
you know.

2. What is the measure of
angle DE B? Explain how
you know.

Solution
1. 130°. Angles AEC and AED are supplementary, so their measures add up to 180°.

2.50°. Angles AEC and DEB are vertical angles, so they have the same measure.

Aligned Standards
7.G.B.5
Problem 5

The content assessed in this problem is first encountered in Lesson 15: Adding the Angles in a
Triangle.

In 7th grade, students investigated whether it was possible to draw a triangle given a set of 3
conditions. When given three sides, they discovered that the sum of the lengths of the two shorter
sides of a triangle must be greater than the length of the longest side. They also saw that only
certain angle combinations were possible, but did not learn the result that the sum of the interior
angles of a triangle is 180°.



If most students do well with this item, it may be possible to skip the optional activity in Lesson 15.
This activity asks students to collect data on different types of triangles and to conclude that the
angles for each add to 180 degrees.

Provide access to measuring tools for this problem.

Statement

For each set of measurements, decide whether or not it is possible to draw a triangle with
those measurements. If it is possible, draw the triangle.

1. Side lengths 2 cm, 3 cm, and 4 cm
2. Side lengths 2 cm, 3 cm, and 6 cm
3. Angles 90 degrees, 45 degrees, and 45 degrees

4. Angles 90 degrees , 60 degrees, and 60 degrees

Solution

1. Yes. Answers vary.
2. No.
3. Yes. Answers vary.

4, No.

Aligned Standards

7.G.A.2
Problem 6

The content assessed in this problem is first encountered in Lesson 10: Composing Figures.

Students can use a variety of strategies to solve these problems. Some students may remember the
formula for the area of a parallelogram, but it is not necessary that they do. Because of its
positioning on the lattice, parallelogram B will require a more creative strategy than using the area
formula. In the unit, students will use area as one way to reason about whether two figures might
be congruent.

If most students do well on this item, plan to encourage students to explore the Are You Ready for
More in Lesson 10. If most students struggle with the parallelogram on the left, plan to use Lesson
10 Activity 2 to explore and review the relationship between strategies for finding the area of a
triangle and the area of a parallelogram. If most students struggle with the parallelogram on the
right, you may want to review strategies for finding area of figures that aren't oriented with the grid;
however, this skill will be more important in Unit 8.

Unit 1: Rigid Transformations and Congruence



Statement

Find the area of each parallelogram.

Solution
Parallelogram A: 6 square units. Sample reasoning:
® The parallelogram is 3 units wide and two units high, so its area is 6 square units.

® The shape can be decomposed into a 2-by-1 rectangle and 2 triangles that fit together to make
a 2-by-2 square. So the total area is 2 + 4 = 6 square units.

Parallelogram B: 6 square units. Sample reasoning: The parallelogram can be surrounded by a
3-by-5 rectangle, and the areas of the missing triangles, which are % + % +4 + 4, can be

subtracted.

Aligned Standards

6.G.A.1
Problem 7

The content assessed in this problem is first encountered in Lesson 3: Grid Moves.

The formal idea of congruence is new in this unit, but the idea is intuitive. This item examines
students' ability to visualize and verbalize the steps that map one figure to another.

If most students do well with this item, it may be possible to move fairly quickly through the first
two lessons in the unit.

Statement

Here are two triangles:



Py

Describe a way to move triangle ABC so that it matches up perfectly with triangle FED.

Solution

Answers vary. Sample response: Triangle ABC can be moved down two units and then flipped over
a vertical line that lies halfway between the two triangles.

Aligned Standards
8.G.A.2

Unit 1: Rigid Transformations and Congruence



Assessment : Check Your Readiness (B)

Teacher Instructions

Provide access to a ruler, protractor, and compass.

Student Instructions

You will need a ruler, protractor, and compass.

Problem 1

The content assessed in this problem is first encountered in Lesson 1: Moving in the Plane.

Some students already have an intuitive (if not rigorous) understanding of what rotations are. This
item probes that understanding by having students identify rotated images of a given triangle. If
students can answer this question correctly, then they already have a good intuition for rigid
motions of the plane.

Triangle Ais a rotation of Triangle 1. Triangle B is a reflection and translation of Triangle 1. Triangle
Cis a rotation of Triangle 1. Triangle D is a translation of Triangle 1. Some students may note that
it's possible to combine a slide with a 360 degree rotation to match up triangle 1 and triangle D.
This argument shows a decent understanding of both reflections and rotations, but is not
technically correct since Triangle D cannot land exactly on Triangle 1 with a single rotation.

This language will formalize and the concept of rotations will be developed over the span of several
lessons. If most students do well with this item, it may be possible to move more quickly through
the first two lessons in the unit.

Statement

Select all the triangles that can be rotated to
match up with Triangle 1.

\ﬁ'ria hgle 1




A. Triangle A
B. Triangle B
C. Triangle C

D. Triangle D

Solution
["A", "C"]
Aligned Standards

8.G.A.1
Problem 2

The content assessed in this problem is first encountered in Lesson 8: Rotation Patterns.

Students identify parallel and perpendicular lines.

If most students struggle with this item, plan to use Lesson 3 Activity 1 to review the term parallel
using the isometric grid paper. Lesson 5 Activity 3 provides an opportunity to review the term
perpendicular.

Statement

1. Identify all pairs of lines which appear to

be perpendicular in the diagram.
2. Identify all pairs of lines which appear to
be parallel in the diagram.

Solution
1.sand p; tand p

2.sandt

Aligned Standards
4.G.A1
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Problem 3

The content assessed in this problem is first encountered in Lesson 5: Coordinate Moves.

Students plot points on a coordinate grid and find distances between points sharing the same
x-coordinate or the same y-coordinate. The last part of the problem assesses whether students can
identify a parallelogram.

If most students struggle with this item, plan to use Lesson 5 Activity 1 to review the coordinate
plane and to consider how to describe translations. For extra practice, do the optional activity in
Grade 7 Unit 5 Lesson 7. Grade 6 Unit 7 Lesson 11 has additional activities for more practice.

