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Putting it All Together

Unit NarrativeUnit 7
In this unit, students are introduced to signed numbers and plot points in all four quadrants of the
coordinate plane for the first time. They work with simple inequalities in one variable and learn to
understand and use “common factor,” “greatest common factor,” “common multiple,” and “least
common multiple.”

The first section of the unit introduces signed numbers. Students begin by considering examples of
positive and negative temperatures, plotting each temperature on a vertical number line on which 0
is the only label. Next, they consider examples of positive and negative numbers used to denote
height relative to sea level. In the second lesson, they plot positive and negative numbers on
horizontal number lines, including “opposites”—pairs of numbers that are the same distance from
zero. They use “less than,” “greater than,” and the corresponding symbols to describe the
relationship of two signed numbers, noticing correspondences between the relative positions of
two numbers on the number line and statements that use these symbols, e.g., means
that 0.8 is to the right of -1.3 on the number line. Students learn that the sign of a number indicates
whether the number is positive or negative, and that zero has no sign. They learn that the absolute
value of a number is its distance from zero, how to use absolute value notation, and that opposites
have the same absolute value because they have the same distance from zero.

Previously, when students worked only with non-negative numbers, magnitude and order were
indistinguishable: if one number was greater than another, then on the number line it was always
to the right of the other number and always farther from zero. In comparing two signed numbers,
students distinguish between magnitude (the absolute value of a number) and order (relative
position on the number line), distinguishing between “greater than” and “greater absolute value,”
and “less than” and “smaller absolute value.”

Students examine opposites of numbers, noticing that the opposite of a negative number is
positive.

The second section of the unit concerns inequalities. Students graph simple inequalities in one
variable on the number line, using a circle or disk to indicate when a given point is, respectively,
excluded or included. In these materials, inequality symbols in grade 6 are limited to < and > rather
than and However, in this unit students encounter situations when they need to represent
statements such as or

Students represent situations that involve inequalities, symbolically and with the number line,
understanding that there may be infinitely many solutions for an inequality. They interpret and
graph solutions in contexts (MP2), understanding that some results do not make sense in some
contexts, and thus the graph of a solution might be different from the graph of the related symbolic
inequality. For example, the graph describing the situation “A fishing boat can hold fewer than 9
people” omits values other than the whole numbers from 0 to 8, but the graph of includes all
numbers less than 8. Students encounter situations that require more than one inequality
statement to describe, e.g., “It rained for more than 10 minutes but less than 30 minutes” (

Unit 7 3

Unit 9
In this optional unit, students use concepts and skills from previous units to solve three groups of
problems. In calculating or estimating quantities associated with running a restaurant, e.g., number
of calories in one serving of a recipe, expected number of customers served per day, or floor space,
they use their knowledge of proportional relationships, interpreting survey findings, and scale
drawings. In estimating quantities such as age in hours and minutes or number of times their
hearts have beaten, they use measurement conversions and consider accuracy of their estimates.
Estimation of area and volume measurements from length measurements introduces
considerations of measurement error. In designing a five-kilometer race course for their school,
students use their knowledge of measurement and scale drawing. They select appropriate tools and
methods for measuring their school campus, build a trundle wheel and use it to make
measurements, make a scale drawing of the course on a map or a satellite image of the school
grounds, and describe the number of laps, start, and finish of the race.

Progression of Disciplinary Language

In this unit, teachers can anticipate students using language for mathematical purposes such as
justifying, representing, and critiquing. Throughout the unit, students will benefit from routines
designed to grow robust disciplinary language, both for their own sense-making and for building
shared understanding with peers. Teachers can formatively assess how students are using
language in these ways, particularly when students are using language to:

Justify

reasoning about the nutritional value of recipes (Lesson 1)

choices and predictions in the context of running a restaurant (Lesson 2)

reasoning about length, area, and volume in the context of a restaurant (Lesson 4)

Represent

costs of ingredients in a spreadsheet (Lesson 2)

situations using expressions and equations (Lesson 7)

a map of a designed race course (Lesson 13)

Critique

peer reasoning about calculations of age, heart beats, and hairs (Lesson 6)

peer reasoning about percent error in length measurement (Lesson 8)

peer reasoning about percent error in area and volume measurement (Lesson 9)

peer methods of measuring distance (Lesson 10)

•
•
•

•
•
•

•
•
•
•
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In addition, students are also expected to describe methods for measuring distance, including how
to build and use a trundle wheel, and to compare advantages and disadvantages of di`erent
methods.

The table shows lessons where new terminology is first introduced, including when students are
expected to understand the word or phrase receptively and when students are expected to
produce the word or phrase in their own speaking or writing. Terms from the glossary appear
bolded. Teachers should continue to support students\ use of a new term in the lessons that follow
where it was first introduced.

lesson
ne< ter2inology

recepti;e pro)ucti;e

7.9.1 serving

7.9.2
spreadsheet

cell
formula

7.9.3
profit

expense

7.9.� population density

7.9.9 percent error

7.9.11 trundle wheel

7.9.13 trundle wheel

Unit 9
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#.:>i;.- �*t.;i*5<
�5*n4 9*9.;
�869*<<.<
�8>;�/>n,ti8n ,*5,>5*t8;<
�.86.t;B t8854it<
#or grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

#or grades 7 and 8: everything in grade 6, plus a
ruler and protractor.  lear protractors with no
holes and with radial lines printed on them are
recommended.

+otes: (1) �Tracing paper� is easiest to use when
it�s a smaller siQe.  ommercially-available �patty
paper� is � inches by � inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) 4hen
compasses are required in grades 6-8 they are
listed as a separate /equired *aterial.

�;*91 9*9.;
�n-.A ,*;-<
�nt.;n.t�.n*+5.- -.?i,.

�*9< 8; <*t.55it. i6*0.< 8/ t1. <,1885
0;8>n-<
�.*<>;in0 t*9.<
�.*<>;in0 t885<
�.t*5 9*9.; /*<t.n.;<
brass brads

�.t.; <ti,4<
!*9.; 95*t.<
#.,i9.<
$t89@*t,1.<
$t;in0
%*9.
%885< /8; ,;.*tin0 * ?i<>*5 -i<95*B
�ny way for students to create work that can be
easily displayed to the class. Examples: chart
paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.

%;>n-5. @1..5<
)*;-<ti,4<
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$.,ti8n� #>nnin0 * #.<t*>;*nt

�.<<8n �� !5*nnin0 #.,i9.<

�8*5<
 reate a recipe that meets the requirements to be considered low calorie, low fat, or low
sodium, and justify (orally) the reasoning.

!etermine whether one serving of a recipe meets the requirements to be considered low
calorie, low fat, or low sodium, and explain (orally) the reasoning.

2se proportional reasoning to calculate nutritional values of one serving of a recipe.

�.<<8n �*;;*ti?.
This lesson is optional. In this lesson, students apply proportional reasoning to calculate nutritional
values per one serving of a recipe. The second activity asks students to invent another recipe that
meets nutritional requirements to be considered low calorie, low fat, or low sodium. 0tudents likely
need to perform various multi-step unit conversions to solve each problem. This context provides
students with an opportunity to make sense of problems and persevere in solving them (*-1).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and to make connections between domains. This
lesson can be used as an introduction to the context of students planning their own restaurant,
which continues through the next few lessons. %owever, it is also possible to use other lessons
about this context without using this lesson as the introduction.

�5i0n6.nt<

�--;.<<in0

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�n<t;>,ti8n*5 #8>tin.<

*L/1: 0tronger and  learer Each Time

*L/7:  ompare and  onnect

*L/8: !iscussion 0upports

#.:>i;.- �*t.;i*5<

�8>;�/>n,ti8n ,*5,>5*t8;< #.,i9.<

•

•

•

•

•
•
•

Unit 9 �.<<8n �
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#.:>i;.- !;.9*;*ti8n

0tudents will need access to a variety of recipes to choose from for this lesson. 5ou can tell students
ahead of time to bring in two of their favorite recipes, or have a variety of recipe pages for students
to look through, or give students time at the beginning of the lesson to use an internet-enable
device to search online for recipes.

$t>-.nt �.*;nin0 �8*5<

Let\s choose some recipes for a restaurant.

��� � #.,i9. /8; )8>; #.<t*>;*nt
�ptional� �� 2inutes �t-ere is a )igital ;ersion of t-is acti;ity�
The purpose of this activity is for students to apply proportional reasoning to scaling down a recipe
and calculating the number of calories in one serving. In the next activity (and, if desired, in the next
lesson), students will continue working with the recipe that they select in this activity.

The digital version of this activity includes nutritional information about many more ingredients
than were printed in students\ books.

�--;.<<in0

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

If desired, explain to students that they are starting a series of activities that are based on the idea
of imagining they could open their own restaurant. -rovide multiple recipes for students to choose
from.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#a"in%
�������i1!311ion��3ppo0t1� 2se this routine to support student understanding of the
situation. Explain the meaning of the nutritional values students must calculate, and discuss
reasons why they are important factors to consider. /eview directions to ensure students
understand the connection between the situation and the mathematics of the task.
�#1i%n��0in!ipl#�1�
��3ppo0t�1#n1#�+a)in%���3lti4at#�!on4#01ation

�nti,i9*t.- �i<,8n,.9ti8n<

4hen calculating the amount of calories from each ingredient, some students may struggle with
converting between the units in their recipes and the units given in the tables of nutritional
information.  onsider displaying conversion information that your students may find helpful, for
example 1 cup � 16 tablespoons.

•

•
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0ome students\ recipes may include an ingredient for which the nutrition information is not listed in
their books. %elp them research the needed information, either from the digital version of this
activity or other websites.

$t>-.nt %*<4 $t*t.6.nt

Imagine you could open a restaurant.

1. 0elect a recipe for a main dish you would like to serve at your restaurant.

2. /ecord the amount of each ingredient from your recipe in the first two columns of the
table. 5ou may not need to use every row.

ingre)ient a2ount
a2ount

per ser;ing
calories

per ser;ing

3. %ow many servings does this recipe make� !etermine the amount of each ingredient in
one serving, and record it in the third column of the table.

4. /estaurants are asked to label how many calories are in each meal on their menu.

a. 2se the nutrition information to calculate the amount of calories from each
ingredient in your meal, and record it in the last column of the table.

b. +ext, find the total calories in one serving of your meal.

�. If a person wants to eat 2,000 calories per day, what percentage of their daily calorie
intake would one serving of your meal be�

Unit 9 �.<<8n �
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$rains

2ass �g� calories fat �g� so)iu2 �2g�

'iscuits� refrigerate) )oug- ��� �8 178 6.14 �67

'rea) cru2's �� o?� 28.3� 112 1.� 208

corn2eal �� c� 1�7 �81 2.7� 11

egg noo)les �� c� 38 146 1.69 8

-a2'urger or -ot)og 'uns ��� 44 123 1.72 217

oats �� c� 81 307 �.28 �

pasta �� c� 91 338 1.37 �

pie crust� refrigerate) ��� 229 1019 �8.3 937

pita 'rea) �� o?� 28.3� 8 0.34 1�2

quinoa �� c� 170 626 10.32 8

ra2en noo)les �� p0g� 81 3�6 14.2� 1�03

rice Aour �� c� 1�8 �78 2.24 0

rice� 'ro<n �� c� 18� 679 �.92 9

rice� <-ite �� c� 18� 67� 1.22 9

saltine crac0ers ��� 14.9 62 1.29 140

taco s-ells ��� 12.9 61 2.81 42

tortillas ��� 49 146 3.71 364

<-eat 'rea) �� slice� 29 79 1.31 137

<-eat Aour �� c� 12� 4�� 1.22 2

<-ite 'rea) �� slice� 29 77 0.97 142

3egetables
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2ass �g� calories fat �g� so)iu2 �2g�

asparagus �� c� 134 27 0.16 3

a;oca)os �� c� 1�0 240 22 10

'ell peppers �� c� 149 46 0.4� 6

'roccoli �� c� 91 31 0.34 30

carrots �� c� 128 �2 0.31 88

cauliAo<er �� c� 107 27 0.3 32

celery �� c� 101 16 0.17 81

c-i;es �� t'sp� 3 1 0.02 0

corn �� c� 14� 12� 1.96 22

cucu2'er �� c� 133 16 0.21 3

green 'eans �� c� 100 31 0.22 6

lettuce �� c� 47 8 0.14 7

2us-roo2s �� c� 70 1� 0.24 4

onions �� c� 160 64 0.16 6

peas� fro?en �� c� 134 103 0.�4 14�

potatoes � c� 7� �9 0.11 14

spinac- �� c� 30 7 0.12 24

squas- �� c� 113 18 0.2 2

s<eet potatoes �� c� 133 114 0.07 73

to2atoes �� c� 149 27 0.3 7

#ruit

Unit 9 �.<<8n �
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2ass �g� calories fat �g� so)iu2 �2g�

apple /uice �� c� 248 114 0.32 10

apples �� c� 110 �3 0.14 0

'ananas �� c� 22� 200 0.74 2

'lue'erries �� c� 148 84 0.49 1

cantaloupe �� c� 177 60 0.34 28

c-erries �� c� 138 87 0.28 0

cran'erries� )rie) � c� 40 123 0.44 2

grapes �� c� 1�1 104 0.24 3

le2on /uice �� c� 244 �4 0.�9 2

�an)arin oranges �� c� 2�2 1�4 0.2� 1�

2angoes �� c� 16� 99 0.63 2

orange /uice �� c� 249 122 0.3 �

oranges �� c� 180 8� 0.22 0

peac-es �� c� 1�4 60 0.38 0

pears �� c� 140 80 0.2 1

pineapple� canne) �� c� 181 109 0.2 2

po2egranate /uice �� c� 1249 134 0.72 22

raisins �� c� 16� 493 0.76 18

rasp'erries �� c� 123 64 0.8 1

stra<'erries �� c� 1�2 49 0.46 2

*eat
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2ass �g� calories fat �g� so)iu2 �2g�

'acon �� slice� 26 106 10.21 122

c-ic0en t-ig- ��� 193 427 32.06 1�6

c-ic0en� lig-t 2eat �	 o?� 8� 100 1.4� 60

co' �	 o?� 8� 61 0.17 93

cra' �	 o?� 8� 73 0.82 2�1

groun) 'eef �
 o?� 113 37� 33.9 7�

groun) tur0ey �
 o?� 113 172 9.44 80

-ali'ut �	 o?� 8� 77 1.13 �8

-a2 �� o?� 28.3� 38 1.�3 319

-ot )ogs ��� �1 141 12.33 498

lo'ster ��� 1�0 116 1.12 634

pepperoni �	 o?� 8� 428 39.34 134�

por0 sausage ��� 2� 72 6.2 18�

por0 ten)erloin �	 o?� 8� 102 3 44

sal2on �� @llet� 108 373 12.34 ��

s-ri2p �	 o?� 8� 72 0.43 101

tofu � c� 126 98 �.2� 1�

trout �� @llet� 79 111 4.88 40

tuna� canne) �� o?� 28.3� 24 0.27 70

tur0ey �	 o?� 8� 92 2.12 10�

+uts, �eans, and 0eeds

Unit 9 �.<<8n �
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2ass �g� calories fat �g� so)iu2 �2g�

al2on)s �� c� 143 828 71.4 1

'lac0 'eans �� c� 240 218 0.7 331

cas-e<s �� o?� 28.3� 1�7 12.43 3

c-ic0peas �� c� 240 211 4.68 667

coconut �� c� 80 283 26.8 16

fa;a 'eans �� c� 2�6 182 0.�6 1160

Aa=see) �� t'sp� 10.3 �� 4.34 3

<-ite 'eans �� c� 262 299 1.02 969

0i)ney 'eans �� c� 2�6 21� 1.�4 7�8

lentils �� c� 192 676 2.04 12

li2a 'eans �� c� 164 216 0.72 8�

2aca)a2ia nuts �� c� 134 962 101.�3 7

peanut 'utter �� t'sp� 32 191 16.22 136

peanuts �� o?� 28.3� 166 14.08 116

pecans �� c� 109 7�3 78.4� 0

pinto 'eans �� c� 240 197 1.34 643

pistac-ios �� c� 123 689 ��.74 1

pu2p0in see)s �� c� 129 721 63.27 9

sesa2e see)s �� c� 144 82� 71.�2 16

sunAo<er see)s �� c� 46 269 23.67 4

!airy
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2ass �g� calories fat �g� so)iu2 �2g�

al2on) 2il0 �� c� 262 39 2.88 186

'lue c-eese �� o?� 28.3� 100 8.1� 32�

'utter �� pat� � 36 4.06 1

c-e))ar c-eese �� c� 132 �33 43.97 862

coconut 2il0 �� c� 226 44� 48.21 29

crea2 c-eese �� t'sp� 14.� �1 4.99 46

egg <-ite ��� 33 17 0.06 ��

egg yol0 ��� 17 �� 4.�1 8

eggs ��� �0 72 4.76 71

e;aporate) 2il0 �� c� 2�2 270 �.04 2�2

<-ipping crea2 �� c� 120 408 43.3 32

2argarine �� t'sp� 14.2 101 11.38 4

2il0� s0i2 �� c� 24� 83 0.2 103

2il0� <-ole �� c� 244 149 7.93 10�

2o??arella c-eese �� c� 132 389 26.11 879

Par2esan c-eese �� c� 100 420 27.84 1804

sour crea2 �� t'sp� 12 16 1.27 10

soy 2il0 �� c� 243 80 3.91 90

"<iss c-eese �� c� 132 �19 40.91 247

yogurt �� o?� 170 107 2.64 119

0auces and ,ther Liquids

Unit 9 �.<<8n �
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2ass �g� calories fat �g� so)iu2 �2g�

'ar'ecue sauce �� t'sp� 17 29 0.11 17�

c-ic0en 'rot- �� c� 249 1� 0.�2 924

crea2 of c-ic0en soup � c� 126 113 7.27 88�

gra;y �� c� 233 1 �.� 130�

-oney �� c� 339 2� 0 14

�talian )ressing �� t'sp� 14.7 3� 3.1 146

/a2s an) /ellies �� t'sp� 20 �6 0.01 6

0etc-up �� t'sp� 17 17 0.02 1�4

2ayonnaise �� t'sp� 1� 103 11.67 73

2ustar) �� tsp� � 3 0.17 ��

pasta sauce � c� 132 66 2.13 �77

ranc- )ressing �� t'sp� 1� 64 6.68 13�

salsa �� t'sp� 36 10 0.06 2�6

soy sauce �� t'sp� 16 8 0.09 879

;anilla e=tract �� tsp� 4.2 12 0 0

;egeta'le 'rot- �� c� 221 11 0.1� 6�4

;egeta'le oil �� t'sp� 14 124 14 0

;inegar �� t'sp� 1� 3 0 0

<ater �� A o?� 29.6 0 0 1

$orcesters-ire sauce �� t'sp� 17 13 0 167

0pices and ,ther -owders
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2ass �g� calories fat �g� so)iu2 �2g�

'a0ing po<)er �� tsp� 4.6 2 0 488

'a0ing so)a �� tsp� 4.6 0 0 12�9

'lac0 pepper �� tsp� 2.3 6 0.07 0

c-ic0en 'ouillon �� cu'e� 4.8 10 0.23 11�2

c-ili po<)er �� tsp� 2.7 8 0.39 77

cinna2on �� tsp� 2.6 6 0.03 0

cocoa po<)er �� c� 86 196 11.78 18

cornstarc- �� c� 128 488 0.06 12

cu2in �� tsp� 2.1 8 0.47 4

garlic �� clo;e� 3 4 0.01 0.�

garlic po<)er �� tsp� 3.1 10 0.02 2

onion po<)er �� tsp� 2.4 8 0.02 2

onion soup 2i= �� t'sp� 7.� 22 0.03 602

oregano �� tsp� 1 3 0.04 0

papri0a �� tsp� 2.3 6 0.3 2

parsley �� tsp� 0.� 1 0.03 2

po<)ere) sugar �� c� 120 467 0 2

salt �� tsp� 6 0 0 232�

sugar �� tsp� 2.8 11 0 0

taco seasoning �� tsp� �.7 18 0 411

$t>-.nt #.<98n<.