Statement
1. On the coordinate plane, plot and label )Z

these points: A = (2,2), B = (2,6), 9
C=@4,7),D=4,53). 8
2. What is the length of AB? 7
3. What kind of quadrilateral is ABCD? 6
5
4
3
2
1

-

O 1 2 3 45 6 7 8 9 X

Solution
1. See plotted points.

2. 4 units

3. Parallelogram



¥
9

8

7 c

6 B

5

4

3 D

2 A

:

O 1 2 3 4 5 6 7 8 92X

Aligned Standards

5.G.A.1, 6.G.A3

Problem 4

The content assessed in this problem is first encountered in Lesson 14: Alternate Interior Angles.

Students identify and use facts about adjacent and vertical angles to calculate angles. It is possible
that students will use the fact that angle DEB is adjacent to angle AED to answer the second
question. Check to see if students remember the vocabulary vertical and supplementary, since
students may remember the properties without remembering those names.

If most students struggle with this item, plan to use Lesson 14 Activity 1 to review supplementary
and vertical angles, making those terms explicit during discussion.

Statement
Lines AC and BD intersect at E.
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1. What is the measure of angle BEC?
Explain how you know.

2. What is the measure of angle AEB? A
Explain how you know.

120°

(] )
m
W

Solution

1. 120°. Angles AED and BEC are vertical angles, so they have the same measure.

2.60°. Angles AED and A EB are supplementary, so their measures add up to 180°.

Aligned Standards

7.G.B.5
Problem 5

The content assessed in this problem is first encountered in Lesson 15: Adding the Angles in a
Triangle.

In grade 7, students investigated whether it was possible to draw a triangle given a set of 3
conditions. When given three sides, they discovered that the sum of the lengths of the two shorter
sides of a triangle must be greater than the length of the longest side. They also saw that only
certain angle combinations were possible, but did not learn the result that the sum of the interior
angles of a triangle is 180.

If most students do well with this item, it may be possible to skip the optional activity in Lesson 15.
This activity asks students to collect data on different types of triangles and to conclude that the
angles for each add to 180 degrees.

Provide access to measuring tools for this problem.

Statement

For each set of measurements, decide whether or not it is possible to draw a triangle with
those measurements. If it is possible, draw the triangle.



1. Side lengths 3 cm, 5 cm, and 9 cm
2. Side lengths 3 cm, 5 cm, and 6 cm
3. Angles 90 degrees, 45 degrees, and 75 degrees

4. Angles 90 degrees, 30 degrees, and 60 degrees

Solution
1. No.

2. Yes. Answers vary.
3. No.

4. Yes. Answers vary.

Aligned Standards

7.G.A.2
Problem 6

The content assessed in this problem is first encountered in Lesson 10: Composing Figures.

Students can use a variety of strategies to solve these problems. Some students may remember the
formula for the area of a parallelogram, but it is not necessary that they do. Because of its
positioning on the lattice, parallelogram B will require a more creative strategy than using the area
formula. In the unit, students will use area as one way to reason about whether two figures might
be congruent.

If most students do well on this item, plan to encourage students to explore the Are You Ready for
More in Lesson 10. If most students struggle with the parallelogram on the left, plan to use Lesson
10 Activity 2 to explore and review the relationship between strategies for finding the area of a
triangle and the area of a parallelogram. If most students struggle with the parallelogram on the
right, you may want to review strategies for finding area of figures that aren't oriented with the grid;
however, this skill will be more important in Unit 8.

Statement

Find the area of each parallelogram.
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Solution

Parallelogram A: 12 square units.
Sample reasoning:

® The parallelogram is 4 units wide and 3 units high, so its area is 12 square units.

® The shape can be decomposed into a 3-by-3 square and 2 triangles that fit together to make a
3-by-1 rectangle. So the total area is 9 + 3 = 12 square units.

Parallelogram B: 8 square units.
Sample reasoning:

® The parallelogram can be surrounded by a 6-by-3 rectangle, and the areas of the missing
triangles, which are 1 + 1 + 4 + 4, can be subtracted.

Aligned Standards

6.G.A.1
Problem 7

The content assessed in this problem is first encountered in Lesson 3: Grid Moves.

The formal idea of congruence is new in this unit, but the idea is intuitive. This item examines the
student’s ability to visualize and verbalize the steps that map one figure to another.

If most students do well with this item, it may be possible to move fairly quickly through the first
two lessons in the unit.



Statement

Here are two triangles. Describe a way
to move triangle ABC so that it
matches up perfectly with triangle
DEF. —

D

Solution

Sample response: Triangle A BC can be moved right 8 units and then turned clockwise 90 degrees
around point F.

Aligned Standards
8.G.A.2
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Assessment : Mid-Unit Assessment (A)

Teacher Instructions

Give this assessment after lesson 10. Students will need access to a straightedge.

Student Instructions

You will need a straightedge for this assessment.

Problem 1

Students selecting A or B have basic misunderstandings about the way translations or reflections
work. Students selecting C may have had trouble keeping track of the sequence, failing to notice
that the shape has moved a total of 4 units to the right to compensate for the 4 units to the left.
Students who do not select D may be thinking that the two rotations together add up to 360°.

Statement
All of these sequences of transformations would return a shape to its original position
except?

A. Translate 3 units up, then 3 units down.

B. Reflect over line p, then reflect over line p again.

C. Translate 1 unit to the right, then 4 units to the left, then 3 units to the right.

D. Rotate 120° counterclockwise around center C, then rotate 220° counterclockwise
around C again.

Solution

D
Aligned Standards

8.G.A.1
Problem 2

Students selecting A may mistakenly think reflections can apply to points, and might have reflected
using the origin; this is not a valid reflection. Students failing to select B may need more practice
with 180° rotations using the origin. Students selecting C may mistakenly think that aligning one
vertex must align all others, or that this is enough to count as a correct transformation. Students
selecting D may mistakenly think that aligning one edge must align all others, or that this is enough
to count as a correct transformation. Students failing to select E need more practice with reflections
across the x- and y-axes.



Statement

Select all the sequences of transformations that could take Figure P to Figure Q.

YA

=y
w
N

o)
N
w
S

=Y

A. a single reflection

B. a single rotation

C. a single translation

D. a translation, then a reflection

E. a reflection, then a different reflection

Solution
['B", "E"]
Aligned Standards

8.G.A.1
Problem 3

Students selecting B have confused a translation with a rotation. Students selecting C may believe
the common point between the two figures is the center of a 180° rotation, but the shapes of the
figures do not permit this. Students selecting D have likely confused a reflection with a rotation, but
may also think a rotation will produce the same effect; it might be useful to show the result of a
rotation of 180° around the point where the figures closely approach.

Statement

In which pair of figures can Figure A be taken to Figure B by a rotation?
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pair 1 pair 2 pair 3 pair 4
A. Pair 1

B. Pair 2
C. Pair 3

D. Pair 4

Solution

A

Aligned Standards
8.G.A\1

Problem 4

Students are presented with an shape and an image that is a translation, rotation, or reflection of
the given shape. Students then identify the translation, rotation, or reflection. For this task, the
shapes are on a grid.

Statement

Here are three pairs of figures.

VAN

_Pairn. | Rair2 | ~Pair 3

1

|

1. Which transformation takes Figure A to Figure B in Pair 1: a translation, rotation, or
reflection?

2. Which transformation takes Figure A to Figure B in Pair 2: a translation, rotation, or
reflection?



3. Which transformation takes Figure A to Figure B in Pair 3: a translation, rotation, or
reflection?

Solution

1. rotation (this is a 180" rotation using the vertex shared by Figures A and B)

2. reflection (this is a reflection using the horizontal line through where the vertices shared by
Figures A and B meet)

3. translation (this is a translation of four units down and three units to the right)

Aligned Standards
8.G.A1
Problem 5

Segment lengths and angle measures are preserved by translations, reflections, and rotations. If
two shapes do not have the same side lengths or angles, then one of them cannot be obtained
from the other by a rigid transformation.

Statement

1. Explain why Figure B is not the image of Figure A after a rotation using center P.

N

2. Explain why Figure B is not the image of Figure A after a reflection using line Z.

A a
Solution

1. The shortest side of Figure A is shorter than the shortest side of Figure B. Since rotations do
not change lengths, Figure B is not a rotation of Figure A.
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2. The angles in Figure B do not match the corresponding angles in Figure A. Some of the angles
in Figure A look like right angles while some corresponding angles in Figure B are definitely not
right angles.

Minimal Tier 1 response:

® Work is complete and correct.

® Sample:

1. The side lengths of the figures aren't the same.

2. The angle measures of the figures aren’t the same.
Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: generic statement about shape, such as “The two figures have different
shapes”; stating that the second shape has different side lengths without being specific (only
one of the side lengths is visibly different); stating that the first shape has different angle
measures without being specific.

Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.

® Sample errors: omitted explanations; stating that Figure B is the image of Figure A.

Aligned Standards

8.G.A.1.3, 8.G.A.1.b
Problem 6

In order to apply rigid transformations to polygons and other shapes, students practice applying
them to single points. Lines of reflection are restricted to the x- and y-axes, while rotations are
about the origin and are multiples of 90°.

Statement

Point A is located at coordinates (-4, 3).
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What are the coordinates of each point?
1. Point B is the image of A after a rotation of 180" using (0, 0) as center.

2. Point C is the image of A after a translation two units to the right, then a reflection
using the x-axis.

3. Point D is the image of A after a reflection using the y-axis, then a translation two units
to the right.

Solution
1. B=(4,-3)
2.C =(-2,-3)
3.D=(6,3)

Aligned Standards

8.G.A.3
Problem 7

Afigure is given on a grid. Students apply a rigid transformation to the shape, drawing the final
result. Students also identify and label corresponding parts in an image given information on the
original figure.

I Statement

1. Draw the image of this figure under a 90° clockwise rotation using center P.
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2. The figure on the left is reflected using line £ to form the image on the right. Use the
information in the original figure to label the corresponding parts in the image.

{

g

Fol, \

Solution
1.
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Minimal Tier 1 response:

® Work is complete and correct, with complete explanation or justification.

® Sample:

1. See diagram. The image is drawn correctly, with all vertices in correct locations, and all edges
drawn.

2. See diagram.
Tier 2 response:

® Work shows good conceptual understanding and mastery, with either minor errors or correct
work with insufficient explanation or justification.

® Sample errors: one point in the image for part a is incorrectly located; the image in part a is
drawn with a 90° counterclockwise rotation; one angle or length in part b is incorrect.
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Tier 3 response:

® Work shows a developing but incomplete conceptual understanding, with significant errors.

® Sample errors: more than one point in part a is incorrectly located; the image in part ais
drawn with a 180° rotation or other incorrect angle of rotation; more than one angle or length
in part b is incorrect: this includes the case where all angles and lengths have been drawn in as
if the image were a rotation or if it were the original shape, without reflection.

Tier 4 response:

® Work includes major errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

® Sample errors: major errors or omissions in one problem part along with errors in the other;
two or more error types from Tier 3 response.

Aligned Standards
8.G.A.1



Assessment : Mid-Unit Assessment (B)

Teacher Instructions

Give this assessment after lesson 10. Students will need access to a straightedge.

Student Instructions

You will need a straightedge for this assessment.

Problem 1
Statement

In which pair of figures can Figure A be taken to Figure B by a rotation?

Pair 1 Pair 2

N\

Pair 3 Pair 4

A. Pair 1
B. Pair 2
C. Pair3

D. Pair 4
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Solution
C
Aligned Standards

8.G.A.1
Problem 2

Segment lengths and angle measures are preserved by translations, reflections, and rotations. If
two shapes do not have the same side lengths or angles, then one of them cannot be obtained
from the other by a rigid transformation.