�nswers vary. 0ample responses:

1. spaghetti with meat sauce

Unit 9 �.<<8n �
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2.
ingre)ient a2ount a2ount per ser;ing calories per ser;ing

spaghetti noodles 6 c 1 c 338

ground beef 1 lb lb 2�0

pasta sauce 3 c c 66

onion c c �.3

garlic 2 cloves clove 1.�

olive oil tbsp tbsp 30

basil 2 tsp tsp 0.7

oregano 2 tsp tsp 1

3. 6 servings

4. a. see table

b. 692.� calories, because

�. about 3��, because

�;. )8> #.*-B /8; �8;.�

The labels on packaged foods tell how much of di`erent nutrients they contain. %ere is what
some di`erent food labels say about their sodium content.

cheese crackers, 3�1 mg, 14� daily value

apple chips, 1� mg, �1� daily value

granola bar, 82 mg, 3� daily value

Estimate the maximum recommended amount of sodium intake per day (100� daily value).
Explain your reasoning.

$t>-.nt #.<98n<.

�nswers vary. 0ample response: 0omewhere around 2�00 mg, because .

•
•
•
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�,ti?itB $Bnt1.<i<

�sk students to trade with a partner and check each other\s work. -oll the class on the amount of
calories in one serving of their meal.

 onsider asking the following questions:

]4hat was the most diccult part of calculating the amount of calories in one serving of your
meal�^

]!id anything surprise you while you were doing your calculations�^

��� �.*5t1 �5*i6<
�ptional� �� 2inutes
The purpose of this activity is for students to apply proportional reasoning to calculate the calories,
fat, and sodium content of one serving of a recipe.

�--;.<<in0

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/1: 0tronger and  learer Each Time

*L/7:  ompare and  onnect

�*>n,1

Tell students they will continue using the tables of nutrition information from the previous activity.
-oint out that the qualifications for a food to be considered ]low calorie,^ ]low fat,^ or ]low sodium^
are all stated per 100 grams of food. �efore students start working, consider giving them 30
seconds of quiet think time and then having them share their ideas on how they could solve the
first problem.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� �ctivate or supply background knowledge. �llow
students to use calculators to ensure inclusive participation in the activity.
�3ppo0t1�a!!#11i ilit7�$o0
��#+o07���on!#pt3al�p0o!#11in%

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may find the total calories, fat, and sodium in one serving of their recipe and ignore
the specification about per 100 grams of food. -rompt them to tabulate the grams of each
ingredient in one serving of their recipe.

•

•

•

•
•

Unit 9 �.<<8n �
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$t>-.nt %*<4 $t*t.6.nt

#or a meal to be considered:

]low calorie^Zit must have 120 calories or less per 100 grams of food.

]low fat^Zit must have 3 grams of fat or less per 100 grams of food.

]low sodium^Zit must have 140 milligrams of sodium or less per 100 grams of food.

1. !oes the meal you chose in the previous activity meet the requirements to be
considered:

a. low calorie�

b. low fat�

c. low sodium�

�e prepared to explain your reasoning.

2. 0elect or invent another recipe you would like to serve at your restaurant that does
meet the requirements to be considered either low calorie, low fat, or low sodium. 0how
that your recipe meets that requirement. ,rganiQe your thinking so it can be followed
by others.

ingre)ient
a2ount

per ser;ing
calories

per ser;ing
fat

per ser;ing
so)iu2

per ser;ing

•
•
•
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$t>-.nt #.<98n<.

1. �nswers vary. 0ample response: ,ne serving of the spaghetti with meat sauce recipe (from the
previous activity) is 316.� grams of food because

.
a. +o. It has 218.8 calories per 100 grams of food because .

b. +o. It has 1�.4 grams of fat per 100 grams of food because .

c. +o. It has 200 milligrams of sodium per 100 grams of food because .

2. �nswers vary. 0ample response: 0outhwest salad meets the requirements for all 3 categories.

ingre)ient
a2ount per

ser;ing
calories per

ser;ing
fat per
ser;ing

so)iu2 per
ser;ing

gra2s

lettuce 3 c 24 0.4 12 141

black
beans

c 109 0.3 16� 120

corn c 63 1 11 72

tomatoes c 14 0.1 3.� 7�

avocado 30 2.8 1.3 19

shallots tbsp 4 0 0.� �

garlic clove 1 0 0.1 1

lime juice tsp 1 0.01 0.04 �

yogurt 1 tbsp 9 0.2 10 14

cilantro c 0.� 0.01 1 2

,ne serving of the 0outhwest salad is 4�4 grams of food because
. It has only �6.3 calories per 100 grams

of food because . It has only 1.06 grams of fat per 100 grams of
food because . It has only 4� milligrams of sodium per 100 grams of
food because .

Unit 9 �.<<8n �
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�,ti?itB $Bnt1.<i<

�sk students to take turns explaining to a partner how they know that their meal meets the
requirements to be considered either ]low calorie,^ ]low fat,^ or ]low sodium.^ If time permits,
consider using *L/ 1 (0tronger and  learer Each Time).

 onsider asking:

]4hat strategies did you find helpful for making sure that your meal met the requirements to
be considered either [low calorie,\ [low fat,\ or [low sodium.\�^

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%���on4#01in%
�������o+pa0#�an"��onn#!t� �fter students complete the calculations
for their new recipe, use this routine to help students compare recipes with the same
requirements. $roup students according to requirement they selected (]low calorie,^ ]low fat,^
or ]low sodium�). Invite groups to share how they completed recipe tables and ask, ]4hat is
the same and what is di`erent�^ about their strategies. This will help students connect
language and reasoning when creating their menus and calculating the nutritional information.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11

•
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�.<<8n �� �8<t< 8/ #>nnin0 * #.<t*>;*nt

�8*5<
 omprehend the term ]spreadsheet^ (in written and spoken language) is a computer program
in which data is arranged in the rows and columns of a grid and can be manipulated and used
in calculations.

 reate formulas in a spreadsheet to perform repeated calculations.

2se a spreadsheet to calculate the cost per serving of all the ingredients in a recipe.

�.<<8n �*;;*ti?.
This lesson is optional. In this lesson, students gain experience using a spreadsheet program to
perform repeated calculations. �fter exploring how spreadsheets work, students calculate the cost
per serving of all the ingredients in a recipe. 0tudents make use of structure (*-7) as they explore
the syntax of how formulas are written in spreadsheet programs. 0tudents see that spreadsheets
are an appropriate tool (*-�) for organiQing and performing repeated calculations. 0tudents reason
quantitatively (*-2) while deciding what formula they need for each column in their spreadsheet.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains. If students
have already completed the previous lesson, they can continue using the same recipes in this
lesson. %owever, it is also possible to do this lesson without having completed the previous lesson.

�5i0n6.nt<

�--;.<<in0

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

#.:>i;.- �*t.;i*5<

�nt.;n.t�.n*+5.- -.?i,. #.,i9.<

#.:>i;.- !;.9*;*ti8n

-repare to provide each student access to a spreadsheet program. It is recommended for them to
use a program with which you have previous experience.

If students have not completed the previous lesson or do not still have access to the recipes they
used for it, provide access to recipes.

•

•
•

•

•

Unit 9 �.<<8n �
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$t>-.nt �.*;nin0 �8*5<

Let\s explore how much the food will cost.

��� �nt;8->,in0 $9;.*-<1..t<
�ptional� �� 2inutes
The purpose of this activity is for students to learn about formulas in spreadsheets through
hands-on experience. This exploration prepares students for using a spreadsheet to calculate the
cost of recipe ingredients in the next activity.

�*>n,1

Explain what spreadsheets are and how they work, including the following features:

� spreadsheet is a computer program that lets you organiQe information in a grid of
rectangles, called cells, and to do calculations. There are many di`erent spreadsheet
programs, but they all work in basically the same way. The rows are labeled with numbers and
the columns are labeled with letters.

!isplay this image of a sample spreadsheet.

�sk the students ]4hat information is in cell �3� 4hat does this piece of information tell us
about the situation�^ (1.6, how many of pounds of raisins).

It is helpful to put headings in the first row that describe what information goes in each
column (and headings in the first column to describe each row). It is also helpful to organiQe
the information in the spreadsheet to be read from left to right and from top to bottom.

If you type a formula correctly into any cell of a spreadsheet, the program will calculate and
display the value of the expression. #ormulas must start with an equal sign. If the answer is
not a whole number, the spreadsheet will display the value as a decimal. It is possible to
program each cell to round decimal values.

+ote that spreadsheets on tablets are a bit di`erent.

The ]enter^ key on the keyboard is usually at the lower right, marked with a right-angle arrow
pointing down and left.

The +umbers spreadsheet involves less typing. Instead of typing � and a formula, tap the �
button� tap a cell whose address you want in the formula� type numbers and operations. If you
have typed headings, the words will appear in the formula, such as �mount (lb)  heese.

•

•

•

•

•

•
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-rovide access to spreadsheets. $ive students quiet work time followed by whole-class discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may not understand what happened when they completed the last instruction. The
fact that copying a formula from one cell and pasting it in another cell updates the row and column
references in the formula can be counter-intuitive. -rompt students to double click on the cell
where they pasted the formula so they can see what the formula now says.

$t>-.nt %*<4 $t*t.6.nt

1. Type each formula into the cells of a spreadsheet program and press enter. /ecord
what the cell displays. *ake sure to type each formula exactly as it is written here.

� � C D

� �40-32 �1.�
3.6 �14�7 �0.�	6

2. a. -redict what will happen if you type the formula ��1	 1 into cell  2 of your
spreadsheet.

b. Type in the formula, and press enter to check your prediction.

3. a. -redict what will happen next if you delete the formula in cell �1 and replace it
with the number 100.

b. /eplace the formula with the number, and press enter to check your prediction.

4. a. -redict what will happen if you copy cell  2 and paste it into cell !2 of your
spreadsheet.

Unit 9 �.<<8n �
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b.  opy and paste the formula to check your prediction.

$t>-.nt #.<98n<.

1.  ell �1 displays the number 8 because that is the answer to the subtraction problem

 ell �1 displays the number �.1 because that is the answer to the addition problem

 ell  1 displays the number 2 because that is the answer to the division problem .
!ivision is represented with the slash character in spreadsheet programs.

 ell !1 displays the number 3 because that is the answer to the multiplication problem
. *ultiplication is represented with the asterisk symbol in spreadsheet programs.

2.  ell  2 displays the number 16 because it is multiplying the value in cell �1 times the value in
cell  1 and .

3.  ell �1 just displays the number 100 because we entered a number, not a formula, but cell  2
updates to display 200, even though we didn�t do anything to that cell, because it is still
multiplying the values in cell �1 times  1, and �1 is now 100 instead of 8, so .

4.  ell !2 displays the number 1�.3 because it is multiplying the value in cell �1 times the value
in cell !1 and . 4hen the formula in  2 was copied and pasted into !2, it
moved one cell to the right, so the letters in the formula automatically adjusted to refer to one
cell to their right. In other words, �1 changed to �1 and  1 changed to !1. If we had pasted
the formula into a di`erent row, above or below, the numbers as well as the letters in the cell
addresses would have updated.

�,ti?itB $Bnt1.<i<

If possible, display a spreadsheet program and go through the steps described in the students\
books or devices. �sk students to explain why each step has the result it does. (0ee student
response for explanations.)

The most important things for students to remember from this activity are:

#ormulas in spreadsheets start with the equal sign and use 	 and � for multiplication and
division, respectively.

5ou can refer to the value in another cell of the spreadsheet within your formulas. #or
example, the formula ��3
�2 will display the sum of the values in cells �3 and �2, as long as
those cells contain just numbers and no words.

If you copy a formula from one cell and paste it into another cell, the program will
automatically adjust any cell addresses in the formula by the number of rows and columns
between the cells where the formula was copied from and pasted into.

�

�

�

�

•

•

•
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��� �8<t 9.; $.;?in0
�ptional� 	� 2inutes
In this activity, students use a spreadsheet program to compute the cost for one serving of each
meal they want to serve at their restaurant. 0tudents have to find or estimate the cost of each
ingredient. 0ince ingredients are sold in di`erent units, they have to convert units from the ones
they find for the cost to the ones used in the recipe. #or example, olive oil is sold in 1 quart bottles,
but the recipe asks for tablespoons. The calculations can be done in the spreadsheet, and entering
the formulas into the cells of the spreadsheet is an important mathematical step.
�nother important step in this activity is to plan the set-up of the spreadsheet.

�--;.<<in0

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

If possible, have students refer back to the recipes they selected in the previous lesson. ,therwise,
provide recipes for students to refer to here. $ive students quiet work time followed by partner and
whole-class discussion.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� �ctivate or supply background knowledge about
measurement. 0tudents may benefit from watching a quick demonstration of the set-up of the
spreadsheet. /eview terms such as: spreadsheet formulas and converting units.
�3ppo0t1�a!!#11i ilit7�$o0
��#+o07���on!#pt3al�p0o!#11in%

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%���i1t#nin%
�������i1!311ion��3ppo0t1� 2se this routine to support understanding and
use of the language of spreadsheets, including the terms ]cell,^ ]column,^ ]row,^ ]formula,^
]copy,^ and ]paste.^ Invite students to use these words when stating their ideas. �sk students
to chorally repeat the phrases that include these words in context of the problem. This helps
students use spreadsheet terms while verbaliQing calculation predictions.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�#6planation����a6i+i8#�+#ta�a5a0#n#11

•

•
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�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may struggle to know what formulas they should type into columns !, %, ', and (.
-rompt them to write down on paper what calculation they would do for the first one or two
ingredients and look for patterns that could help them figure out the other rows automatically.

$t>-.nt %*<4 $t*t.6.nt

1. 0et up a spreadsheet with these column labels in the first row.

� � C D

� ingredient
unit

in recipe
amount
in recipe

amount
per serving

�

a. Type the information about the ingredients in your recipe into the first 3 columns
of the spreadsheet.

b. Type a formula into cell !2 to automatically calculate the amount per serving for
your first ingredient.

c.  opy cell !2 and paste it into the cells beneath it to calculate the amount per
serving for the rest of your ingredients. -ause here so your teacher can review
your work.

2. �dd these column labels to your spreadsheet.

� � � �

purchase price
purchase
amount

purchase
unit

cost per
purchase unit

a. /esearch the cost of each ingredient in your meal, and record the information in
columns E, #, and $.

b. Type a formula into cell %2 to automatically calculate the cost per purchase unit for
your first ingredient.

c.  opy cell %2, and paste it into the cells beneath it to calculate the cost per
purchase unit for the rest of your ingredients.

3. �dd these column labels to your spreadsheet.
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� J �

conversion from
purchase units
to recipe units

cost per
recipe unit

cost
per serving

a.  omplete column I with how many of your recipe unit are in 1 of your purchase
unit for each ingredient. #or example, if your recipe unit was cups and your
purchase unit was gallons, then your conversion would be 16 because there are 16
cups in 1 gallon.

b. Type a formula into cell '2 to calculate the cost per recipe unit for your first
ingredient.

c. Type a formula into cell (2 to calculate the cost per serving for your first
ingredient.

d.  ompare formulas with your partner. !iscuss your thinking. If you disagree, work
to reach an agreement.

e.  opy cells '2 and (2, and paste them into the cells beneath them to calculate the
cost per recipe unit and cost per serving for the rest of your ingredients.

4. Type a formula into the first empty cell below your last ingredient in column ( to
calculate the total cost per serving for all of the ingredients in your recipe. /ecord the
answer here.

$t>-.nt #.<98n<.

�nswers vary. 0ample response:

%ere are the formulas that were used to create this sample spreadsheet:

Unit 9 �.<<8n �
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D � J �

� 2�6 �E2�#2 �%2�I2 �'2	!2

� 3�6 �E3�#3 �%3�I3 �'3	!3

etc. etc. etc. etc.

�sum((2:(9)

The formulas in rows 4Y9 follow the same pattern as those shown for rows 2 and 3.

The formulas in column ! use 6 as the divisor here because the sample recipe made 6 servings.
This number needs to be adjusted to match the number of servings in the student\s recipe.

If students do not know about the formula shown for cell (10 above, they could also use
�(2
(3
(4
(�
(6
(7
(8
(9 to accomplish the calculation.

�,ti?itB $Bnt1.<i<

-oll the class on the cost for one serving of their recipe.

Invite student to share their experiences using the spreadsheet:

]4hat was the most diccult part of setting up your spreadsheet to do these calculations for
you�^

]4hat strategies did you use to help you decide on the formulas for columns !, %, ', and (�^

]4hich method do you prefer for this type of problem, using paper, pencil, and a calculator or
using a spreadsheet� 4hy�^

•

•
•
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�.<<8n 	� �8;. �8<t< 8/ #>nnin0 * #.<t*>;*nt

�8*5<
 reate an equation to represent certain expenses for a restaurant, and interpret (orally and in
writing) the solution.