Statement

Select all the pairs where Figure H is the image of Figure G after a reflection, rotation, or
translation.



A. Sk
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["A", "B", "E", "F"]
Aligned Standards
8.G.A.1.3,8.G.A.1.b
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Problem 3

Students selecting A may have had trouble paying attention to the direction of the translation.
Students selecting B may have had trouble keeping track of the sequence, failing to notice that the
shape has moved down, then up, then down again resulting in a translation 2 units down. Students
who select C may have had trouble paying attention to the direction of the rotation. Students who
do not select D may have a basic misunderstanding about reflections.

Statement

Which of these sequences of transformations would return a shape to its original position?
A. Translate 5 units right, then 5 units down.
B. Translate 3 units down, then 2 units up, and then 1 unit down.

C. Rotate 120° counterclockwise around center C, then rotate 240° clockwise around C
again.

D. Reflect over line Z, then reflect over line £ again.

Solution

D

Aligned Standards
8.G.A1

Problem 4

In order to apply rigid transformations to polygons and other shapes, students practice applying
them to single points. Lines of reflection are restricted to the x- and y-axes, while rotations are
about the origin and are multiples of 90°.

Statement

Point A is located at coordinates (1,-3).

x<Y

What are the coordinates of each point?



1. Point B is the image of A after a reflection using the y-axis, then a translation three
units to the left.

2. Point C is the image of A after a reflection using the x-axis, then a translation four units
to the right.

3. Point D is the image of A after a rotation of 180" using (0, 0) as center.

Solution
1. B = (-4,-3)
2.C=(5,3)
3.D=(1,3)

Aligned Standards

8.G.A.3
Problem 5

Students are presented with a shape and an image that is a translation, rotation, or reflection of the
given shape. Students then identify the translation, rotation, or reflection. For this task, the shapes
are on a grid.

Statement

Here are three pairs of figures.

Pair 1 Pair 2 Pair 3

\ [>

A
N
B

1. In Pair 1, which transformation takes Figure A to Figure B: a translation, rotation, or
reflection?

2. In Pair 2, which transformation takes Figure A to Figure B: a translation, rotation, or
reflection?

3. In Pair 3, which transformation takes Figure A to Figure B: a translation, rotation, or
reflection?

Unit 1: Rigid Transformations and Congruence



Solution

1. reflection
2. translation

3. rotation

Aligned Standards

8.G.A.1
Problem 6

There are many possible sequences of transformations that take Q to P; any valid sequence must
include a reflection.

Statement

Describe a sequence of transformations that takes Figure Q to Figure P.

y 4

N N\i N T T

5 432 10" 1 2 3 4 5%

Solution

Sample response: Translate Figure Q down 1 unit, and then reflect this image across the vertical line
that goes through (1, 0).

Minimal Tier 1 response:

® Work is complete and correct.

® Sample: Translate Figure Q down 1 unit, and then reflect this image across the vertical line that
goes through (1, 0).

Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: Students describe a correct sequence of transformations but may fail to
identify the line of reflection or give the wrong direction for a translation.



Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.
® Two or more minor errors that result in an incorrect answer.

® Sample errors: omitted explanations, stating that Figure P is the image of Figure Q.

Aligned Standards

8.G.A.1

Problem 7

A figure is given on a grid. Students apply a rigid transformation to the shape, drawing the final
result. Students also identify and label corresponding parts in an image given information on the
original figure.

Statement

1. Draw the image of this figure after a reflection using line 7.

2. The figure on the left is rotated 90° clockwise around point P to form the image on the
right. Use the information in the original figure to label the corresponding parts in the
image.
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Solution
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Minimal Tier 1 response:

® Work is complete and correct, with complete explanation or justification.
® Sample:

® See diagram. The image is drawn correctly, with all vertices in correct locations, and all edges
drawn.

® See diagram.
Tier 2 response:

® Work shows good conceptual understanding and mastery, with either minor errors or correct
work with insufficient explanation or justification.

® Sample errors: one point in the image for part a is incorrectly located; one angle or length in
part b is incorrect.

Tier 3 response:

® Work shows a developing but incomplete conceptual understanding, with significant errors.

® Sample errors: more than one point in part a is incorrectly located; the image in part a is
drawn a translation rather than a reflection or students used a different line of reflection;
more than one angle or length in part b is incorrect: this includes the case where all angles
and lengths have been drawn in as if the image were a translation of the original shape.

Tier 4 response:

® Work includes major errors or omissions that demonstrate a lack of conceptual understanding
and mastery.
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® Sample errors: major errors or omissions in one problem part along with errors in the other;
two or more error types from Tier 3 response.

Aligned Standards
8.G.A.1



Assessment : End-of-Unit Assessment (A)

Teacher Instructions

Students need access to a straight edge and tracing paper for this assessment.

Student Instructions

A straight edge and tracing paper are required for this assessment.

Problem 1

This problem calls upon students to use their understanding of the meaning of congruence and
apply it in an abstract situation in which they must think carefully about the taxonomy of
quadrilaterals.

Students selecting C or D may be thinking that all rhombuses (or all parallelograms) have the same
shape: they may be envisioning one of the pattern blocks, for instance, and forget that different
rhombuses can have different angles. Students failing to select A or B may be forgetting that all
squares and rectangles must have four right angles. Students selecting E may not have taken into
consideration parallelograms and rhombuses are quadrilaterals that may not have the same shape.

Statement

Select all the true statements.
A. Two squares with the same side lengths are always congruent.
B. Two rectangles with the same side lengths are always congruent.
C. Two rhombuses with the same side lengths are always congruent.
D. Two parallelograms with the same side lengths are always congruent.