!etermine whether a relationship is proportional and explain (orally) the reasoning.

!etermine whether a restaurant is making a profit using estimates of ongoing expenses,
number of meals sold, average price per meal, and average cost per meal.

�.<<8n �*;;*ti?.
This lesson is optional. In this lesson, students apply expressions and signed numbers to the
context of balancing projected income and expenses for a restaurant. 0tudents decide how to
model these incomes and expenses in their calculations (*-4).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�--;.<<in0

7.EE.�.4: 2se variables to represent quantities in a real-world or mathematical problem, and
construct simple equations and inequalities to solve problems by reasoning about the
quantities.

7.+0.�.3: 0olve real-world and mathematical problems involving the four operations with
rational numbers. omputations with rational numbers extend the rules for manipulating
fractions to complex fractions.

7./-.�.2: /ecogniQe and represent proportional relationships between quantities.

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

7.0-.�.4: 2se measures of center and measures of variability for numerical data from random
samples to draw informal comparative inferences about two populations. #or example, decide
whether the words in a chapter of a seventh-grade science book are generally longer than the
words in a chapter of a fourth-grade science book.

�n<t;>,ti8n*5 #8>tin.<

*L/1: 0tronger and  learer Each Time

*L/8: !iscussion 0upports

+otice and 4onder

•

•
•

•

•

•
•

•

•
•
•
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$t>-.nt �.*;nin0 �8*5<

Let\s explore how much it costs to run a restaurant.

	�� �;. (. �*4in0 �8n.B�
�ptional� �� 2inutes
The purpose of this activity is for students to choose how they can apply math concepts and
strategies to a problem arising in a real-world context: predicting whether a restaurant will make a
profit.

�fter students have estimated the monthly cost of their ongoing expenses on their list, poll the
class on their total estimated monthly costs.

If students have completed the previous lesson about using spreadsheets to calculate the cost of
ingredients for one serving of their recipe, they can use that as the basis for calculating the
percentage of the markup. If students have not calculated the cost of ingredients in a previous
lesson, then tell students that the in%0#"i#nt1 for one serving of a meal typically cost about:

�2 for a fast-food restaurant

�� for a casual sit-down restaurant

�10 to �2� for a formal sit-down restaurant

�--;.<<in0

7.+0.�.3

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/1: 0tronger and  learer Each Time

�*>n,1

-oint out that restaurants have many more expenses than just the cost of the food. $ive students
quiet work time followed by partner discussion.

 onsider having students pause their work after the first question so that you can record their
answers displayed for all to see, and all students will have access to this same information for the
rest of the activity.

•
•
•

•
•

•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%���i1t#nin%���0itin%
�������t0on%#0�an"��l#a0#0��a!&��i+#� 2se this routine after students
have assessed the profitability of /estaurant �. �sk students to share their thinking with 2Y3
consecutive partners. 4ith each share, encourage listeners to push students for clarity in
mathematical language (e.g., ]%ow do you know the restaurant is making a profit�^). 4ith each
share, students\ organiQation of steps should get stronger and the explanations of reasoning
should get clearer. This helps students to use mathematical language as they explain their
profit analysis.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�#6planation����3lti4at#�!on4#01ation

$t>-.nt %*<4 $t*t.6.nt

1. /estaurants have many more expenses than just the cost of the food.

a. *ake a list of other items you would have to spend money on if you were running
a restaurant.

b. Identify which expenses on your list depend on the number of meals ordered and
which are independent of the number of meals ordered.

c. Identify which of the expenses that are independent of the number of meals
ordered only have to be paid once and which are ongoing.

d. Estimate the monthly cost for each of the ongoing expenses on your list. +ext,
calculate the total of these monthly expenses.

2. Tell whether each restaurant is making a profit or losing money if they have to pay the
amount you predicted in ongoing expenses per month. ,rganiQe your thinking so it can
be followed by others.

a. /estaurant � sells 6,000 meals in one month, at an average price of �17 per meal
and an average cost of �4.60 per meal.

b. /estaurant � sells 8,�00 meals in one month, at an average price of �8 per meal
and an average cost of �2.20 per meal.

c. /estaurant  sells 4,800 meals in one month, at an average price of �29 per meal
and an average cost of �6.90 per meal.

3. a. -redict how many meals your restaurant would sell in one month.

b. %ow much money would you need to charge for each meal to be able to cover all
the ongoing costs of running a restaurant�

4. 4hat percentage of the cost of the ingredients is the markup on your meal�

Unit 9 �.<<8n 	
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$t>-.nt #.<98n<.

1. �nswers vary. 0ample response:
Expenses that depend on the number of meals sold: ingredients, disposable dishes or
dish washing

,ne-time expenses: kitchen appliances, tables, chairs, decor, cash register, menus,
uniforms, etc.

,ther ongoing expenses that don�t depend on the number of meals sold:

e=pense esti2ate) cost �)ollars per 2ont-�

rent 2000

maintenance 400

phone 100

utilities �00

insurance 300

payroll services 100

salaries 8000

permits 1�0

cleaning�laundry �00

total fixed expenses 12,0�0

2. �nswers vary depending on the estimated monthly operating costs.
a. /estaurant � makes a profit if their total fixed expenses are less than �74,400 per month,

because .

b. /estaurant � makes a profit if their total fixed expenses are less than �49,300 per month,
because .

c. /estaurant   makes a profit if their total fixed expenses are less than �106,080 per
month, because .

3. �nswers vary. 0ample response:
a. �bout 6,000 meals per month

b. �t least �7.00, because the inequality can represent the average
menu price for which the restaurant will make a profit.

�

�

�
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4. �nswers vary. 0ample response: �t least 40�, because , which means the menu
price needs to be at least 140� of the cost of the ingredients to have enough money to cover
the restaurant�s other operating costs.

�,ti?itB $Bnt1.<i<

-oll the class on whether they think each of the restaurants �, �, and   made money for the month.
0elect students to share their reasoning.

+ote: The way the problem is written, there is not just one correct answer to the question. 4hether
or not each restaurant made money depends on how much the students estimated for the total
monthly expenses (excluding food).

if stu)ents esti2ate) t-e total ongoing
e=penses �e=clu)ing foo)� to 'e�

restaurants t-at <oul)
-a;e 2a)e 2oney

restaurants t-at
<oul) -a;e lost

2oney

'elo< �
��	�� �, �, and  none

'et<een �
��	�� an) �

�
�� � and  �

'et<een �

�
�� an) ��������  � and �

a'o;e �������� none �, �, and  

+ext, ask students to trade with a partner, and check their work for calculating the percentage of
the mark up.

�sk students to discuss:

]%ow does the amount you plan to charge for each meal compare to your partner\s amount�^

]%ow does your mark up percentage compare to your partner\s percentage�^

 onsider telling students that many restaurant owners use 300� as an estimate of a good
percentage for the mark up on their meals to be able to make a profit. That means the price of the
meal is 4 times what the cost of the ingredients were.

	�� �i<98<*+5. 8; #.><*+5.�
�ptional� �� 2inutes
The purpose of this activity is for students to write and solve equations as a strategy to compare the
projected costs of using reusable versus disposable plates and forks. #irst, students examine dot
plots representing the average number of customers served per day at a sample of restaurants to
make a prediction about how many customers they might serve per day. Then, students see that
the cost of buying disposable plates and forks can be modeled with a proportional relationship,

•
•
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while the cost of buying and washing reusable plates and forks can be modeled with an equation in
the form .

�--;.<<in0

7.EE.�.4

7./-.�.2

7.0-.�.4

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

+otice and 4onder

�*>n,1

!isplay the dot plots about the number of customers served per day. Invite students to share what
they notice and wonder.

0ome things students may notice:

*any of the fast food restaurants serve more customers per day than the full service
restaurants.

There is a lot of overlap between the two distributions, from 300 to 600 customers.

0ome things students may wonder:

4ere the restaurants included in the samples selected at random�

Is there a meaningful di`erence between the average number of customers served at these
two types of restaurants�

�bout how many customers would my restaurant serve per day�

$ive students quiet work time followed by whole-class discussion.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1�  hunk this task into more manageable
parts. �fter students have solved the first 2-3 problems, check-in with either select groups of
students or the whole class. Invite students to share the strategies they have used so far as
well as any questions they have before continuing.
�3ppo0t1�a!!#11i ilit7�$o0
��0%ani8ation���tt#ntion

•
•
•

•
•

•

•

•
•

•
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$t>-.nt %*<4 $t*t.6.nt

� sample of full service restaurants and a sample of fast food restaurants were surveyed
about the average number of customers they serve per day.

1. %ow does the average number of customers served per day at a full service restaurant
generally compare to the number served at a fast food restaurant� Explain your
reasoning.

2. �bout how many customers do you think your restaurant will serve per day� Explain
your reasoning.

3. %ere are prices for plates and forks:

plates for0s

)isposa'le 16� paper plates for �12.�0 600 plastic forks for �10

reusa'le 12 ceramic plates for �28.80 24 metal forks for �30

a. 2sing your predicted number of customers per day from the previous question,
write an equation for the total cost, , of using disposable plates and forks for
every customer for days.

b. Is proportional to � Explain your reasoning.

c. 2se your equation to predict the cost of using disposable plates and forks for 1
year. Explain any assumptions you make with this calculation.

4. a. %ow much would it cost to buy enough reusable plates and forks for your
predicted number of customers per day�

Unit 9 �.<<8n 	
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b. If it costs �10.7� a day to wash the reusable plates and forks, write an expression
that represents the total cost, , of buying and washing reusable plates and forks
after days.

c. Is proportional to � Explain your reasoning.

d. %ow many days can you use the reusable plates and forks for the same cost that
you calculated for using disposable plates and forks for 1 year�

$t>-.nt #.<98n<.

1. #ast food restaurants generally have more customers per day than full-service restaurants,
but there is a lot of overlap. The di`erence in means is about 366 customers, which is 1.6
times the larger mean absolute deviation.

2. �nswers vary. 0ample response: 240 customers per day because 240 is close to the center of
the distribution for full-service restaurants, and I think my restaurant will be a typical
full-service restaurant.

3. �nswers vary. 0ample response for 240 customers per day:
a.

b. The equation represents a proportional relationship because it is in the form , and
the constant of proportionality is 22.18. %owever, this was using an average of 240
customers per day, and in real life the restaurant serves a di`erent number of people
each day, so it could be close to proportional, but not exactly.

c. �ssuming the restaurant is open 36� days in the year and serves an average of 240
customers per day, it would cost �8,09�.70 to use disposable plates and forks for every
customer. This also assumes that each customer uses exactly one plate and one fork.

4. a. �876 to buy 240 reusable plates and 240 reusable forks

b.

c. +o, this equation does not represent a proportional relationship. It cannot be rewritten
in the form and if graphed, it would go through the point (0, 876) instead of (0, 0).

d. If , then , which is about 1 year and 10 months.

�,ti?itB $Bnt1.<i<

-oll the class on how many days they can you use the reusable plates and forks for the same cost
as using disposable plates and forks for 1 year. 0elect students to share what this tells us about the
situation. (If their answer is greater than the number of days they planned for their restaurant to be
open during the year, then this means that buying and washing reusable plates and forks is
cheaper than using disposable plates and forks.)

0elect students to share their reasoning about whether there is a proportional relationship between
the cost of using disposable or reusable and the number of days.
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0tudents might share the following ideas:

The relationship for the cost of using disposable looks like it is proportional because we wrote
it in the form .

The relationship for the cost of using disposable would be close, but not exactly
proportional, because the equation is assuming an average number of customers per
day and in real life the restaurant serves a di`erent number of people each day.

The relationship for the cost of using reusable is not proportional because:
there is a start-up cost of buying the reusable plates and forks.

the equation cannot be written in the form . There has to be a term that is added
that represents the start-up costs.

if we graphed the relationship, it would not go through the origin, but would cross the
y-axis at a point that represents the start-up costs.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%
�������i1!311ion��3ppo0t1� �s students share their reasoning about whether there is a
proportional relationship between the cost of using disposable or reusable and the number of
days, provide sentence frames to support their justifications, such as, ]I know 777 because . . .
.^ -ress for details in students\ explanations by asking students to elaborate on an idea (e.g.,
]4hy did you...�^ and ] an you give an example of . . . �^). This will help students communicate
clearly and use more precise language.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�(31ti9!ation�

•

�

•
�
�

�
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�.<<8n 
� #.<t*>;*nt �588; !5*n

�8*5<
 hoose an appropriate scale and create a scale drawing for a restaurant floor plan.

2se proportional reasoning to solve problems about the area or volume of di`erent elements
of a floor plan and explain (orally) the solution method.

�.<<8n �*;;*ti?.
This lesson is optional. In this lesson, students create a scale drawing of the floor plan for a
restaurant and solve problems involving proportional reasoning about the area or volume of
di`erent elements within the floor plan.

0tudents can adapt an outline of their floor plan to make it easier for them to incorporate other
requirements, such as the spacing between tables and the maximum distance between the tables
and the food pickup area. This gives them an opportunity to make sense of the problem (*-1). If
students choose to use a compass to draw a circle with a radius representing the 60-foot
restriction, or if they make physical scale models of tables, they are choosing tools strategically
(*-�).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�--;.<<in0

7.$.�.1: 0olve problems involving scale drawings of geometric figures, including computing
actual lengths and areas from a scale drawing and reproducing a scale drawing at a di`erent
scale.

7.$.�.4: (now the formulas for the area and circumference of a circle and use them to solve
problems� give an informal derivation of the relationship between the circumference and area
of a circle.

7.$.�.6: 0olve real-world and mathematical problems involving area, volume and surface area
of two- and three-dimensional objects composed of triangles, quadrilaterals, polygons, cubes,
and right prisms.

7.+0.�.2.d:  onvert a rational number to a decimal using long division� know that the decimal
form of a rational number terminates in 0s or eventually repeats.

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

•
•

•

•

•

•

•
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�n<t;>,ti8n*5 #8>tin.<

*L/�:  o- raft .uestions

*L/7:  ompare and  onnect

#.:>i;.- �*t.;i*5<

�5*n4 9*9.;
�869*<<.<
�.86.t;B t8854it<
#or grade 6: tracing paper, graph paper, colored
pencils, scissors, and an index card to use as a
straightedge or to mark right angles.

#or grades 7 and 8: everything in grade 6, plus a
ruler and protractor.  lear protractors with no
holes and with radial lines printed on them are
recommended.

+otes: (1) �Tracing paper� is easiest to use when
it�s a smaller siQe.  ommercially-available �patty
paper� is � inches by � inches and ideal for this.
If using larger sheets of tracing paper, consider
cutting them down for student use. (2) 4hen
compasses are required in grades 6-8 they are
listed as a separate /equired *aterial.

�;*91 9*9.;
�n-.A ,*;-<

#.:>i;.- !;.9*;*ti8n

0tudents need access to graph paper, geometry toolkits, and compasses.

$t>-.nt �.*;nin0 �8*5<

Let\s design the floor plan for a restaurant.


�� �inin0 �;.*
�ptional� �� 2inutes
The purpose of this activity is for students to create a scale drawing for a restaurant floor
plan. 0tudents use proportional reasoning to consider how much space is needed per customer,
both in the dining area and at specific tables. They try to find a layout for the tables in the dining
area that meets restrictions both for the distance between tables and to the kitchen. 0tudents
choose their own scale for creating their scale drawing.

4hen trying to answer the last two questions, students might want to go back and modify the
shape of their dining area from their previous answer. This is an acceptable way for students to
make sense of the problem and persevere in solving it (*-1).

�--;.<<in0

7.$.�.1

7.$.�.4

7.+0.�.2.d

7./-.�.3

•
•

•
•
•
•
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�n<t;>,ti8n*5 #8>tin.<

*L/7:  ompare and  onnect

�*>n,1

-rovide access to graph paper, geometry toolkits, and compasses. $ive students quiet work time
followed by partner discussion.

$t>-.nt %*<4 $t*t.6.nt

1. /estaurant owners say it is good for each customer to have about 300 in2 of space at
their table. %ow many customers would you seat at each table�

2. It is good to have about 1� ft2 of floor space per customer in the dining area.

a. %ow many customers would you like to be able to seat at one time�

b. 4hat siQe and shape dining area would be large enough to fit that many
customers�

c. 0elect an appropriate scale, and create a scale drawing of the outline of your
dining area.

3. 2sing the same scale, what siQe would each of the tables from the first question appear
on your scale drawing�

4. To ensure fast service, it is good for all of the tables to be within 60 ft of the place where
the servers bring the food out of the kitchen. !ecide where the food pickup area will be,
and draw it on your scale drawing. +ext, show the limit of how far away tables can be
positioned from this place.

�. It is good to have at least ft between each table and at least ft between the sides

of tables where the customers will be sitting. ,n your scale drawing, show one way you
could arrange tables in your dining area.

$t>-.nt #.<98n<.

�nswers vary. 0ample responses:

1. Table � could seat 3 customers because and

•

�
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Table � could seat 3 or 4 customers because and

Table   could seat 4 or � customers because and

2. a. �bout 80 customers

b. The dining area could be a rectangle with sides 30 ft and 40 ft. This would give an area of

1,200 ft2, which is enough space for 80 customers because .

c. 2sing a scale of 1 cm represents 2 feet, the scale drawing would be a rectangle 1� cm
wide and 20 cm long.

3. Table � would be a square with sides 1.2� cm.

Table � would be a rectangle with length 2 cm and width 1 cm.

Table   would be a circle with a diameter of 1.7� cm.

4. The food pickup area could be a point in the top left corner of the rectangular dining area. �
circle centered on this point with a radius of 30 cm represents the maximum distance to a
table.

�;. )8> #.*-B /8; �8;.�

The dining area usually takes up about 60� of the overall space of a restaurant because
there also needs to be room for the kitchen, storage areas, occe, and bathrooms. $iven the
siQe of your dining area, how much more space would you need for these other areas�

$t>-.nt #.<98n<.

�nswers vary. 0ample response: If the dining area is 1,200 ft2, then the other areas would need

about 800 ft2 of space. 4e can represent the fact that the dining area takes up about 60� of the

�
�

�
�
�
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entire restaurant area with the equation , where represents the area of the entire

restaurant. The entire restaurant would cover about 2,000 ft2, because . The

other areas of the restaurant would be about 800 ft2 because or
.

�,ti?itB $Bnt1.<i<

�sk students to trade with a partner and check that the layout meets the requirements for spacing
between tables and maximum distance between the tables and the food pickup area.