E. Two quadrilaterals with the same side lengths are always congruent.

Solution
["A", "B"]
Aligned Standards

8.G.A.2
Problem 2

Students identify pairs of angles in a diagram whose measures are equal and whose measures sum
to 180 degrees. Students failing to select A or C may not recognize vertical angles in a diagram, or
may not understand that the measures of vertical angles are equal. Students selecting B may
believe angles CBA and DBE must be supplementary rather than have equal measure. Students
failing to select D may not recognize a linear pair in a diagram, or may not understand that these
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angles are supplementary. Students selecting E may believe angles CBA and DBE must be
complementary rather than have equal measure.

Statement
Lines CE and AD intersect at B.

Select all the true statements.
A. The measure of angle CBA is equal to the measure of angle DBE.
B. The sum of the measures of angles CBA and DBE is 180 degrees.
C. The measure of angle CBD is equal to the measure of angle ABE.
D. The sum of the measures of angles CBD and CBA is 180 degrees.

E. The sum of the measures of angles CBA and DBE is 90 degrees.

Solution
["A","C","D"]
Aligned Standards

8.G.A.1
Problem 3

The key idea in this problem is that distances between all pairs of corresponding points of
congruent figures are the same. It is not enough that the individual parts of complex shapes be
congruent, as those parts also need to be in the same position relative to one another.

Students failing to select A may think congruence requires the same position; since these two
circles are the same size and shape, they are congruent regardless of relative position. Students
selecting B are looking at the component parts of the shape, which are each congruent, rather than
the shape itself. Likewise, students selecting C are probably imagining translating each circle
separately from one figure to the other. Students selecting D and E may understand the individual
conponents of each design are congruent even though the design/shape itself is not congruent.



Statement

Diego made the shape on the left, and Elena made the shape on the right. Each shape uses 5
circles.
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Select all thé trLJe stateménts.

A. The smallest circle in Diego's design is congruent to the smallest circle in Elena’s design.

B. Diego’s design is congruent to Elena’s design.

C. Elena’s design is a translation of Diego's design.

D. The largest circle in Elena's design is congruent to the largest circle in Diego's design.

E. Each circle in the Elena's design has a congruent circle within Diego's design.
Solution
["A","D", "E"]
Aligned Standards

8.G.A.1.a
Problem 4

Students show multistep congruence on a grid.

I Statement

Describe a sequence of transformations that shows that Polygon A is congruent to Polygon B.
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Solution
Answers vary. Sample solution: Polygon A can be rotated 90 degrees counterclockwise around the
point shown in the picture and then translated 4 units to the right.

Minimal Tier 1 response:

® Work is complete and correct.

® Sample: Rotate 90 degrees counterclockwise around the rightmost point of Polygon A,
translate 4 right.

Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: a drawing showing the intermediate transformation (the green polygon in the
sample response), but no verbal descriptions; incomplete verbal descriptions such as
reference to a rotation without specifying a center point; the sequence of transformations
contains a small, easily identifiable error (such as saying to rotate clockwise when the
counterclockwise direction is the one that works); sequence of transformations is correct but
does not use proper vocabulary (“turn” instead of rotate; “move” instead of translate).

Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.

® Sample errors: explanation without reference to rigid transformations, or a sequence of
transformations that does not take Polygon A to Polygon B (with no obvious small mistakes
responsible for this error); transformations are so poorly described that the intended meaning
is not clear.



Aligned Standards

8.G.A.2

Problem 5

Students determine if two shapes are congruent without the use of a grid. Tracing paper would be
useful for this task. The description of the transformations when there is a congruence do not have
the same precision as a description aided by a grid. That is, students may talk about translating to
the left rather than specifying the exact distance on a grid. Similarly, they may talk about a vertical

or horizontal reflection or a rotation without necessarily drawing the line of reflection or providing
the measure of the angle of rotation.

Statement

For each pair of shapes, decide whether or not Shape A is congruent to Shape B. Explain your
reasoning.

1. First pair:

2. Second pair:

Solution

1. Congruent. If Shape A is reflected over its right side, then rotated 90 degrees counterclockwise
around the lower vertex, it can be placed on top of Shape B with a translation down and to the
right.

2. Not congruent. The shapes look congruent, but when Shape A is moved on top of Shape B with
a 90-degree counterclockwise rotation and a translation, they do not match up.

Minimal Tier 1 response:
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® Work is complete and correct.

® Acceptable errors: omitting reference to lines of reflection, centers of rotation, angles of
rotation, and distance of translation, provided the visual makes these things clear.

® Sample:

1. (with accompanying accurate drawing) Congruent, because | can reflect Shape A, rotate it, and
then translate it onto Shape B.

2. (with accompanying accurate drawing) Not congruent, because when | rotate Shape A and
then translate it, it still doesn’t match up with Shape B. Alternate response: | measured the
angles, and they are not the same in the two shapes.

Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: transformations are shown, but with no written descriptions; in partb,
transformations are done mostly correctly but enough accuracy was lost that the shapes
appear to coincide.

Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.

® Sample errors: work states that shapes are or are not congruent with no justification;
transformations are so poorly described that the intended meaning is not clear; vague
explanations such as “the shapes look the same.”

Aligned Standards

8.G.A.2
Problem 6

Students can use the following to calculate angles:

® Supplementary angles add to 180°.
® Alternate interior angles made by parallel lines cut by a transverse are congruent.

® The three angles of a triangle add to 180°.

Here they are asked to use this information to find the angles of a triangle.

Statement

Lines AB and CD are parallel. Find the measures of the three angles in triangle ABF.



Solution
B:42°, A:23°, F:115°

Aligned Standards
8.G.A5
Problem 7

Students understand that a 180° rotation using a point not on line L takes it to a line parallel to L.
Using this knowledge and a construction that students have seen, students argue that the sum of
the interior angles of a quadrilateral is 360°.

Statement

Triangle CDA is the image of triangle ABC after a 180° rotation around the midpoint of
segment AC. Triangle ECB is the image of triangle ABC after a 180° rotation around the
midpoint of segment BC.

A B
1. Explain why ABCD and ABEC are parallelograms.