!isplay these questions for students to discuss with their partner:

Is the scale drawing easy to interpret�

!oes it say somewhere what scale was used for the drawing�

Is there anything that could be added to the drawing that would make it clearer�

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%���i1t#nin%���on4#01in%
�������o+pa0#�an"��onn#!t� �fter students have prepared their
scaled drawings of a floor plan, display the drawings around the room. �sk pairs to discuss
]4hat is the same and what is di`erent�^ about the scale drawings. To help students make
connections between drawings, ask, ]4hat do you observe about our scale drawings that is
easier to interpret�^. This will help students reflect on how precise and understandable their
drawings are for others to interpret.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11


�� �85- $t8;*0.
�ptional� �� 2inutes
The purpose of this activity is for students to apply proportional reasoning in the context of area
and volume to predict the cost of operating a walk-in refrigerator and freeQer.

�--;.<<in0

7.$.�.6

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/�:  o- raft .uestions

�*>n,1

�rrange students in groups of 2. $ive students 1 minute of quiet think time followed by time to
work with their partner to solve the problem.

•
•
•

•
•

•
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�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1�  hunk this task into more manageable
parts for students who benefit from support with organiQational skills in problem solving.
 heck in with students within the first 2-3 minutes of work time to ensure that they have
understood the directions. If students are unsure how to begin, suggest that they consider
each statement for the refrigerator first, and then for the freeQer.
�3ppo0t1�a!!#11i ilit7�$o0
��0%ani8ation���tt#ntion

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�0itin%���#a"in%���on4#01in%
����
��o�!0a$t��3#1tion1� �egin by displaying only the initial text
describing the context of the problem and the information about the monthly costs of
standard refrigerators and freeQers (i.e., withhold the scale drawing and question about the
walk-in refrigerator and freeQer). �sk students, ]4hat mathematical questions can you ask
about this situation�^ $ive groups 2Y3 minutes to write down questions they have. �s students
share their questions, focus on questions that address how to evaluate costs in relationship to
the volume of the refrigerator or freeQer. This will help students understand the context and
identify any assumptions they are making prior to solving the problem.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11

$t>-.nt %*<4 $t*t.6.nt

0ome restaurants have very large refrigerators or freeQers that are like small rooms. The
energy to keep these rooms cold can be expensive.

� standard walk-in refrigerator (rectangular, 10 feet wide, 10 feet long, and 7 feet tall)
will cost about �1�0 per month to keep cold.

� standard walk-in freeQer (rectangular, 8 feet wide, 10 feet long, and 7 feet tall) will cost
about �372 per month to keep cold.

•

•
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%ere is a scale drawing of a walk-in
refrigerator and freeQer. �bout how much
would it cost to keep them both cold� 0how
your reasoning.

$t>-.nt #.<98n<.

�nswers vary. 0ample response: The total cost to keep both of these rooms cold would be about
�3�2 per month.

The walk-in refrigerator covers an area of 86.2� ft2 because it can be decomposed into a

rectangle with an area of 67.� ft2 and a triangle with an area of 18.7� ft2.

The walk-in freeQer covers an area of 48.7� ft2 because it can be decomposed into a rectangle

with an area of 30 ft2 and a triangle with an area of 18.7� ft2.

Let\s assume that the refrigerator and freeQer shown in the drawings are also 7 ft tall, like the

ones given in the example. That means their volumes are 603.7� ft3 and 341.2� ft3,
respectively, because and .

In the example, the refrigerator costs , or about �0.21 per cubic foot to
operate for one month, and the freeQer costs , or about �0.66 per cubic foot.

Therefore, the refrigerator in the drawing would cost about �126.79 to operate for one
month because , and the freeQer in the drawing would cost about
�22�.23 because .

.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to practice explaining the assumptions they made and the
strategies they used to solve the problem.

#irst, poll the class on their estimates for the cost of operating the refrigerator and freeQer. !iscuss
whether the di`erent answers seem reasonable.

+ext, select students to share their strategies for breaking the problem up into smaller parts.

•

•

•

•

•

•
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!iscuss what assumptions students made about proportional relationships while solving the
problem. (#or example, there is a proportional relationship between the volume of a walk-in
refrigerator and the cost to keep it cold.)

Unit 9 �.<<8n 
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$.,ti8n� �*4in0 �8nn.,ti8n<

�.<<8n �� �8@ �;8@-.- �< t1i< �.i01+8;188-�

�8*5<
 ompare and contrast the density of uniformly distributed dots in squares.

 reate an equation and a graph that represent the proportional relationship between the area
of a square and the number of dots enclosed by the square.

Interpret the constant of proportionality in models of housing per square kilometer or
population of people per square kilometer.

�.<<8n �*;;*ti?.
This lesson is optional. This lesson involves a sequence of four activities that prepare and introduce
students to the concept of population density. The lesson can be adjusted depending on available
time and teacher-identified goals from 1 to 2 class days.

 ontexts involving population density are useful for helping students understand how derived units
arise from a proportional relationship (*-2). -opulation density arises from two familiar quantities,
number of people and area. The way the lesson develops helps students make sense of the
somewhat abstract idea of density in very concrete terms: They start by comparing the number of
dots distributed in squares and move on to houses in di`erent neighborhoods. #inally they
compare the number of people living in di`erent cities. 2nlike speed or unit pricing, density is not
likely to be familiar to students, so it provides an opportunity to make sense of an unfamiliar
situation by thinking about familiar quantities in a new way.

This lesson engages students in important aspects of modeling (*-4). In particular, the rates are
used to model rather than represent. #or example, houses may not be uniformly distributed in any
given area, but rates for houses per square mile characteriQe di`erences between rural and urban
areas. This lesson begins students\ transition from contexts that involve constant rates to contexts
that involve average rates of change. �verage rate of change is a high school topic, but before high
school students begin to investigate situations modeled by proportional relationships, for example,
bivariate data with measurement error or quantities that change at rates that are close to constant.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�>i5-in0  n

7./-.�.2: /ecogniQe and represent proportional relationships between quantities.

•
•

•

•
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�--;.<<in0

7.$.�.6: 0olve real-world and mathematical problems involving area, volume and surface area
of two- and three-dimensional objects composed of triangles, quadrilaterals, polygons, cubes,
and right prisms.

7./-.�.1:  ompute unit rates associated with ratios of fractions, including ratios of lengths,
areas and other quantities measured in like or di`erent units. #or example, if a person walks

mile in each hour, compute the unit rate as the complex fraction miles per hour,

equivalently miles per hour.

7./-.�.2: /ecogniQe and represent proportional relationships between quantities.

�n<t;>,ti8n*5 #8>tin.<

*L/�:  o- raft .uestions

*L/7:  ompare and  onnect

*L/8: !iscussion 0upports

+otice and 4onder

Think -air 0hare

#.:>i;.- �*t.;i*5<

�8>;�/>n,ti8n ,*5,>5*t8;<

#.:>i;.- !;.9*;*ti8n

If desired, prepare to display satellite images that show the housing density in di`erent
neighborhoods of your city, +ew 5ork  ity and Los �ngeles.

-rovide access to four-function calculators.

$t>-.nt �.*;nin0 �8*5<

Let\s see how proportional relationships apply to where people live.

��� �8t �.n<itB
�ptional� � 2inutes
In this activity, students compare dot densities when dots are uniformly distributed. The squares
are siQed so that students can compare dot density in large and small squares by drawing a
partition of the larger square into four smaller squares and comparing the number of dots in
squares of the same siQe. In the next activity, the dots are not uniformly distributed, so students
need to think more about the meaning of ]dots per square inch.^

�--;.<<in0

7.$.�.6

•

•

•

•
•
•
•
•

•
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7./-.�.1

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

+otice and 4onder

�*>n,1

!isplay the image of the four squares with dots. Invite students to share what they notice and what
they wonder.

$ive students � minutes of quiet work time followed by whole-class discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students might not understand what the last column in the table is asking them for. /emind
them that the word p#0 means ]for each^ or ]for one.^

$t>-.nt %*<4 $t*t.6.nt

The figure shows four squares. Each square encloses an array of dots. 0quares � and � have
side length 2 inches. 0quares   and ! have side length 1 inch.

1.  omplete the table with information about each square.

square
area of t-e square
in square inc-es

nu2'er
of )ots

nu2'er of )ots
per square inc-

�

�

C

D

•

•
•
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2.  ompare each square to the others. 4hat is the same and what is di`erent�

$t>-.nt #.<98n<.

1.  ompleted table:

square
area of t-e square
in square inc-es

nu2'er
of )ots

nu2'er of )ots
per square inc-

� 4 64 16

� 4 2�6 64

C 1 16 16

D 1 64 64

2. 0quares � and � have the same area. 0quares   and ! have the same area.

The number of dots in 0quare � is the same as the number of dots in 0quare !. The two
other squares have di`erent numbers of dots.

The number of dots per square inch is the same for 0quares � and  . The number of dots
per square inch is the same for 0quares � and !.

�,ti?itB $Bnt1.<i<

Invite students to share what is similar and what is di`erent about the arrays.

!efine "#n1it7 as ]things per square inch,^ in this case dots per square inch. !emonstrate the
correct use of ]dense^ and ]density^ by saying things like:

]The green dots in 0quare � are more densely packed than the red dots in 0quare � and the
blue dots in 0quare  .^

]The density of the red dots in 0quare � and the blue dots in 0quare   is the same.^

If students haven\t noted it already, point out that the large square � can be partitioned into four
smaller squares. Each has an array of red dots identical (except for the color) to the array of blue
dots in 0quare  . The same is true for 0quares � and !.

�
�

�

•

•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%
�������i1!311ion��3ppo0t1� 2se this routine to support whole-class discussion. #or each
observation or response that is shared, ask students to restate and�or revoice what they heard
using precise mathematical language.  onsider providing students time to restate what they
hear to a partner, before selecting one or two students to share with the class. �sk the original
speaker if their peer was accurately able to restate their thinking.  all students� attention to
any words or phrases that helped to clarify the original statement. This will provide more
students with an opportunity to produce language as they interpret the reasoning of others.
�#1i%n��0in!ipl#�1�
��3ppo0t�1#n1#�+a)in%

��� �8t �.n<itB @it1 * %@i<t
�ptional� �� 2inutes �t-ere is a )igital ;ersion of t-is acti;ity�
In this activity, the dots are distributed uniformly in the first square but not in the second square:
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%owever, these dots are drawn so it is not too hard to see that if they were redistributed, each
square inch would have 8 dots:

The fact that we have 8 dots per square inch means that if we distributed the dots uniformly
throughout the square in the right way, we would see 8 dots in each square inch. This prepares
students to be able to interpret the constant of proportionality in the next two activities when
working with actual houses per square mile or people per square kilometer. 4hen we speak of ]�00
houses per square kilometer,^ we can think of this as, ]If we took all of the houses in the region and
spread them out uniformly, then we would see �00 houses in every square kilometer.^

�--;.<<in0

7.$.�.6

7./-.�.2

�n<t;>,ti8n*5 #8>tin.<

*L/�:  o- raft .uestions

Think -air 0hare

�*>n,1

!isplay the image of the two squares with dots. �sk students to describe what is the same and what
is di`erent about these squares.

$ive students 2Y3 minutes of quiet work time, followed by 4Y� minutes of partner work time and
whole-class discussion.

•
•

•
•

Unit 9 �.<<8n �



51

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1�  hunk this task into more manageable
parts to support students who benefit from support with organiQational skills in problem
solving. #or example, pause to check for understanding after the first 2Y3 minutes of work
time.
�3ppo0t1�a!!#11i ilit7�$o0
��0%ani8ation���tt#ntion

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�0itin%���on4#01in%
����
��o�!0a$t��3#1tion1� !isplay only the image of the four dot arrays
without revealing any of the questions that follow. $ive students 1Y2 minutes to write a list of
possible mathematical questions they could ask about the arrays. Invite students to share their
questions with a partner, and then select 2Y3 students to share their questions with the whole
class. %ighlight any questions that refer to how dots are ]distributed,^ even if students do not
use that particular phrase. #inally, reveal the whole problem with text so that students may
begin addressing the questions. This helps amplify language related to the distribution of dots.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11

$t>-.nt %*<4 $t*t.6.nt

The figure shows two arrays, each enclosed by a square that is 2 inches wide.

1. Let be the area of the square and be the number of dots enclosed by the square. #or
each square, plot a point that represents its values of and .
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2. !raw lines from to each point. #or each line, write an equation that represents the
proportional relationship.

3. 4hat is the constant of proportionality for each relationship� 4hat do the constants of
proportionality tell us about the dots and squares�

$t>-.nt #.<98n<.

1. 0ee figure.

2. 0ee figure. The equations are and respectively.

3. The constants of proportionality indicate the number of dots per square inch, 16 and 8,
respectively. In the first case, they tell us that if we partition the square into square inches,
there will be 16 dots in each. In the second case, they tell us if we were to redistribute the dots
uniformly, there would be 8 dots per square inch.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to make sense of the constant of proportionality in the
case where the dots are not uniformly distributed. Invite students to share their interpretations of
the constants of proportionality.

 onsider asking questions like:

Unit 9 �.<<8n �
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]4hy is one of the constants of proportionality larger than the other� %ow can we see this in
the picture of the squares�^ (There are more dots in the same area.)

]4hat are the units of the constants of proportionality�^ (The number of dots per square inch).

0tudents will have more opportunities to think about this when working on the activities that follow.

��	 �8><in0 �.n<itB
�ptional� �� 2inutes
This activity starts to transition students from arrays of dots to real-world objects distributed over
the surface of Earth. This task concerns housing density, which is very similar to dot density.
The two images in the activity have the following properties:

It is fairly easy to distinguish the houses and not too tedious to count them all.

The scale of the images is similar, but the siQe of each image is not the same, nor is the
number of houses in each image.

In the first image, the houses look fairly uniformly distributed, and in the other, they look less
uniformly distributed but not to the point that it is hard to interpret the image.

This task can be customiQed to any location, for example di`erent neighborhoods in your city.  are
should be taken in selecting the images to include noticeably di`erent housing densities and
easy-to-count houses.

�>i5-in0  n

7./-.�.2

�--;.<<in0

7.$.�.6

�*>n,1

$ive students � minutes of quiet work time followed by partner and whole-class discussion. -rovide
access to four-function calculators.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� �ctivate or supply background knowledge about
multiplication of fractions. �llow students to use calculators to ensure inclusive participation in
the activity.
�3ppo0t1�a!!#11i ilit7�$o0
��#+o07���on!#pt3al�p0o!#11in%

•

•

•
•

•

•

•
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�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may struggle interpreting the decimal numbers in the activity. � length of 0.1 km is
of a kilometer. This means that 10 of these lengths will make a kilometer.

0tudents are accustomed to an area (of a rectangle) being n3+#0i!all7 bigger than its length or
width. �sk students to think about multiplication of fractions: a square that is inch by inch has

area square inch because four inch by inch squares compose a square inch.

$t>-.nt %*<4 $t*t.6.nt

%ere are pictures of two di`erent neighborhoods.

This image depicts an area that is 0.3 kilometers long and 0.2 kilometers wide.

This image depicts an area that is 0.4 kilometers long and 0.2 kilometers wide.

#or each neighborhood, find the number of houses per square kilometer.

Unit 9 �.<<8n �
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$t>-.nt #.<98n<.

The first image shows 48 houses. It depicts an area that is 0.06 square kilometers, so the housing
density is 800 houses per square kilometer.

The second image shows 9 (or 10) houses. It depicts an area that is 0.08 square kilometers, so the
housing density is 112.� (or 12�) houses per square kilometer.

�,ti?itB $Bnt1.<i<

-oll students\ answers for the two densities. Invite students to share their reasoning.  onsider
asking the following questions:

,ne number is a lot bigger than the other. %ow can we see this in the images� (There are a lot
more houses on the same area.)

5ou only counted 48 houses in the first image but you say that there are 800 houses per
square kilometer. 4hy is that happening� (The area in the image is just a fraction of a square
kilometer. If we looked at a square kilometer with the same density, there would be 800
houses in it.)

0ome of you said that there are 112.� houses per square kilometer in the second
neighborhood. %ow can there be half houses� (If we had an image with an area of 2 square
kilometers, there would be 22� houses in the image, or if they are uniformly distributed, the
image might contain a part of a house.)

If desired, display this image to help students make sense of their answers.

The map shows a rectangle 0.3 km by 0.2 km. This means that any one of the six squares is 0.1 km
by 0.1 km, which has area 0.01 square kilometer.

If you lined up 10 of these, you would have a strip 1 km long. 10 of these strips would make a
square 1 km by 1 km� that is, 1 square kilometer. +ow it\s clear that it takes 100 of these small
squares to make a square kilometer, so the small square indeed has area of a square kilometer.

In fact, there are 8 houses in this square, so if the entire square kilometer were filled the same way,
there would be 800 houses.

•

•

•
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��
 !89>5*ti8n �.n<itB
�ptional� �� 2inutes
The purpose of this activity is to introduce the concept of pop3lation�"#n1it7. ,ne added step going
from houses in a neighborhood to people in a location is the fact that people do not stay at a fixed
spot but rather move around. In this activity, students make sense of what it means to say there are
42.3 people per square kilometer in some location.

This activity gives some information about +ew 5ork  ity and Los �ngeles and ultimately asks
students to decide which city is more crowded. 0tudents may benefit from a demonstration of
situations that feel more crowded vs. less crowded.

In the data for this task, people are given in ]blocks^ of 1000 people. It\s perfectly fine to make up a
new unit customiQed to the situation, even if it doesn\t have an occial name. This is a more
sophisticated use of nonstandard units. In earlier grades, nonstandard units tend to be the length
of a paper clip, or the length of your shoe. 4hen dealing with any units, it\s important to list the
units: in the heading of a table, in labels for the axes of a graph, or in writing numbers.

�--;.<<in0

7./-.�.2

�n<t;>,ti8n*5 #8>tin.<

*L/7:  ompare and  onnect

�*>n,1

�rrange students in groups of 2Y4. -rovide access to calculators.

 onsider demonstrating situations that feel more crowded or less crowded by having a certain
number of students stand in an area. ]4hat would you have to do to feel more crowded with the
same number of people�^ (0tand in a smaller space, which would require people to stand closer to
each other.) ]Less crowded�^ (Take up more space, so that people are farther apart.) Then, mark o`
a region on the classroom floor with tape. �sk some students to stand inside it, and then ask, ]4hat
would make the space feel more crowded�^ (If more people stood in the same space.) ]Less
crowded�^ (#ewer people.)