2. Identify at least two pairs of congruent angles in the figure and explain how you know
they are congruent.
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3. Explain how to use what you know about the sum of the angles in a triangle to figure
out the sum of the angles of quadrilateral ABED.

Solution

1.

A 180" rotation using a point not on a line takes that line to a parallel line. Then line AD is
parallel to line CB, and line CD is parallel to line AB. The same reasoning shows that line AB
is parallel to line EC, and line AC'is parallel to line EB.

. Answers vary. Possible response. Since corresponding angles in congruent figures have the

same measure, | know that angle CAB is congruent to angle ACD and angle BEC. Similarly, |
know that angle ACB is congruent to angle CAD and angle EBC.

. 360°. Explanations vary. Sample explanation: Since the measures of all three angles in a

triangle add up to 180°, | know that all the angles inside of quadrilateral ABE D add up to
540°. This counts the straight angle at the top of the quadrilateral, angle DCE, however, so if |
subtract that angle from 540°, | get the sum of just the 4 angles of the quadrilateral, which is
360°.

Minimal Tier 1 response:

Work is complete and correct, with complete explanation or justification.

Sample:

. The sides of the quadrilaterals were formed by lines after 180° rotations, so all their sides are

parallel.

. Angles ACB and CAD are congruent because ACB was rotated onto CAD. Angles CAB

and ACD are congruent for the same reason.

. Angles ACB, CAB, and ABC add up to 180°because they are in a triangle. The angles that

make up ABED are two that are the same as ACB, two that are the same as CAB, and two
that are the same as ABC, so that makes 360°.

Tier 2 response:

Work shows good conceptual understanding and mastery, with either minor errors or correct
work with insufficient explanation or justification.

Sample errors: explanation in part a appeals to the diagram and is logically sequenced but do
not appeal specifically to transformations; good, complete explanations for parts a and ¢ with
incorrect angles identified in part b; failure to mention in part a that the rotations are 180°;
one incorrect angle pair in part b; work for part c mentions that the sum of three angle
measures is 180° but does not justify this by saying they are in a triangle.

® Acceptable errors: an argument in part a such as “congruent angles ABC and ECB are

alternate interior angles, and therefore lines DE and AB must be parallel.” The activities in this
unit teach that having parallel lines means that alternate interior angles are congruent, but not



the other way around, so this argument involves a logical error. However, if the class has done
other activities in which they used the idea that congruent alternate interior angles mean that
lines are parallel, or if the teacher has told the class that this principle is true, then the
argument should be scored as a Tier 1 response.

Tier 3 response:

® Work shows a developing but incomplete conceptual understanding, with significant errors.

® Sample errors: work for part a does not appeal to rotations (or alternate interior angles: see
note in Tier 2 response); response to part ¢ does not mention congruent angle pairs; response
to part c does not mention angles adding to 180°; two incorrect angle pairs in part b without
excellent parts a and ¢; three or more error types under Tier 2 response.

Tier 4 response:

® Work includes major errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

® Sample errors: little progress on any of the problem parts; very flawed justification or no
justification for parts a and c.

Aligned Standards
8.G.A5
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Assessment : End-of-Unit Assessment (B)

Teacher Instructions

Students need access to a straight edge and tracing paper for this assessment.

Student Instructions

You need a straight edge and tracing paper for this assessment.

Problem 1

This problem calls upon students to use their understanding of the meaning of congruence and
apply itin an abstract situation in which they must think carefully about the taxonomy of
quadrilaterals. Students selecting A or E may be thinking that all rhombuses (or all parallelograms)
have the same shape: they may be envisioning one of the pattern blocks, for instance, and forget
that different rhombuses can have different angles. Students failing to select B or D may be
forgetting that all squares and rectangles must have four right angles.

Statement

Select all the true statements.
A. Two rhombuses with the same side lengths are always congruent.
B. Two squares with the same side lengths are always congruent.
C. Two quadrilaterals with the same side lengths are always congruent.
D. Two rectangles with the same side lengths are always congruent.

E. Two parallelograms with the same side lengths are always congruent.

Solution
['B", "D"]
Aligned Standards

8.G.A.2
Problem 2

Students identify vertical angles in a picture.

I Statement

Lines AC and BD intersect at E.



What is the measure of angle BEC?

Solution
108°

Aligned Standards

8.G.A.1
Problem 3

The key idea in this problem is that distances between all pairs of corresponding points of
congruent figures are the same. It is not enough that the individual parts of complex shapes be
congruent, as those parts also need to be in the same position relative to one another.

Statement

Clare created Figure A. Then she created Figure B by translating Triangle C and then
translating Triangle D.

Figure A Figure B

Select all the true statements.

Unit 1: Rigid Transformations and Congruence



A. Figure A is congruent to Figure B
B. Figure B is a translation of Figure A.
C. Triangle C is congruent to Triangle C'.

D. Triangle D" is congruent to Triangle D.

Solution
['c", "D"]
Aligned Standards

8.G.A.1.a
Problem 4

Students show multistep congruence on a grid.

Statement

Describe a sequence of transformations that shows that Polygon A is congruent to Polygon B.

Solution

Answers vary. Sample solution: If Polygon A reflected across line £, a horizontal line 1 unit above
the top of Polygon A, and then translated 3 units to the right, it matches up perfectly with Polygon
B.



Minimal Tier 1 response:

® Work is complete and correct.

® Sample: Reflect across horizontal line £, one unit above Polygon A, and then translate 3 units
right.

Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: a drawing showing the intermediate transformation (the green polygon in the
sample response), but no verbal descriptions; incomplete verbal descriptions such as
reference to a reflection without specifying a line; the sequence of transformations contains a
small, easily identifiable error (such as identifying the wrong number of units in the
translation); sequence of transformations is correct but does not use proper vocabulary (“turn”
instead of rotate; “move” instead of translate).

Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.

® Sample errors: explanation without reference to rigid transformations, such as “the shapes
have the same lengths and angles”; a sequence of transformations that does not take Polygon
A to Polygon B (with no obvious small mistakes responsible for this error); transformations are
so poorly described that the intended meaning is not clear.

Aligned Standards
8.G.A.2

Problem 5

Students determine if two shapes are congruent without the use of a grid. Tracing paper would be
useful for this task. The description of the transformations when there is a congruence do not have
the same precision as a description aided by a grid. That is, students may talk about translating to

Unit 1: Rigid Transformations and Congruence



the left rather than specifying the exact distance on a grid. Similarly, they may talk about a vertical
or horizontal reflection or a rotation without necessarily drawing the line of reflection or providing
the measure of the angle of rotation.

Statement
For each pair of shapes, decide whether or not Shape A is congruent to Shape B. Explain your
reasoning.
1. First pair: 2. Second pair:
Solution

1. Not congruent. The shapes look congruent, but when Shape A is moved on top of Shape B
with a translation and a 90-degree clockwise rotation, they do not match up.

2. Congruent. If Shape Ais translated so the upper right vertex coincides with the lower left
vertex of B, reflected along the horizontal side of the image of Shape A, and then rotated 90
degrees clockwise around the upper right vertex, it will be placed on top of Shape B.

Minimal Tier 1 response:

® Work is complete and correct.

® Acceptable errors: omitting reference to lines of reflection, centers of rotation, angles of
rotation, and distance of translation, provided the visual makes these things clear.

® Sample:

1. (with accompanying accurate drawing) Not congruent, because when | translate Shape A and
then rotate it, it still doesn’t match up with Shape B. Alternate response: | measured the
angles, and they are not the same in the two shapes.

2. (with accompanying accurate drawing) Congruent, because | can translate Shape A, reflect i,
and then translate it onto Shape B.



Tier 2 response:

® Work shows general conceptual understanding and mastery, with some errors.

® Sample errors: transformations are shown, but with no written descriptions; in part b,
transformations are done mostly correctly but enough accuracy was lost that the shapes
appear to coincide.

Tier 3 response:

® Significant errors in work demonstrate lack of conceptual understanding or mastery.

® Sample errors: work states that shapes are or are not congruent with no justification;
transformations are so poorly described that the intended meaning is not clear; vague
explanations such as “the shapes look the same.”

Aligned Standards

8.G.A.2
Problem 6

Students can use the following to calculate angles:
® Supplementary angles add to 180°.
® Alternate interior angles made by parallel lines both cut by a third line are congruent.

® The three angles of a triangle add to 180°. Here they are asked to use this information to find
the angles of a triangle.

Statement

Lines AD and BC are parallel. Find the measures of the three angles in triangle ADE.

Solution
Angle ADE: 45° Angle DAE: 30" Angle DEA: 105°

Unit 1: Rigid Transformations and Congruence



Aligned Standards

8.G.A5

Problem 7

Students understand that under a translation the original figure and the image are congruent. The
corresponding angles in congruent figures will also be congruent because rigid motions preserve
angle measure. Students know angles that form a line sum to 180 degree and that angles in a
triangle sum to 180 degrees to figure angle measures in this figure. To explain why the sides are
parallel, students will need to recognize a pair of congruent alternate interior angles.

Statement

To create this diagram, triangle A BC was translated so that A goes to C. Then, triangle ABC
was translated so that A goes to B. The measure of angle A is 45 degrees and the measure
of angle D is 63 degrees.

1. Identify at least two pairs of congruent angles in the figure and explain how you know
they are congruent.

2. What is the measure of angle CBE? Explain how you know.

3. Name a triangle congruent to triangle C BE. Explain how you know.

Solution

1. Answers vary. Any pair of corresponding angles will work. A sequence of rigid motions defines
a congruence. Triangle ABC is congruent to triangle BDE and triangle CEF. Since
corresponding angles in congruent figures have the same measure, | know that angle CAB is
congruent to angle EBD. Similarly, | know that angle ABC is congruent to angle BDE.



2. 72 degrees. Explanations vary. Possible response: Translations preserve angle measure so the
measure of angle ABC is 63 degrees and the measure of angle EBD is 45 degrees. The
measure of angle CBE is 72 degrees because 180 — 63 — 45 = 72.

3. Triangle BCA. The corresponding parts of these triangles are congruent so the two triangles
are congruent. Because translations preserve side length, AC is congruentto EB and AB is
congruent to EC. Side CB is part of both triangles. The measure of angle ACB is 72 degrees
because the angles in a triangle sum to 180 degrees. From question 2, the measures of angle
EBC is also 72 degrees. Since angles on a line sum to 180 degrees, the measure of angle
ECBiis 63 degrees and the measure of angle BEC is 45 degrees.

Minimal Tier 1 response:

® Work is complete and correct, with complete explanation or justification.

® Sample:

1. Translations preserve angle measure so angle CAB is congruent to angle FCE and angle CBA is
congruent to angle EDB.

2. 72 degrees. Because triangle ABC is congruent to triangle BDE, the measure of angle ABC is 63
degrees and the measure of angle ECD is 45 degrees. The angles at point C form a line and
180 — 63 —45 =T72.

3. Triangle BCA. A reflection across the line containing segment BC takes triangle CBE to triangle
BCA.

Tier 2 response:

® Work shows good conceptual understanding and mastery, with either minor errors or correct
work with insufficient explanation or justification.

® Sample errors: explanations in parts a and b appeal to the diagram and are logically
sequenced but do not appeal specifically to transformations; good complete explanations but
a minor error in calculating angle measures or naming congruent figures; uses the fact that
angles sum to 180° but does not connect to angles on a line or angles in a triangle.

Tier 3 response:

® Work shows a developing but incomplete conceptual understanding, with significant errors.

® Sample errors: work does not appeal to transformations or congruent corresponding part;
incomplete explanations and minor errors; three or more error types under Tier 2 response.