If desired, provide some background information about +ew 5ork  ity and Los �ngeles and display
satellite images:

+ew 5ork  ity is the 2.0. city with the largest population. The city has five parts (called
boroughs): *anhattan, �rooklyn, �ronx, .ueens, and 0taten Island. In *anhattan, most
people live in apartment buildings, many in high-rises. In the other boroughs, many people
also live in single-family houses. 0taten Island is quite di`erent, almost suburban.

Los �ngeles is the 2.0. city with the second largest population. �lthough there are some
high-rise apartment buildings, many people live in single-family houses, and many of these
houses are single-story.

•

•

•

•
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$ive students � minutes of quiet work time, followed by small-group and whole-class discussion.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��#4#lop��6p0#11ion�an"��o++3ni!ation� �ctivate or supply background
knowledge. !uring the launch, take time to review the following terms from previous lessons
that students will need to access for this activity: constant of proportionality, writing equations.
�3ppo0t1�a!!#11i ilit7�$o0
��#+o07���an%3a%#

�nti,i9*t.- �i<,8n,.9ti8n<

�e on the lookout for these areas of potential dicculty:

Thinking that the numbers on the -axis represent people, rather than thousands of people.

Trying to find the exact values given, rather than approximating or rounding.

Trouble adapting concepts or skills from graphing proportional relationships to this more
complex situation.

If students have dicculty understanding numbers that are expressed in units of 1,000, they may
need either some sca`olding or adequate time to talk about what these numbers mean.
�lternatively, the numbers can be given in terms of the more familiar millions, in which case the
population densities will require some extra e`ort to understand.

$t>-.nt %*<4 $t*t.6.nt

+ew 5ork  ity has a population of 8,406 thousand people and covers an area of 1,214
square kilometers.

Los �ngeles has a population of 3,884 thousand people and covers an area of 1,302
square kilometers.

1. The points labeled and each correspond to one of the two cities. 4hich is which�
Label them on the graph.

•
•
•

•

•
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2. 4rite an equation for the line that passes through and . 4hat is the constant of
proportionality�

3. 4rite an equation for the line that passes through and . 4hat is the constant of
proportionality�

4. 4hat do the constants of proportionality tell you about the crowdedness of these two
cities�

$t>-.nt #.<98n<.

1. +ew 5ork  ity has a greater population and a smaller area, so it must correspond to point .

2. �n equation for the line through point is � the constant of proportionality is about
6.9.

3. �n equation for the line through point is � the constant of proportionality is about
3.0.

4. The constants of proportionality tell us that in +ew 5ork  ity there are about 6.9 thousand
people per square kilometer, or 6,900 people per square kilometer� and in L� there are about
3 thousand people per square kilometer, or 3,000 people per square kilometer.

�;. )8> #.*-B /8; �8;.�

1. -redict where these types of regions would be shown on the graph:

a. a suburban region where houses are far apart, with big yards

b. a neighborhood in an urban area with many high-rise apartment buildings

c. a rural state with lots of open land and not many people

2. +ext, use this data to check your predictions:

Unit 9 �.<<8n �
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place )escription population area �02��

C-alco a suburb of ,maha, +ebraska 10,994 7.�

�no0a
County

a county in *innesota, near
*inneapolis�0t. -aul

339,�34 1,1��

�utten'erg a city in +ew 'ersey 11,176 0.49

�e< %or0 a state 19,746,227 141,300

R-o)e �slan) a state 1,0��,173 3,140

�las0a a state 736,732 1,717,8�6

#o0 a community in �laska 1,2�8 342.7

$t>-.nt #.<98n<.

+ote that it\s not really possible to see all the points on the same graph: the populations of Los
�ngeles and +ew 5ork are so large, and the population of Tok so small, that if you could distinguish
the point for Tok, L� and +5 would be far o` the paper or screen. �nd on the graph above showing
L� and +5, Tok\s population would be so small that it could not be distinguished from .

� computer graphing program can help students understand this as it will take many steps of
Qooming in or out to switch between very small cities and very large cities.

�,ti?itB $Bnt1.<i<

Invite some students to display their graphs and equations for all to see. �sk all students if they
agree or disagree and why. ,nce students agree, focus on the meaning of the constants of
proportionality and what they tell us about the crowdedness in the two cities.

 onsider asking the following questions:

]4hy did you choose point � to represent +ew 5ork  ity�^ (+ew 5ork  ity has more people per
square kilometer than Los �ngeles, so +ew 5ork is more crowded than Los �ngeles.)

]4hat does the constant of proportionality tell us about the crowdedness in the two
cities�^ (Even though people aren\t distributed uniformly throughout the cities, we might say
that if we were to distribute everyone who has an address in the city uniformly throughout the
city, then there would be about 6,900 people in every square kilometer in +5  and about
3,000 people in every square kilometer in L�.)

•

•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%
�������o+pa0#�an"��onn#!t� 2se this routine to help students discuss what the
constant of proportionality tells them about the crowdedness of the two cities. �sk students to
compare the city\s equations and graphs to look for ]4hat is the same and what is di`erent�^
between the representations. �sk students to look for where each city\s constant of
proportionality is represented in the equations and the graphs.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�!o+pa0i1on����a6i+i8#�+#ta�a5a0#n#11
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�.<<8n �� �.;6i !;8+5.6<

�8*5<
 alculate a rough estimate for quantities that are diccult or impossible to measure directly
and explain (orally) the reasoning.

 hoose an appropriate level of accuracy when reporting estimates of quantities.

*ake simplifying assumptions to solve problems about estimating quantities.

�.<<8n �*;;*ti?.
This lesson is optional. The activities in this lesson plan are sometimes called ]#ermi problems^ after
the famous physicist Enrico #ermi. � #ermi problem requires students to make a rough estimate for
quantities that are diccult or impossible to measure directly. ,ften, they use rates and require
several calculations with fractions and decimals, making them well-aligned to grade 7 work. #ermi
problems are examples of mathematical modeling (*-4), because one must make simplifying
assumptions, estimates, research, and decisions about which quantities are important and what
mathematics to use. They also encourage students to attend to precision (*-6), because one must
think carefully about how to appropriately report estimates and choose words carefully to describe
the quantities.

In determining your exact age, the level of accuracy depends on how exact you know your moment
of birth: to the day� the minute� the second� In determining the number of heartbeats in your
lifetime, it is impossible to know the exact answer because we do not have access to all of the
necessary information (and even if we did, the numbers involved are too large to count). In
determining the number of hairs on your head, there is no method available other than counting,
yet there are no tools to do this accurately. These two scenarios are far more diccult to estimate
with the same degree of accuracy as your age. 5ou can reliably determine your age within a day: it
would be very diccult to estimate heartbeats or hairs with this level of accuracy.

�ny of these tasks can stand on its own.  hoose those that you have time for. It is likely that it
would take more than a single day to do all of the tasks in this lesson. *ake sure to leave plenty of
time for discussion. Important topics of discussion should include 5&7 the quantities in question are
diccult to measure and the level of precision we should use to record our estimates.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�>i5-in0  n

4.*!.�.2: 2se the four operations to solve word problems involving distances, intervals of
time, liquid volumes, masses of objects, and money, including problems involving simple
fractions or decimals, and problems that require expressing measurements given in a larger

•

•
•

•
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unit in terms of a smaller unit. /epresent measurement quantities using diagrams such as
number line diagrams that feature a measurement scale.

�--;.<<in0

7.$.�: 0olve real-life and mathematical problems involving angle measure, area, surface area,
and volume.

7.+0.�.3: 0olve real-world and mathematical problems involving the four operations with
rational numbers. omputations with rational numbers extend the rules for manipulating
fractions to complex fractions.

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�n<t;>,ti8n*5 #8>tin.<

*L/2:  ollect and !isplay

*L/8: !iscussion 0upports

-oll the  lass

#.:>i;.- �*t.;i*5<

�8>;�/>n,ti8n ,*5,>5*t8;<
�.*<>;in0 t*9.<

$t89@*t,1.<
$t;in0

#.:>i;.- !;.9*;*ti8n

!uring the � %eart 0toppingly Large +umber activity, students have the option of measuring one
another\s pulse rate. If measuring pulse rate, students will need access to stopwatches.

!uring the �ll %airs on 5our %ead activity, students have the option of measuring their head. If
measuring heads, students will need access to string and measuring tape marked in centimeters.

$t>-.nt �.*;nin0 �8*5<

Let\s estimate some quantities.

��� �8@  5- �;. )8>�
�ptional� �� 2inutes
0tudents attempt to calculate their #6a!t age. �ecause this is a constantly changing quantity, they
need to think carefully about how accurately to report the answer. The mathematics involved is
multiple unit conversions in the context of time. In addition to the fact that our age is always
growing, we may not know with great accuracy when we were born.

•

•

•

•

•
•
•
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�>i5-in0  n

4.*!.�.2

�--;.<<in0

7.+0.�.3

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

�rrange students into groups of 4. �sk them to order themselves according to their age: who is the
youngest� 4ho is the oldest� 4hat information do you need to decide�

Tell students that they will be finding their #6a!t age.

-rovide access to calculators. $ive students 10 minutes of group work time, followed by whole-class
discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may struggle with what is meant by at�t&i1�+o+#nt in the prompt. �sk them how they
interpret this: the question is intended to be flexible so students can interpret at�t&i1�+o+#nt as
being when they read the question, or the day of class, or in another way.

$t>-.nt %*<4 $t*t.6.nt

4hat is your #6a!t age at this moment�

$t>-.nt #.<98n<.

�nswers vary. 0ample solution: I was born on �pril 4, 2003 at 12:09 p.m. Today is !ecember 17,
2016, and right now it is 10:�� a.m. 0o I am 13 years, 2�6 days, 22 hours, and 46 minutes old right
now. I can\t get any more exact because I don\t know the second I was born, and even then I
wouldn\t know the fraction of a second. -lus, I\m not sure if I should answer the question for when I
begin to write my solution, or for when I will be done writing my solution, because I keep getting
older.

�,ti?itB $Bnt1.<i<

Invite students to share answers and discuss dicculties in answering the question. The discussion
should include the following points:

4e can give an estimate, but the question cannot be answered because we probably do not
know the exact time when we were born and ]at this moment^ keeps moving forward.

•

•
•

•

•
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%ow we express our answer depends on what we know about the time we were born. 4e
probably know the day, but do we know the time� 0hould we answer to the nearest hour�
*inute� 0econd�

!id you take into account leap years�

�sk students how they usually answer the question, ]%ow old are you�^ (This will probably be in
whole number of years lived.) 4hy� (�ecause this whole number communicates enough
information for most purposes.) �fter more than six months have passed since someone\s last
birthday, the person still doesn\t normally round up when they report their age, even though this is
customary for reporting many other types of measurements.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%
�������i1!311ion��3ppo0t1. 2se this routine to support whole-class discussion. #or each
response or observation that is shared, ask students to restate and�or revoice what they heard
using precise mathematical language.  onsider providing students time to restate what they
hear to a partner, before selecting one or two students to share with the class. �sk the original
speaker if their peer was accurately able to restate their thinking.  all students� attention to
any words or phrases that helped to clarify the original statement. This will provide more
students with an opportunity to produce language as they interpret the reasoning of others.
�#1i%n��0in!ipl#�1�
��3ppo0t�1#n1#�+a)in%

��� � �.*;t $t899in05B �*;0. �>6+.;
�ptional� �� 2inutes
This activity focuses on another complex calculation: the number of times our heart has beaten in
our lifetime. In addition to all of the precision issues in determining how old we are from the
previous activity, there is an additional level of complexity as our heart does not beat at a constant
rate. #or this situation, we need to make a reasoned estimate, but there is no hope of getting an
exact answer. This makes our lack of knowledge of the exact time of our birth (or the exact time
when we are solving the problem) unimportant because a few minutes or hours will not significantly
impact the answer.

�--;.<<in0

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/2:  ollect and !isplay

-oll the  lass

•

•

•

•
•
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�*>n,1

�rrange students in groups of 2. Tell students they will be investigating how many times their heart
has beaten in their lifetime. �sk students to make an estimate and then poll the class. ,ne way to
accomplish this is to display a table like this and complete it with the number of students whose
estimate is in each range.

esti2ate for nu2'er of -eart'eats nu2'er of stu)ents

aroun) ������

aroun) �������

aroun) ���������

aroun) ����������

aroun) �����������

aroun) �������������

aroun) ��������������

aroun) ���������������

�sk students to brainstorm what they need to know or investigate to answer this question. -rovide
access to stopwatches (if students will estimate their own heartbeats) and calculators.
�lternatively, share with them that a normal heart beat range is 60 to 100 beats per minute with
higher rates when we exercise and sometimes lower rates at rest.

$ive students 10 minutes of partner work time followed by a whole-class discussion.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�on4#01in%
�������oll#!t�an"��i1pla7� 4hile students work in their groups to measure heart
rates and make calculations, circulate and listen to the language students use related to their
estimation process (e.g., ]rate,^ ]per,^ ]constant,^ etc.). /ecord their language on a visual
display and update it throughout the remainder of the lesson. /emind students to borrow
language from the display as needed. This helps students produce mathematical language as
they justify their estimations.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�(31ti9!ation����3lti4at#�!on4#01ation

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may struggle with simplifying the assumptions needed to solve this problem.
Encourage these students by:



66

Telling them to think about how old they are if they have done the previous activity.

Telling them the normal rate of heartbeats per minute.

�sking them how they can find out about how many times a heart beats in an hour (multiply
minute rate by 60), in a day (multiply hourly rate by 24), in a year, and so on.

$t>-.nt %*<4 $t*t.6.nt

%ow many times has your heart beat in your lifetime�

$t>-.nt #.<98n<.

�nswers vary. 0ample solution: I am about 13 years old. There are 36� days per year, 24 hours per
day, and 60 minutes per hour. 0o that is , which is about 6.8 million minutes. I just
took my pulse, and my heart rate is about 7� beats per minute. Even though that changes over
time, I\ll use it to estimate the total number of times my heart has beaten in my lifetime so far by
multiplying the number of minutes I\ve been alive by 7�. That gives about �00 million heartbeats.

�,ti?itB $Bnt1.<i<

Invite students to share answers and discuss the dicculties they encountered answering these
questions:

]%ow did you estimate how often your heart beats�^ (�y checking pulse, looking online, etc.)

]Is your heart rate always the same�^ (+o, it is faster when I exercise and slower when I sleep.)

]!id you use the information you found for your age�^ (+o, because I only have an estimate for
my pulse o0 yes because I already had the information available.)

Time permitting, students can be encouraged to check their pulse while resting and then after a
short amount of exercise (jumping jacks, running in place, push ups). This gives them an idea of the
variability involved in how frequently our heart beats.

The calculation of our number of heartbeats is only an estimate. ,ne way we can indicate this is
with the way we report the final answer. �n answer of �24,344,�66 would not be appropriate
because that makes it look like it is an exact answer. �n answer of �00,000,000 makes it clear that
we are only making an estimate. �lternatively, students might say that the number of heartbeats is
between 400,000 and 700,000 with the estimate of 400,000 coming from the low value of 60 beats
per minute and the estimate of 700,000 coming from the high value of 100 beats per minute.

��	 �55 t1. �*i;< 8n )8>; �.*-
�ptional� �� 2inutes
0tudents estimate how many hairs they have on their head. �lthough there is a definite number of
hairs on each student\s head, finding this number exactly is not feasible: although it is a much
smaller number than the number of heartbeats in a student\s lifetime, it is still too large to count
and, even if we could count, we would need to cut all of those hairs to do so� �n additional

•
•
•

•
•
•

Unit 9 �.<<8n �
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geometric layer of estimation comes into play in this task as students need to estimate the surface
area of part of their head. If one or more students in the class are bald or are otherwise sensitive
about their hair, consider asking them to estimate the number of hairs on another student\s head.

�--;.<<in0

7.$.�

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

-oll the  lass

�*>n,1

�rrange students in groups of 2. -rovide access to calculators. �efore starting, poll the class to
guess how many hairs they have on their head. ,ne way to accomplish this is to display a table like
this, and record the number of students with each guess:

nu2'er of -airs nu2'er of guesses

a'out ���

a'out �����

a'out ������

a'out �������

a'out ���������

+ext, ask students to brainstorm the information they need to answer the question. -rovide the
following information below when students ask for it.

!ata to keep in reserve and share with students as needed:

The number of hairs per square cm varies from person to person, but for this analysis, we can
assume approximately 1�0 hairs per square cm.

0tudents have to be creative in their estimates for the area of their scalp. ,ne possibility is to
approximate it with a circle. 600 square centimeters is a good estimate, but students may
come up with slightly di`erent estimates.

-rovide access to string, tape measures, and calculators. �fter taking � minutes to introduce the
activity, give students 10 minutes of partner work time, followed by whole-class discussion.

•
•

•

•

•
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�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1� -rovide students with a graphic organiQer
for recording measurements and calculations of areas of circles to represent hair on head.
�3ppo0t1�a!!#11i ilit7�$o0
��an%3a%#���0%ani8ation

�nti,i9*t.- �i<,8n,.9ti8n<

0ince the scalp is three dimensional, students may not think of approximating the scalp with a circle
and may struggle with trying to identify the siQe of the circle.  onsider asking these students:

4hat two-dimensional shape can you use to model the part of your scalp covered with hair� (�
circle)

%ow can you estimate the diameter of the circle� (*easuring from front to back or from side
to side)

%ow do you estimate the area of the circle using the diameter� (The diameter gives the radius,
and then the area can be found once the radius is known.)

$t>-.nt %*<4 $t*t.6.nt

%ow many strands of hair do you have on your head�

$t>-.nt #.<98n<.

�nswers vary. 0ample response: a piece of string around the head, from the front of the forehead
to the back of the neck measures about 28 cm. � piece of string going from ear to ear also
measures about 28 cm. 0o it is reasonable to model the scalp with a circle whose diameter is 28 cm.
The radius is 14 cm, and the area of the circle is square cm. If there are 1�0 strands
of hair per square cm, that means that there are about 90,000 strands of hair on the head.

�,ti?itB $Bnt1.<i<

Invite students to share their answers and methods.  onsider asking the following questions:

]4hy is it challenging to find the exact number of hairs on your head�^ (There are too many to
count, and they are too small to count accurately. The number changes as time goes by.)

]%ow can you estimate the number of hairs on your head�^ (Estimate the area of the part of
the head covered by hair. Try to find how many hairs there are on a small part of the head.)

]%ow did you estimate the area of your head�^ (�pproximated area with a circle.  overed the
head with little pieces of paper (sticky notes) and added up their areas.)

This is a situation where there is a definite number of hairs on our head, but because they are so
small (and because they are on our head), we cannot calculate this number exactly. #ortunately, for
almost any purpose, an estimate will do.

•

•

•

•

•

•
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�.<<8n 
� �8;. �A9;.<<i8n< *n- �:>*ti8n<

�8*5<
 reate expressions and equations to represent a linear relationship with two or more related
quantities in context.

!etermine the solution to an equation of the form and explain (orally) the solution
method.

Interpret expressions, equations, and solutions that represent a linear relationship with two or
more related quantities.

�.<<8n �*;;*ti?.
This lesson is optional. The activities in this lesson can all be solved using grade-level mathematics,
but are more sophisticated than earlier activities and are often left for future grades when students
have access to a wider variety of algebraic tools.

Each of the situations described in the activities involve two or more unknown quantities and
multiple relationships or actions. Initially students are walked through the steps of writing an
expression to describe a situation, using properties to rewrite the expression with fewer terms,
writing an equation to represent the situation, solving the equation, and considering the
reasonableness of solutions. �s they proceed through the lesson, the supports are slowly removed
and students work on their own to reason through the problem (*-2).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go more deeply into working with expressions and equations.

�5i0n6.nt<

�--;.<<in0

7.EE.�.1: �pply properties of operations as strategies to add, subtract, factor, and expand
linear expressions with rational coeccients.

7.EE.�.4.a: 0olve word problems leading to equations of the form and ,
where , , and are specific rational numbers. 0olve equations of these forms fluently.
 ompare an algebraic solution to an arithmetic solution, identifying the sequence of the
operations used in each approach. #or example, the perimeter of a rectangle is cm. Its
length is cm. 4hat is its width�

�n<t;>,ti8n*5 #8>tin.<

*L/7:  ompare and  onnect

*L/8: !iscussion 0upports

Think -air 0hare

•

•

•

•

•

•
•
•
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$t>-.nt �.*;nin0 �8*5<

Let�s solve harder problems by writing equivalent expressions.


�� %i,4.t< /8; t1. $,1885 !5*B
�ptional� �� 2inutes
This activity walks students through the process of defining a variable, writing an expression, writing
the expression with fewer terms, estimating a reasonable solution, computing a solution, and finally
checking that the solution makes sense and is correct. +ote that there are two unknown quantities
(prices for student and adult tickets) and students are guided to express one in terms of the other.

*onitor for students who write the expressions di`erent ways in the first three questions and invite
them to share during the discussion. There are many possible correct answers, but some forms will
lead to equations that are easier to solve (i.e. ) and some will be harder to solve.

�--;.<<in0

7.EE.�.1

7.EE.�.4.a

�*>n,1

If your school or a nearby school has recently performed a play, consider asking if any students
went to see it and have them briefly describe the experience. �lternatively, display photos from any
school play, including images of the tickets or ticket booth. Invite students to share what they notice
and what they wonder.

$ive students � minutes of quiet work time followed by a whole-class discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents might write the expression for the cost of a student ticket as instead of
because they confuse how to represent ]2 less than^ a quantity. -rovide these students with values
for the price of an adult ticket, and have them find the price of a student ticket. %elp them see the
structure of subtracting 2 from the cost of an adult ticket and not the other way around.

#or students struggling with the last two questions, remind them that they know how to write
expressions with fewer terms, and that they know how to solve equations of the forms
and . 0upport them in grappling with how these concepts and skills can come together to
help them solve problems.

$t>-.nt %*<4 $t*t.6.nt

0tudent tickets for the school play cost �2 less than adult tickets.

1. If represents the price of one adult ticket, write an expression for the price of a
student ticket.

2. 4rite an expression that represents the amount of money they collected each night:

•
•
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a. The first night, the school sold 60 adult tickets and 94 student tickets.

b. The second night, the school sold 83 adult tickets and 127 student tickets.

3. 4rite an expression that represents the total amount of money collected from ticket
sales on both nights.

4. ,ver these two nights, they collected a total of �1,6�1 in ticket sales.

a. 4rite an equation that represents this situation.

b. 4hat was the cost of each type of ticket�

�. Is your solution reasonable� Explain how you know.

$t>-.nt #.<98n<.

1.

2. a. (or )

b. (or )

3. or equivalent

4. a.

b. ��.7� adult, �3.7� student

�. �nswers vary. 0ample response: 5es, it�s reasonable that tickets to the school play would cost
somewhere between �0 and �10 and also that the adult tickets would cost most than the
students tickets. I can show it is correct, because

.

�,ti?itB $Bnt1.<i<

The purpose of the discussion is for students to reflect on the problem solving process.  onsider
asking the following questions:

]4hy was the price of an adult ticket chosen as the variable�^ (This was an arbitrary choice.)

] ould the problem be worked by choosing the price of a student ticket as the variable� %ow
would the expressions be di`erent� The equation� The solution�^ (5es, instead of -2 we would
have 
2 in the expression. The solution to the equation would be 3.7� instead of �.7�.)

]4hat does each term in the expressions you wrote represent�^

]%ow did you find the price of a student ticket�^

]%ow did you check that your solution is correct�^

•
•

•
•
•
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�� � $8>?.ni; $t*n-
�ptional� �� 2inutes
In this activity students continue to be guided through a solution process, but with fewer supports
than in the previous activity. There are now three unknown quantities and students are asked to
write an expression for their total, but students are not specifically guided to think about
expressions for each individual quantity.

*onitor for students who compute the profit in di`erent ways, such as:

finding the total income and total cost, and then subtracting them

finding the profit for each item, and then adding them together

�--;.<<in0

7.EE.�.1

7.EE.�.4.a

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

$ive students 6Y7 minutes of quiet work time followed by a whole-class discussion.

$t>-.nt %*<4 $t*t.6.nt

The souvenir stand sells hats, postcards, and magnets. They have twice as many postcards as
hats, and 100 more magnets than post cards.

1. Let represent the total number of hats. 4rite an expression in terms of for the total
number of items they have to sell.

2. The owner of the stand pays �8 for each hat, �0.10 for each post card, and �0.�0 for
each magnet. 4rite an expression for the total cost of the items.

3. The souvenir stand sells the hats for �11.7� each, the postcards for �0.2� each, and the
magnets for �3.�0 each. 4rite an expression for the total amount of money they would
take in if they sold all the items.

4. -rofits are calculated by subtracting costs from income. 4rite an expression for the
profits of the souvenir stand if they sell all the items they have. 2se properties to write
an equivalent expression with fewer terms.

�. The souvenir stand sells all these items and makes a total profit of �9�3.2�.

a. 4rite an equation that represents this situation.

•
•

•
•

•
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b. %ow many of each item does the souvenir stand sell� Explain or show your
reasoning.

$t>-.nt #.<98n<.

1.

2. (or )

3. (or )

4.

�. a.

b. . 6� hats, 130 postcards, 230 magnets. , ,

�,ti?itB $Bnt1.<i<

Invite students to share their answers to the last two questions (and others, if they wish).  onsider
asking questions like the following:

]Is it a good idea to check your solution by substituting values into the expressions and
equations you wrote�^ (+o, you might have written or simplified them incorrectly. The best
option is to go back to the original problem)

]4hy was the number of hats chosen as the unknown quantity to represent with a variable�
4ould you have chosen di`erently� %ow would that change the solution process�^ (This is just
one choice. 4e could make a di`erent one.)

]%ow did you compute the profit�^ ( ompute the total income minus total cost for all items, or
add item by item.)

]I saw that many of you wrote this expression . 4hat is the
meaning of the di`erent parts of the expressions in this situation�^ ( is the cost for the
hats, is the cost for the postcards, and is the cost for the magnets.)

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� 2se color and annotations to illustrate connections
between representations. �s students share their diagrams and reasoning, use color and
annotations to scribe their thinking on a display of each problem so that it is visible for all
students.
�3ppo0t1�a!!#11i ilit7�$o0
��i13al�1patial�p0o!#11in%���on!#pt3al�p0o!#11in%

•

•

•

•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%���#a"in%
�������i1!311ion��3ppo0t1� 4hen students explain how they wrote their
expressions, provide sentence frames such as ]777 represents 777 because . . . .� Encourage
students to consider what details are important to share and to think about how they will
explain their reasoning using mathematical language. This will help students to explicitly
connect the language of the problem with the structure of the expressions that represent the
context.
�#1i%n��0in!ipl#�1�
��a6i+i8#�+#ta�a5a0#n#11���3ppo0t�1#n1#�+a)in%


�	 �*-* �;8,1.t< * $,*;/
�ptional� �� 2inutes
In this activity, most of the supports for the solution process are removed. 0tudents need to think
about how to choose which quantity to represent with a variable, how to represent the other two
quantities with expressions in terms of the variable, and how to write an expression for a total. The
only guidance o`ered is the reminder to write the expression with as few terms as possible.

4hile students are working, monitor for students who choose to have their variable represent
di`erent quantities (e.g. number of single stitches, double stitches, or triple stitches).

�--;.<<in0

7.EE.�.1

7.EE.�.4.a

�n<t;>,ti8n*5 #8>tin.<

*L/7:  ompare and  onnect

Think -air 0hare

�*>n,1

�rrange students in groups of 2. $ive students 6Y7 minutes of quiet work time followed by partner
and whole-class discussion.

•
•

•
•
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�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1�  hunk this task into more manageable
parts. �fter students have solved the first two problems, check-in with either select groups of
students or the whole class. Invite students to share the strategies they have used so far as
well as any questions they have before continuing.
�3ppo0t1�a!!#11i ilit7�$o0
��0%ani8ation���tt#ntion

$t>-.nt %*<4 $t*t.6.nt

�asic crochet stitches are called single, double, and triple. 'ada measures her average stitch
siQe and sees that a ]double crochet^ stitch is not really twice as long� it uses inch less than

twice as much yarn as a single crochet stitch. 'ada\s ]triple crochet^ stitch uses 1 inch less
than three times as much yarn as a single crochet stitch.

1. 4rite an expression that represents the amount of yarn 'ada needs to crochet a scarf
that includes 800 single crochet stitches, 400 double crochet stitches, and 200 triple
crochet stitches.

2. 4rite an equivalent expression with as few terms as possible.

3. If 'ada uses ��40 inches of yarn for the entire scarf, what length of yarn does she use for
a single crochet stitch�

$t>-.nt #.<98n<.

1. �nswers vary. 0ample response: Let represent the length of yarn needed for a single crochet
stitch.

2.

3. 2.7 inches of yarn for a single crochet stitch. , ,

�,ti?itB $Bnt1.<i<

!isplay the following questions for all to see and have students discuss them with their partner:

]%ow did you define your variable� 4hy did you make this choice�^

]%ow did you come up with your expression for the total amount of yarn� Explain what each
part of your expression represents.^

]4hat decisions did you make while rewriting the expression with fewer terms�^

]%ow did you, or could you, check your solution�^

�fter students have discussed with their partner, invite students to share with the class anything
interesting they noticed while comparing with their partner. #or example, did they both write the

•
•

•
•
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same exact expression, or did they write di`erent but equivalent expressions� !oes anyone think
their partner had a particularly creative strategy for solving the problem�

If any students chose their variable to represent the number of double or triple crochet stitches,
invite them to explain their solution strategy to the class and discuss how it is the same and
di`erent from having the variable represent the number of single crochet stitches.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%���0itin%
�������o+pa0#�an"��onn#!t� �s students share their solution strategies,
invite pairs to look for similarities and di`erences between the approaches presented. Invite
students to discuss ]4hat is the same and what is di`erent�^ about how students defined their
variable and wrote their expressions. �sk students to make connections between how the
expressions relate to how you define the variable of the expression (e.g., ]4hat does the
variable mean in this expression compared to that expression�^). This will help students
understand the importance of clearly defining the variable so their expressions accurately
represent the situation.
�#1i%n��0in!ipl#�1�
��a6i+i8#�+#ta�a5a0#n#11���3ppo0t�1#n1#�+a)in%
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�.<<8n �� �.*<>;.6.nt �;;8; �!*;t ��

�8*5<
Estimate a measurement and determine the largest possible percent error of the estimate.

$eneraliQe (orally) a process for calculating the maximum percent error of measurements that
are added together.

�.<<8n �*;;*ti?.
This lesson is optional. The activities in this lesson and the next all address the concept of
measurement error. �ny of these activities can stand on its own, although activities in the next
lesson are more challenging, and students would likely benefit from doing the earlier ones first.
+ote that the first activity in this lesson gives students an opportunity to make measurements and
analyQe the siQe of the error. The second activity provides the percent error in the measurement in
an addition context. In addition to examining accuracy of measurements carefully (*-6), students
will work through examples and look for patterns (*-8) in order to hypothesiQe, and eventually
show, how percent error behaves when measurements with error are added to one another.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�--;.<<in0

7.EE.�: 0olve real-life and mathematical problems using numerical and algebraic expressions
and equations.

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

Think -air 0hare

#.:>i;.- �*t.;i*5<

�8>;�/>n,ti8n ,*5,>5*t8;<

#.:>i;.- !;.9*;*ti8n

0ince the calculations for each of these tasks are involved, students will need access to calculators.

$t>-.nt �.*;nin0 �8*5<

Let\s check how accurate our measurements are.

•
•

•

•

•
•
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��� �8@ �8n0 �;. %1.<. !.n,i5<�
�ptional� �� 2inutes
In this activity, students measure lengths and determine possibilities for actual lengths. There are
two layers of attending to precision (*-6) involved in this task:

!eciding how accurately the pencils can be measured, probably to the nearest mm or to the
nearest 2 mm, but this depends on the eyesight and confidence of the student

#inding the possible percent error in the measurement chosen

�--;.<<in0

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

Think -air 0hare

�*>n,1

�rrange students in groups of 2. -rovide access to calculators. $ive students 4Y� minutes of quiet
work time, followed by partner and whole-class discussion.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�0itin%���p#a)in%
�������i1!311ion��3ppo0t1� To support students as they respond to ]%ow
accurate are your estimates�^, provide a sentence frame such as: ]*y estimate is within 777 mm
of the actual length because . . . .� Encourage students to consider what details are important
to share and to think about how they will explain their reasoning using mathematical
language. This will help students use mathematical language as they justify the accuracy of
their estimates.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�#6planation�

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may think that they can find an exact value for the length of each pencil. �ecause
the pictures of the pencils are far enough away from the ruler, it requires a lot of care just to
identify the ]nearest^ millimeter (or which two millimeter markings the length lies between). -rompt
them to consider the error in their measurements by asking questions like, ]�ssuming you
measured the pencil accurately to the nearest millimeter, what is the longest the actual length of
the pencil could be� 4hat is the shortest it could be�^

0ome students may not remember how to calculate percent error. �sk them, ]4hat is the biggest
di`erence possible between the estimated and actual lengths� 4hat percentage of the actual
length would that be when the di`erence is as big as possible�^

•

•

•

•
•
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$t>-.nt %*<4 $t*t.6.nt

1. Estimate the length of each pencil.

2. %ow accurate are your estimates�

3. #or each estimate, what is the largest possible percent error�

$t>-.nt #.<98n<.

1. �nswers vary. 0ample response: The shorter pencil appears to be between �.3 and �.� cm,
perhaps �.4 to the nearest mm, while the longer pencil appears to be 17.7 cm to the nearest
mm (it is between 17.6 and 17.8 cm).

2. �nswers vary. 0ample response: The estimate is accurate to within 1 mm. #or the short pencil,
it is more than �.3 cm and less than �.� cm, but it is not possible to tell which is closer.
0imilarly, the longer pencil is more than 17.6 cm and less than 17.8 cm.

3. #or the shorter pencil, taking �.4 cm as the measured length, the actual length is at least �.3
cm and at most �.� cm. The percent error if is as small as possible is , and if is as

big as possible, then the error is . The first of these gives the greatest percent error,

although they are close. #or the longer pencil, the percent error is smaller. The biggest it can
be is . This makes sense because 0.1 cm is a bigger percentage of the length of the

small pencil.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to practice how they talk about precision.

!iscussion questions include:

]%ow did you decide how accurately you can measure the pencils�^ (I looked for a value that I
was certain was less than the length of the pencil and a value that I was certain was bigger. *y
estimate was halfway in between.)

]4ere you sure which mm measurement the length is closest to�^ (�nswers vary. -ossible
responses: 5es, I could tell that the short pencil is closest to �.4 cm. +o, the long pencil looks
to be closest to 17.7 mm, but I\m not sure. I am sure it is between 17.6 cm and 17.8 cm.)

•

•
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]4ere the percent errors the same for the small pencil and for the long pencil� 4hy or why
not�^ (+o. I was able to measure each pencil to within 1 mm. This is a 1+all#0 percentage of the
longer pencil length than it is of the smaller pencil length.)

,ther possible topics of conversation include noting that the level of accuracy of a measurement
depends on the measuring device. If the ruler were marked in sixteenths of an inch, we would only
be able to measure to the nearest sixteenth of an inch. If it were only marked in cm, we would only
be able to measure to the nearest cm.

��� �8@ �8n0 �;. %1.<. �588; �8*;-<�
�ptional� �� 2inutes
This activity examines how measurement errors behave when they are added together. In other
words, if I have a measurement with a maximum error of 1� and a measurement with a
maximum error of 1�, what percent error can have� In addition to examining accuracy of
measurements carefully (*-6), students work through examples and look for patterns (*-8) in
order to hypothesiQe, and eventually show, how percent error behaves when measurements with
error are added to one another.

*onitor for students who look for patterns, recogniQe the usefulness of the distributive property, or
formulate the problem abstractly with variables.

�--;.<<in0

7.EE.�

�*>n,1

/ead the problem out loud and ask students what information they would need to know to be able
to solve the problem. 0tudents may say that they need to know what length the boards are
supposed to be, because it is likely that they haven�t realiQed that they can solve the problem
without this information. Explain that floor boards come in many possible lengths, that 18-inch and
36-inch lengths are both common, but the boards can be anywhere between 12 and 84 inches. �sk
students to pick values for two actual lengths and figure out the error in that case. Then they can
pick two di`erent examples, make the calculations again, and look for patterns.