Tier 4 response:

® Work includes major errors or omissions that demonstrate a lack of conceptual understanding
and mastery.

Unit 1: Rigid Transformations and Congruence



® Sample errors: little progress on any of the problem parts; very flawed justification or no
justification for parts a and c.

Aligned Standards
8.G.A5
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Lesson 1: Moving in the Plane

Cool Down: Frame to Frame

Here are successive positions of a shape:

e

v

Frame 1 Frame 2 Frame 3 Frame 4

Describe how the shape moves from:

1. Frame 1 to Frame 2.

2. Frame 2 to Frame 3.

3. Frame 3 to Frame 4.

Grade 8 Unit 1
Lesson 1



Lesson 2: Naming the Moves

Cool Down: Is It a Reflection?
What type of move takes Figure A to Figure B?

Explain your reasoning.

Grade 8 Unit 1
Lesson 2



Lesson 3: Grid Moves

Cool Down: Some are Translations and Some Aren't

Which of these triangles are translations of Triangle A? Select all that apply.

=
e

Grade 8 Unit 1
Lesson 3



Lesson 4: Making the Moves

Cool Down: What Does It Take?

A
S
ARNZa

1. If you were to describe a translation of triangle A BC, what information would you
need to include in your description?

2. If you were to describe a rotation of triangle A BC, what information would you need
to include in your description?

3. If you were to describe a reflection of triangle A BC, what information would you
need to include in your description?

Grade 8 Unit 1
Lesson 4



Lesson 5: Coordinate Moves

Cool Down: Rotation or Reflection

One of the triangles pictured is a rotation of triangle A BC and one of them is a reflection.

1. Identify the center of rotation, and label the rotated image POR.

2. ldentify the line of reflection, and label the reflected image XY Z.

Grade 8 Unit 1
Lesson 5



Lesson 6: Describing Transformations

Cool Down: Describing a Sequence of Transformations

Jada applies two transformations to a polygon in the coordinate plane. One of the
transformations is a translation and the other is a reflection. What information does Jada
need to provide to communicate the transformations she has used?

Grade 8 Unit 1
Lesson 6



Lesson 7: No Bending or Stretching

Cool Down: Translated Trapezoid
Trapezoid A’ B'C’ D' is the image of trapezoid ABC D under a rigid transformation

D

7

/ /

/30
/
< 50°

e
B

1. Label all vertices on trapezoid A’ B'C' D'.

2. On both figures, label all known side lengths and angle measures.

Grade 8 Unit 1
Lesson 7



Lesson 8: Rotation Patterns

Cool Down: Is it a rotation?

Here are two triangles.

Is Triangle B a rotation of Triangle A? Explain your reasoning.

Grade 8 Unit 1
Lesson 8



Lesson 9: Moves in Parallel

Cool Down: Finding Missing Measurements

Points A’, B’, and C’ are the images of 180-degree rotations of A, B, and C, respectively,
around point O.

Answer each question and explain your reasoning without measuring segments or angles.

1. Name a segment whose length is the same as segment AO.

2. What is the measure of angle A’OB’?

Grade 8 Unit 1
Lesson 9



Lesson 10: Composing Figures
Cool Down: Identifying Side Lengths and Angle Measures

A A
2-7/ / // 2.7 \\\ o '/.E
| y \ /’/ ‘\\M
. C

Here is a diagram showing triangle A BC and some transformations of triangle ABC.

On the left side of the diagram, triangle A BC has been reflected across line AC to form
quadrilateral ABCD. On the right side of the diagram, triangle A BC has been rotated 180
degrees using midpoint M as a center to form quadrilateral ABCE.

Using what you know about rigid transformations, side lengths and angle measures, label
as many side lengths and angle measures as you can in quadrilaterals ABCD and ABCE.

Grade 8 Unit 1
Lesson 10



Lesson 11: What Is the Same?

Cool Down: Mirror Images

Figure B is the image of Figure A when reflected across line #. Are Figure A and Figure B
congruent? Explain your reasoning.

Figure A Figure B

Grade 8 Unit 1
Lesson 11



Lesson 12: Congruent Polygons

Cool Down: Moving to Congruence

Describe a sequence of reflections, rotations, and translations that shows that
quadrilateral ABCD is congruent to quadrilateral EFGH.

N

Grade 8 Unit 1
Lesson 12



Lesson 13: Congruence

Cool Down: Explaining Congruence

Are Figures A and B congruent? Explain your reasoning.

Figure A Figure B

Grade 8 Unit 1
Lesson 13




Lesson 14: Alternate Interior Angles
Cool Down: All The Rest

The diagram shows two parallel lines cut by a transversal. One angle measure is shown.

Find the valuesof a, b, ¢, d, e, f, and g.

Grade 8 Unit 1
Lesson 14



Lesson 15: Adding the Angles in a Triangle

Cool Down: Missing Angle Measures
In triangle ABC, the measure of angle B is 50 degrees.

1. Give possible values for the measures of angles A and C if ABC is an acute triangle.

2. Give possible values for the measures of angles A and C if ABC is an obtuse
triangle.

3. Give possible values for the measures of angles A and C if ABC is aright triangle.

Grade 8 Unit 1
Lesson 15



Lesson 16: Parallel Lines and the Angles in a
Triangle

Cool Down: Angle Sizes

1. In an equilateral triangle, all side lengths are equal and all angle measures are equal.
Sketch an equilateral triangle. What are the measures of its angles?

2. In an isosceles triangle, which is not equilateral, two side lengths are equal and two
angle measures are equal. Sketch three different isosceles triangles.

3. List two different possibilities for the angle measures of an isosceles triangle.

Grade 8 Unit 1
Lesson 16
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8.1.1.2 Triangle Square Dance.




8.1.1.2 Triangle Square Dance.




8.1.1.2 Triangle Square Dance.
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8.1.15.2 Find All Three.




8.1.15.3 Tear It Up.

Use a straightedge to create three of your
own angles




8.1.17.1 Deducing Angle Measures.
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