-rovide access to calculators.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� /epresent the same information through di`erent
modalities by using diagrams. If students are unsure where to begin, suggest that they draw a
diagram to help illustrate the information provided.
�3ppo0t1�a!!#11i ilit7�$o0
��on!#pt3al�p0o!#11in%���i13al�1patial�p0o!#11in%

•

•
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�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may pick some example lengths but then struggle with knowing what to do with
them. �sk them ]what would be the maximum measured lengths� The minimum� 4hat would be
the error if both measurements were maximum� 4hat if they were both minimum�^

0ome students may pick numbers that make the calculations more complicated, leading
to arithmetic errors. 0uggest that they choose simple, round numbers for lengths, like �0 inches or
100 centimeters.

$t>-.nt %*<4 $t*t.6.nt

� wood floor is made by laying multiple boards end to end. Each board is measured with a
maximum percent error of ��. 4hat is the maximum percent error for the total length of the
floor�

$t>-.nt #.<98n<.

The maximum percent error is ��. 0ample explanation: If is the actual length and is the
measured length of one board, then and : I know this because the
measurement has a maximum error of ��. If is the actual length and is the measured length
of a second board, then and . If both boards have maximum length, the total
length would be . If they are both minimum, the total length would be

. 0o the maximum percent error would be ��. This same argument
works for any number of boards because the distributive property works for any number of
addends.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to generaliQe from their specific examples of
measurements to understand the general pattern and express it algebraically.

-oll the class on the measurements they tried and the maximum percent error they calculated.
Invite students to share any patterns they noticed, especially students who recogniQed the
usefulness of the distributive property for making sense of the general pattern.

$uide students to use variables to talk about the patterns more generally.

If a board is supposed to have length with a maximum percent error of ��, then the
shortest it could be is and the longest it could be is .

If another board is supposed to have length , it could be between and .

4hen the boards are laid end-to-end, the shortest the total length could be is ,
which is equivalent to .

The longest the total length could be is , or .

�ecause of the distributive property, we can see that the maximum percent error is still ��
after the board lengths are added together.

•

•
•

•
•
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,ne interesting point to make, if students have also done the previous activity about measuring
pencils, is that you could +#a130# the sum of the board lengths with a lower percent error than you
could measure each individual board (assuming your tape measure is long enough), just like an
error of 1 mm was a smaller percentage of the length of the longer pencil.

Unit 9 �.<<8n �
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�8*5<
 omprehend that percent error is greatest when the actual values are smaller than the
measured values for an object.

$eneraliQe (orally) a process for calculating the maximum percent error for the area of a
rectangle and volume of a rectangular prism.

�.<<8n �*;;*ti?.
This lesson is optional. This is the second lesson exploring measurement error in more detail. 4hile
the previous lesson examined percent error when measurements are added together, this lesson
works with percent error when measurements are multiplied. 4hile the activities in this lesson can
stand on their own, students will benefit from having done the activities in the previous lesson first.

In addition to examining accuracy of measurements carefully (*-6), students will work through
examples and look for patterns (*-8) in order to hypothesiQe, and eventually show, how percent
error behaves when measurements with error are multiplied to one another.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�>i5-in0  n

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�--;.<<in0

7.$.�.6: 0olve real-world and mathematical problems involving area, volume and surface area
of two- and three-dimensional objects composed of triangles, quadrilaterals, polygons, cubes,
and right prisms.

�n<t;>,ti8n*5 #8>tin.<

*L/3:  larify,  ritique,  orrect

*L/8: !iscussion 0upports

Think -air 0hare

#.:>i;.- �*t.;i*5<

�8>;�/>n,ti8n ,*5,>5*t8;<

•

•

•

•

•
•
•
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$t>-.nt �.*;nin0 �8*5<

Let\s check how accurate our calculations are.

9�� �.*<>;.6.nt �;;8; /8; �;.*
�ptional� �� 2inutes
This activity examines how measurement errors behave when quantities are multiplied. In other
words, if I have a measurement with a maximum error of �� and a measurement with a
maximum error of ��, what percent error can have�

*onitor for students who use di`erent methods to solve the problem, such as trying out sample
numbers or using expressions with variables.

�>i5-in0  n

7./-.�.3

�--;.<<in0

7.$.�.6

�n<t;>,ti8n*5 #8>tin.<

*L/3:  larify,  ritique,  orrect

Think -air 0hare

�*>n,1

�rrange students in groups of 2. -rovide access to calculators.

If desired, suggest that students try out several di`erent sample numbers for the length and width
of the rectangle, calculate the maximum percent error, and look for a pattern. $ive students 4Y�
minutes of quiet work time, followed by time to discuss their work with their partner and make
revisions, followed by whole-class discussion.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�on4#01in%���#p0#1#ntin%
����	��la0i$7���0iti/3#���o00#!t� -resent an incorrect response that
reflects a possible misunderstanding from the class such as: ]0ince both length and width have
maximum errors of ��, I multiplied �� by �� to get 2��, because area is length times width.^
-rompt pairs to clarify and then critique the incorrect response, and then write a correct
version. This provides students with an opportunity to evaluate, and improve on, the written
mathematical arguments of others.
�#1i%n��0in!ipl#�1�
��a6i+i8#�+#ta�a5a0#n#11���3ppo0t�1#n1#�+a)in%

•

•

•
•
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�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may think that the maximum error possible for the area is �� because both the length
and width are within �� of the actual values. Encourage these students to make calculations of the
biggest and smallest possible length and the biggest and smallest possible width. Then have them
make calculations for the biggest and smallest possible area.

$t>-.nt %*<4 $t*t.6.nt

Imagine that you measure the length and width of a rectangle and you know the
measurements are accurate within �� of the actual measurements. If you use your
measurements to find the area, what is the maximum percent error for the area of the
rectangle�

$t>-.nt #.<98n<.

The maximum percent error would be 10.2��. If is the actual length and is the measured
length, then and since is �� of . If is the actual width and is the
measured width, then the biggest possible error is so and . If they are
both maximum, the area would be . If they are both minimum, the area would
be . 0o the maximum percent error would be when they are both at the
maximum possible error, and the percent error would be 10.2��.

�,ti?itB $Bnt1.<i<

%ave students trade papers with a partner and check their work.

Invite students to share their solutions, especially those who looked for a pattern or used variables.
 onsider discussing questions like these:

]!id you calculate the maximum percent error for any specific sample measurements� 4hat
did you find�^ (The maximum percent error for the largest and smallest possible values were
not the same: 9.7�� and 10.2��.)

]%ow do you know that this pattern is true for any possible length and width of the rectangle�^
(I used variables to express the unknown measurements.)

]%ow could you use variables to help solve this problem�^ (I can use variables to represent the
length and width of the rectangle and write expressions in terms of these variables to
represent the largest and smallest possible areas.)

9�� �.*<>;.6.nt �;;8; /8; '85>6.
�ptional� �� 2inutes
This challenging activity examines how measurement errors behave when 3 quantities are
multiplied (versus 2 quantities in the previous activity). In other words, if I have measurements , ,
and each with a maximum error of ��, what percent error can have� The arithmetic and
algebraic demands of this task are high because students take a product of t&0## quantities that
each have a maximum percent error of ��.

•

•

•
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�>i5-in0  n

7./-.�.3

�--;.<<in0

7.$.�.6

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

�rrange students in groups of 2. -rovide access to calculators. *ake sure students realiQe that the
first question gives the measured values, not the actual values, for each dimension.

$ive students 10 minutes to discuss with their partners, followed by whole-class discussion.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�on4#01in%
�������i1!311ion��3ppo0t1� �efore students determine the maximum measurement
error for the volume of a prism, invite pairs to make a prediction and justification. 2se a
sentence frame such as: ]In a prism, if each dimension has a �� maximum measurement
error, we predict the volume\s maximum percentage error is 777 because_.^. This will help
students use the mathematical language of justifications to begin reasoning about the
measurement error for volume.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���3ppo0t�1#n1#�+a)in%

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may think that the maximum error possible for the volume is 1� because the length,
width, and height are within 1� of the actual values. Encourage these students to make calculations
of the biggest and smallest possible length, width, and height. Then ask them to make calculations
for the biggest and smallest possible volumes.

$t>-.nt %*<4 $t*t.6.nt

1. The length, width, and height of a rectangular prism were measured to be 10 cm, 12 cm,
and 2� cm. �ssuming that these measurements are accurate to the nearest cm, what is
the largest percent error possible for:

a. each of the dimensions�

b. the volume of the prism�

2. If the length, width, and height of a right rectangular prism have a maximum percent
error of 1�, what is the largest percent error possible for the volume of the prism�

•

•

•
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$t>-.nt #.<98n<.

1. The actual measurements could be as much as 0.� cm over or under the measurements given.
a. 4e know the largest percent error occurs with the 1+all#1t measurement, so we will only

check it for the minimum possible actual lengths.
(or about ��)

(or about 4�)

(or about 2�)

b. The measured volume is 3,000 cubic cm. The smallest the actual volume could be is
. The percent error in the case of the smallest one is

or about 12�. The biggest the actual volume could be is
, which gives a percent error of about 10�. �gain, we find

that the biggest possible error happens when the actual measurement is as small as
possible.

2. If the actual dimensions are , , and , then the minimum measured volume would be
and the maximum measured volume would be .

0o the largest percent error in the volume is about 3�.

�,ti?itB $Bnt1.<i<

0ome discussion points include:

The first problem gives measurements and errors (but no percent error), while the second
problem gives no measurements but does give the percent error. This makes the calculations
notably di`erent for the two problems.

In the first problem, we are given measurements and the possible siQe of error. 4e need to
find the greatest percent error and, as we have seen in other cases, this happens for the
smallest possible value of the measurement. If we were to find the percent error of each
measurement, we would find that the error for the volume is a la0%#0 percent error than for
any of the individual measurements.

In the second problem, we are given the maximum possible percent error but no
measurements, and we need to find the largest possible error for the volume, that is, for the
product of the three unknown measurements. The greatest percent error possible for the
volume occurs when the measured value is as large as possible.

� unifying feature in these two problems is that we notice that the largest percent error occurs
when the actual measurements are 1+all#0 than the measured values, as much smaller as
possible.

�
�
�

•

•

•

•
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�#p0#1#ntation
��nt#0nali8#��o+p0#&#n1ion� 2se color and annotations to illustrate connections
between representations. �s students share their diagrams and reasoning, use color and
annotations to scribe their thinking on a display of each problem so that it is visible for all
students.
�3ppo0t1�a!!#11i ilit7�$o0
��i13al�1patial�p0o!#11in%���on!#pt3al�p0o!#11in%
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�.<<8n ��� �.*<>;in0 �8n0 �i<t*n,.<  ?.; Un.?.n
%.;;*in

�8*5<
 hoose a method and appropriate measuring tools to measure the length of a path.

 ompare and contrast (orally and in writing) methods for measuring distances.

 ompare measurements of a path and represent (in writing) the di`erence between
measurements as a percentage.

�.<<8n �*;;*ti?.
This lesson is optional. It is the first of four lessons where students explore ways of measuring long
distances. ,ver the course of these lessons:

0tudents first think about di`erent ways to measure distances of various lengths and in which
situations di`erent methods might work better.

They then read about and build a trundle wheel (also known as a surveyor wheel or measuring
wheel) that is commonly used to measure walking distances.

They design a walking course for a �( race on their school campus. (The course should be one
lap of about �00 m. The actual race would go around the course multiple times.)

They use their trundle wheel to measure the path of the walking course and make a scale
drawing of the course on a map or satellite image of the school grounds.

In this first lesson, students brainstorm ideas about how to measure long distances, possibly over
uneven terrain. 0tudents work in groups to try out the accuracy and e`ectiveness of di`erent
methods. 0ome of the methods involve proportional reasoning. 0tudents engage in many aspects
of mathematical modeling (*-4) and will use appropriate tools (*-�) when they are planning and
trying out methods of measurement.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�>i5-in0  n

2.*!.�.1: *easure the length of an object by selecting and using appropriate tools such as
rulers, yardsticks, meter sticks, and measuring tapes.

•
•
•

•

•

•

•

•
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�--;.<<in0

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

�>i5-in0 %8@*;-<

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

#.:>i;.- �*t.;i*5<

�.*<>;in0 t*9.<
�.t.; <ti,4<

)*;-<ti,4<

#.:>i;.- !;.9*;*ti8n

 hoose a path outside of the classroom that students can measure the length of. The length should
be between �0 and 100 meters (long enough that it cannot be measured directly with a tape
measure. Ideally it should include some curves or elevation changes (but not stairs). � long hallway
would also be okay, especially if it goes around corners. This is not part of the �( course, rather it is
just a path to test measuring methods.

$t>-.nt �.*;nin0 �8*5<

Let\s measure long distances over uneven terrain.

���� �8@ �*; �< �t�
�ptional� � 2inutes
0tudents have experienced measuring short distances with a ruler or a measuring tape. In this
activity, students start to think about how they can measure longer distances over uneven terrain.
This activity is intended to set the stage for the upcoming activities, not to completely resolve the
question. 0tudents have an opportunity to think about the limitations of methods that may work for
short distances but not for long distances. They also consider real-world situations that involve the
measurement of long distances.

�>i5-in0  n

2.*!.�.1

�>i5-in0 %8@*;-<

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

•

•

•

•

•

•

Unit 9 �.<<8n ��



91

�*>n,1

�rrange students in groups of 3Y4. They will stay in these groups throughout this 4-lesson unit. �sk
students how they have measured the length of objects in school (with a ruler, yardstick, or
measuring tape). 4here else in real life do people measure distances, especially longer ones�
�rainstorm some situations together (distance driven in a car, length of a garden fence, length of a
hiking trail, etc.). $ive students 2Y3 minutes of quiet work time, followed by small-group discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may get stuck thinking about classroom situations. -rompt them to think about
other situations outside of school, such as driving in a car, measuring the distance between cities,
measuring the length of a fence around a yard, etc.

$t>-.nt %*<4 $t*t.6.nt

%ow do people measure distances in di`erent situations� 4hat tools do they use�  ome up
with at least three di`erent methods and situations where those methods are used.

$t>-.nt #.<98n<.

�nswers vary. 0ample responses:

2se a yardstick, a measuring tape or ruler repeatedly, if necessary.

4hen driving use the odometer to measure distance between departure and destination
location.

 ount your steps and estimate how long one step is, for example, to measure the distance
across the room.

Estimate an inch with your fingers and iterate across the width of your table to measure table
width.

 ount the number of ceiling tiles or the number of windows across the room, estimate the
width of tiles or windows and multiply the number of objects times the width of the object.

$-0

2se ]rate times time,^ if you know your speed and how long it takes to get somewhere.

!istance between stars.

�,ti?itB $Bnt1.<i<

Invite students to share some ideas of how to measure with their group.

•
•

•

•

•

•
•
•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%���#p0#1#ntin%
�������i1!311ion��3ppo0t1� $ive students additional time to make sure
that everyone in their group can explain all three di`erent methods and situations they
created. -rompt groups to rehearse what they will say when they share with the whole class.
/ehearsing provides students with additional opportunities to speak and clarify their thinking.
This will also help students improve the quality of their explanations during the whole-class
discussion.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�#6planation�

���� !5*nnin0 * �� �8>;<.
�ptional� �� 2inutes
In the previous activity, students started to think about how to measure distances in di`erent
situations. The activity introduces the context of designing a course for a �( fundraising walk.
0tudents will continue working with this context in future lessons. In this activity, they come up with
a method for measuring the walking distance of a path that is too long to measure with a
measuring tape. 0tudents will try out their method in the next activity.

0tudents get a chance to engage in many aspects of mathematical modeling (*-4). The modeling
cycle starts with formulating the question that we want to answer, clarifying which quantities are
involved, and how to measure them. In many problems, this step is done for students. %ere, we are
giving them the opportunity to think about how to set up the problem and what tools are
appropriate to measure distances.

�>i5-in0  n

2.*!.�.1

�>i5-in0 %8@*;-<

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

(eep students in the same groups. -rovide access to measuring tools, such as yardsticks, meter
sticks, and tape measures. �sk students if they have ever participated in or watched a walk-a-thon
or race. Explain that sometimes a race is done by repeating a shorter course several times, e.g. a
mile is about 4 laps around a track. #or this activity, they should plan for a course that is about �00
meters long that walkers can go around multiple times.

$ive students �Y6 minutes to work with their group.

•

•

•
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�on4#01in%
�������i1!311ion��3ppo0t1� 4hen preparing a plan for measuring the course, invite
students to use a sentence frame such as: ],ne method for measuring the course is . . . .�
Encourage students to consider what details are important to share and to think about how
they will explain their reasoning using mathematical language. This will help students to
converse while they design the course and decide how to measure its distance.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�"#1!0iption�

$t>-.nt %*<4 $t*t.6.nt

The school is considering holding a �( fundraising walk on the school grounds. 5our class is
supposed to design the course for the walk.

1. 4hat will you need to do to design the course for the walk�

2.  ome up with a method to measure the course. -ause here so your teacher can review
your plan.

$t>-.nt #.<98n<.

1. �nswers vary. 0ample response: 4e need to find a course for one lap of the race, decide
where the start and end is, measure it, and then figure out how often you have to go around it
to complete � km.

2. �nswers vary. 0ample responses:
a. 2se a measuring tape over and over again.

b. *easure your stride length, and then count the number of steps.

c. #ind a map of the campus, and use the scale on the map to compute the length of the
course.

�,ti?itB $Bnt1.<i<

0tudents check with the teacher about their method of measurement and then move on to the next
activity.

���	 �869*;in0 �.t18-<
�ptional� �� 2inutes
In this activity, students use the method they came up with in the previous activity to measure the
length of a path chosen by the teacher. Each group can begin working on this activity as soon as
they have finished the previous activity and checked in with the teacher.
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It is not important that students\ results are very accurate. They will measure the distance again
with a trundle wheel in a later lesson. The main point of this activity is to think about measurement
methods and to discuss the advantages and disadvantages of di`erent methods.

�--;.<<in0

7./-.�

�*>n,1

(eep students in the same groups. -rovide access to measuring tools. 0how students the path they
should measure. $ive students time to measure with their group.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1� -rovide students with a graphic organiQer
for data collection and organiQing information about methods, lengths and average between
two measurements.
�3ppo0t1�a!!#11i ilit7�$o0
��an%3a%#���0%ani8ation

�nti,i9*t.- �i<,8n,.9ti8n<

0ome students may need to be reminded how to use the measuring tools accurately, such as
starting at the 0 mark and keeping the measuring tool going in a straight line.

$t>-.nt %*<4 $t*t.6.nt

Let\s see how close di`erent measuring methods are to each other. 5our teacher will show
you a path to measure.

1. 2se your method to measure the length of the path at least two times.

2. !ecide what distance you will report to the class.

3.  ompare your results with those of two other groups. Express the di`erences between
the measurements in terms of percentages.

4. !iscuss the advantages and disadvantages of each group\s method.

$t>-.nt #.<98n<.

1. �nswers vary.

2. �nswers vary. 0ample response: /eport the average between the two measurements.

3. �nswers vary. 0ample responses: If group �\s measurement is �0 m and group �\s
measurement is �1 m, then group �\s measurement is 2� larger than group �\s since

.

4. �nswers vary. #or the two methods given in previous task:

•
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a. 2se a measuring tape over and over again. �dvantages:  an be very accurate.
!isadvantage: It takes two people and is quite cumbersome. If not done carefully, each
time the tape moves, an error is introduced. 0o this is not very practical for long
distances and if there are a lot of corners to go around.

b. *easure stride length, and then count the number of strides. �dvantages: 3ery easy to
do and very quick. !isadvantage: +ot all strides are equal. The longer the distance, the
more chances for errors there are.

�,ti?itB $Bnt1.<i<

Invite the di`erent groups to share their solutions. �sk them to:

 ompare how close their answers are.

 ompute the approximate relative error (di`erence�total length).

!iscuss the advantages and disadvantages of their methods and sources of discrepancies in
their measurements, and how a small error can propagate.

The takeaway should include:

4e can use proportional reasoning to find longer distances. If we know it takes 10 steps to
walk 8 meters, then it will take 20 steps to walk 16 meters.

0mall errors can magnify over longer distances.

*ethods were either not very precise (prone to introduce error), or they were precise but
cumbersome to implement.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%
����	��la0i$7���0iti/3#���o00#!t� !isplay an incorrect statement about the
percentage di`erence between measurements such as: ],ne group compared their
measurement of 1000 meters to another group\s measurement of 992 meters and calculated
the percent di`erence as 8�.^. -rompt students to clarify and critique the error, and then write
a correct version. This helps students evaluate, and improve on, the written mathematical
arguments of others.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11

•
•
•

•

•
•
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�.<<8n ��� �>i5-in0 * %;>n-5. (1..5

�8*5<
 reate a trundle wheel and use it to calculate the length of the classroom.

Explain (orally and in writing) how a trundle wheel is used to measure long distances.

�.<<8n �*;;*ti?.
This lesson is optional. In the second lesson of the 4-lesson sequence, students build a trundle
wheel, a device used to measure walking distances. #irst, they learn about a trundle wheel
and discuss how such a device works (*-�). Then, students use paper plates to make a usable
trundle wheel and practice using it to measure distances in the classroom.

0tudents can either use the same-siQed paper plates or di`erent groups can use di`erent-siQed
paper plates. The use of di`erent-siQed plates allows for more mathematical discussion about how
diameter and circumference of the plates a`ect how we report the distance being measured (*-6).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�>i5-in0  n

7.$.�.4: (now the formulas for the area and circumference of a circle and use them to solve
problems� give an informal derivation of the relationship between the circumference and area
of a circle.

�--;.<<in0

7.$.�.4: (now the formulas for the area and circumference of a circle and use them to solve
problems� give an informal derivation of the relationship between the circumference and area
of a circle.

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

�n<t;>,ti8n*5 #8>tin.<

*L/2:  ollect and !isplay

*L/7:  ompare and  onnect

#.:>i;.- �*t.;i*5<

�n-.A ,*;-<
�.*<>;in0 t885<
�.t*5 9*9.; /*<t.n.;<
brass brads

!*9.; 95*t.<
%*9.

•
•

•

•

•

•
•
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#.:>i;.- !;.9*;*ti8n

To build the trundle wheel, each group of 3Y4 students will need 1 paper plate, a metal paper
fastener, something long object to use as the handle, an index card, and tape.

Ideally, have three di`erent siQes of paper plates for di`erent groups to work with (typical siQes are
6Y12 inches) to help reinforce the point that the siQe of the plate a`ects how many ]clicks^
(rotations) it takes to measure the same distance.

There are many options for how to make the handles. � yardstick or meter stick with a hole on one
end is most convenient. �lternatively, you can tape two rulers together or cut pieces of sturdy
cardboard or foam core that are about 1.� inches wide by 30 inches long, and poke a hole centered
at one end.

$t>-.nt �.*;nin0 �8*5<

Let\s build a trundle wheel.

���� (1*t �< * %;>n-5. (1..5�
�ptional� �� 2inutes
In the previous lesson, students tried using simple methods and tools to measure long distances. In
this activity, they learn that a trundle wheel is a tool used in real-world situations to measure such
distances. #rom an image and a description of what a trundle wheel looks like, students think about
how the tool works and how they could build one. 0tudents think about the tasks for which a
trundle wheel is an appropriate measuring tool (*-�). This builds on work students did in an earlier
unit, when they learned about the relationship between the circumference of a wheel and the
distance it travels.

�>i5-in0  n

7.$.�.4

�n<t;>,ti8n*5 #8>tin.<

*L/2:  ollect and !isplay

�*>n,1

(eep students in the same groups of 3Y4 from the previous lesson. Explain to students that a
trundle wheel is a measuring device composed of a handle, a wheel, and a device that clicks each
time the wheel completes on rotation. $ive students � minutes of quiet work time followed by
whole-class discussion.

•

•
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�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�0itin%���p#a)in%
�������oll#!t�an"��i1pla7� 4hile groups are working on this activity, listen to
student conversations and document phrases from conversations or students\ written work
that describe sources of error and the meaning of circumference. !isplay phrases for the class
to consider when responding to questions posed during the synthesis. -ress for student use of
mathematical language during the discussion.
�#1i%n��0in!ipl#�1�
��3ppo0t�1#n1#�+a)in%

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may not remember the relationship between the circumference of a wheel and the
distance traveled by the wheel. /emind students of this idea from previous lessons.

$t>-.nt %*<4 $t*t.6.nt

� tool that surveyors use to measure distances is called a trundle wheel.

1. %ow does a trundle wheel measure
distance�

2. 4hy is this method of measuring
distances better than the methods we
used in the previous lesson�

3. %ow could we construct a simple trundle
wheel� 4hat materials would we need�

$t>-.nt #.<98n<.

�nswers vary. -ossible responses:

1. 5ou push the wheel, and as it turns it keeps track of the number of rotations. If we know the
circumference of the wheel, we can multiply by the number of rotations to find the distance
we walked.

2. The circumference does not change, it is constant, and each rotation follows the next without
any gaps. 0trides can be slightly di`erent from step to step, and if we use a measuring tape,
there might be a gap between iterations.

Unit 9 �.<<8n ��
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3. 4e need a wheel, a handle, and a way to keep track of and count rotations.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to remember the connection between the circumference
of a wheel and the distance the wheel travels during one rotation, so that they are prepared to use
a trundle wheel to measure distances in the next activity. Invite students to share their ideas about
how to build a trundle wheel and ask them how their design will allow them to measure distances.

 onsider asking the following questions:

]4hat information about the wheel do we need to know� 4hat quantities should we
measure�^

]4hy is it important to have a clicking device� 4hat information does the device give us�^

]If we have a wheel that has diameter 2� cm and we count 11 clicks to go across the
classroom, what is the length of the room�^ (�nswer: or between 8 and 9 m.)

4e can measure distance by counting the rotations of the wheel and multiplying by the
circumference of the wheel. The construction of the trundle wheel allows us to easily count the
rotations as we walk.

���� �>i5-in0 * %;>n-5. (1..5
�ptional� �� 2inutes
In this activity, students build a trundle wheel and use it to measure distances in the classroom. The
trundle wheels need to be stored in the classroom for use in the next lesson. If it is not feasible to
store a trundle wheel from every group of 3Y4 students, have them combine to form larger groups
before building the wheels. Each student should still get a chance to practice measuring with the
trundle wheel.

It is suggested that students build their trundle wheels using a paper plate as the wheel, two rulers
taped together end to end as the handle, a metal paper fastener, and an index card taped to the
wheel to produce an audible ]click^ when it hits the handle. There are many other ways to build a
trundle wheel. If this fits into the culture of the class, students can use other designs and materials,
e.g., students could use a bike with a playing card in the spokes to count rotations.

�--;.<<in0

7.$.�.4

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/7:  ompare and  onnect

•

•
•

•
•

•
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�*>n,1

(eep students in the same groups, or if necessary, combine them to form larger groups. !iscuss
how to build the trundle wheel and distribute the supplies. $ive students 1� minutes of group work
time to build and try out their trundle wheels, followed by whole-class discussion.

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may need some trial and error in building working trundle wheels, in particular for placing
the clicking device. Encourage them to try out their design and then revise it as necessary.

$t>-.nt %*<4 $t*t.6.nt

5our teacher will give you some supplies.  onstruct a trundle wheel and use it to measure
the length of the classroom. /ecord:

1. the diameter of your trundle wheel

2. the number of clicks across classroom

3. the length of the classroom (�e prepared to explain your reasoning.)

$t>-.nt #.<98n<.

�nswers vary. -ossible solutions:

-late radius is 13 cm. !iameter is or 81.7 cm. 1 click corresponds to 81.7 cm. If we count 20
clicks on the path, then the distance of the path is or about 16 m.

�,ti?itB $Bnt1.<i<

The goal of this discussion is for students to double-check that their trundle wheels work correctly
and their results are reasonable. Invite one group that used each siQe of paper plate to
demonstrate how their wheel works by walking across the classroom and counting the
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]clicks.^ /ecord the data for all to see and discuss how these groups\ calculations for the length of
the classroom compare, which may include the following points:

The group with the smaller plate had a larger number of clicks and vice versa.

Each group needs to multiply their number of clicks by the circumference of their wheel.

The circumference of the wheel can be found by multiplying the diameter times or the
radius times .

0hould we report our answer in terms of or use an approximation�

�re the groups\ answers for the length of the classroom pretty close or very di`erent�

Is it possible to count half rotations of the wheel�

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�#p0#1#ntation
��#4#lop��an%3a%#�an"��7+ ol1� !isplay or provide charts with important terms
and vocabulary. Invite students to suggest language or diagrams to include that will support
their understanding and memory of: formula for circumference, rotation and the relationship
between circumference of a wheel and the distance traveled.
�3ppo0t1�a!!#11i ilit7�$o0
��on!#pt3al�p0o!#11in%���#+o07

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%���on4#01in%
�������o+pa0#�an"��onn#!t� /earrange groups of students so that they
are seating with another group that used the same siQe paper plate to build their trundle
wheel. Invite groups to share their solutions and reasoning for the length of the classroom with
each other. �sk, ]4hat is the same and what is di`erent�^ about how they used their trundle
wheel to measure the classroom. This will help students to consider precision when measuring
and use mathematical language as they converse.
�#1i%n��0in!ipl#�1�
��a6i+i8#�+#ta�a5a0#n#11���3lti4at#�!on4#01ation

•
•
•

•
•
•
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�.<<8n ��� U<in0 * %;>n-5. (1..5 t8 �.*<>;.
�i<t*n,.<

�8*5<
 alculate the distance of a path using the circumference and number of rotations of a trundle
wheel.

 ompare measurement calculations and express di`erences between measurements as a
percentage.

 ritique (orally) methods for measuring a long distance.

�.<<8n �*;;*ti?.
This lesson is optional. In the third lesson of this sequence, students use their trundle wheels to
re-measure the distance from the first lesson. �fter students have had experiences using their
trundle wheels, they can connect their observations of how the wheel works with the distance
computations and discuss the sources of errors in a more meaningful way. 0tudents engage in
important parts of mathematical modeling (*-4), they use appropriate tools (*-�), and attend to
precision (*-6).

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�--;.<<in0

7.$.�.4: (now the formulas for the area and circumference of a circle and use them to solve
problems� give an informal derivation of the relationship between the circumference and area
of a circle.

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

#.:>i;.- �*t.;i*5<

%;>n-5. @1..5<

#.:>i;.- !;.9*;*ti8n

-repare to distribute the trundle wheels students built in the previous lesson. *ake sure students
can still get to the path (between �0 and 100 meters) that they measured the other day.

$t>-.nt �.*;nin0 �8*5<

Let\s use our trundle wheels.

•

•

•

•

•

•
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���� �.*<>;in0 �i<t*n,.< @it1 t1. %;>n-5. (1..5
�ptional� 
� 2inutes �t-ere is a )igital ;ersion of t-is acti;ity�
In the previous lesson, students built trundle wheels using three di`erent wheel siQes, and they
tested the functionality of their wheels in the classroom. In this activity, they use their trundle
wheels to measure a longer path of about �0Y100 meters. This is the same path that they measured
during a previous lesson with a di`erent method. If several groups are sharing a trundle wheel,
then they each measure the given path once and share their data with each other.

�fter students measure, they spend the remainder of the lesson on computations and sharing
results. 0tudents get a chance to connect the mathematical formulas and computations with the
aspects of the hands-on experience they had in making and using the wheels. They attend to
precision when they are deciding on how to report their results and when they are comparing
results with other groups (*-6).

�--;.<<in0

7.$.�.4

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

(eep students in the same groups from the previous lesson. /emind students of the path they
should measure. Instruct them to come back to the classroom to finish their calculations as soon as
they have recorded their measurements.

$ive students 10Y20 minutes to take turns measuring and 10 minutes of group work time to finish
their calculations, followed by whole-class discussion.

There is also a digital version of a trundle wheel available. 0tudents can be assigned a path,
numbered from 1 to �, and collect data on di`erent-siQed trundle wheels. The applet is
programmed to stop automatically at one of the five distances. The students must keep track of the
number of rotations the wheel makes before it stops.

�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��0o4i"#��!!#11�$o0��&71i!al��!tion� 0upport access to tools and assistive
technologies. *onitor for students who may need an additional demonstration, or assistance
using their trundle wheel to measure a longer path.  onsider modeling a systematic way to
record the number of clicks to calculate an example distance as students complete this task.
�3ppo0t1�a!!#11i ilit7�$o0
��i13al�1patial�p0o!#11in%���in#�+oto0�1)ill1

•
•

•



104

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may lose count when counting the number of rotations along the path. Encourage them
find a systematic way to record the number of clicks while their group member is walking along the
path.

$t>-.nt %*<4 $t*t.6.nt

Earlier you made trundle wheels so that you can measure long distances. 5our teacher will
show you a path to measure.

1. *easure the path with your trundle wheel three times and calculate the distance.
/ecord your results in the table.

trial nu2'er nu2'er of clic0s co2putation )istance

�

�

	

2. !ecide what distance you will report to the class. �e prepared to explain your
reasoning.

3.  ompare this distance with the distance you measured the other day for this same
path.

4.  ompare your results with the results of two other groups. Express the di`erences
between the measurements in terms of percentages.

$t>-.nt #.<98n<.

1. �nswers vary. 0ample response:
!iameter of wheel: 2� cm

trial nu2'er nu2'er of clic0s co2putation )istance

� 63 49.� m

� 6� �1 m

	 63.� 49.9

2. �nswers vary. 0ample response: !istance to report: �0 m

3. �nswers vary.

�
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4. �nswers vary. 0ample response: If group �\s measurement is �0 m and group �\s
measurement is �1 m, then group �\s measurement is 2� larger than group �\s since

.

�,ti?itB $Bnt1.<i<

�sk each group to report their measurement for the length of the path and record their answers for
all to see. $uide students to compare these answers by asking questions like these:

]!o all of these answers seem reasonable� !o any of these answers seem unreasonable�
4hy�^

]4hy are these answers not all exactly the same� 4hat are some sources of error�^ (+ot going
in a straight line, the wheel wobbles, the ground is uneven, only counting number of clicks but
not parts of rotations etc.)

]4hat units did you use� 4hat units would be most convenient for designing the course of
a �( walk-a-thon�^ (*etric, since we are designing a � km course.)

]4hat degree of precision is appropriate to report�� (To the closest 1 meter at most. /eporting
cm or mm on such long distances with a tool like a trundle wheel would be implying a degree
of precision that would not be appropriate.)

If time permits, consider asking ]If you could choose your own diameter for a trundle wheel, what
would it be�^ (� diameter that creates a circumference of 1 m would be convenient, i.e. about 32
cm.)

 ollect and store students\ trundle wheels so they will have access to them again in the next lesson.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%
�������i1!311ion��3ppo0t1� To support students\ discussion of their measurements
comparisons, invite them to use a sentence frame such as: ],ur measurement is 77777�
(higher�lower) than group 77777\s measurement because . . . .�  all on another student or group
to restate what they heard using mathematical language. Encourage students to press each
other for clear explanations and precise use of language.
�#1i%n��0in!ipl#�1�
��pti+i8#�o3tp3t��$o0�!o+pa0i1on�

•

•

•

•
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�.<<8n �	� �.<i0nin0 * �� �8>;<.

�8*5<
 alculate the distance of a path using the circumference and number of rotations of a trundle
wheel.

 reate a scale drawing of a �( course and present (using words and other representations) the
map and course details.

2se proportional reasoning to calculate the number of laps of a course that is equal to �
kilometers.

�.<<8n �*;;*ti?.
This lesson is optional. In the final lesson of this unit, students design the �( course and use their
trundle wheels to measure distances. They draw a scale drawing of the course on a map or a
satellite image of the school grounds, give instructions where the start and finish of the course
should be, and decide how many laps are necessary to complete the race. In this lesson students
engage in many aspects of mathematical modeling (*-4), use appropriate tools (*-�) and attend
to precision (*-6). This lesson may take 2 days.

�s with all lessons in this unit, all related standards have been addressed in prior units. This lesson
provides an optional opportunity to go deeper and make connections between domains.

�5i0n6.nt<

�--;.<<in0

7.$.�.1: 0olve problems involving scale drawings of geometric figures, including computing
actual lengths and areas from a scale drawing and reproducing a scale drawing at a di`erent
scale.

7./-.�: �nalyQe proportional relationships and use them to solve real-world and mathematical
problems.

7./-.�.3: 2se proportional relationships to solve multistep ratio and percent problems.
Examples: simple interest, tax, markups and markdowns, gratuities and commissions, fees,
percent increase and decrease, percent error.

�n<t;>,ti8n*5 #8>tin.<

$roup -resentations

*L/7:  ompare and  onnect

*L/8: !iscussion 0upports

•

•

•

•

•

•

•
•
•
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#.:>i;.- �*t.;i*5<

�*9< 8; <*t.55it. i6*0.< 8/ t1. <,1885
0;8>n-<
%885< /8; ,;.*tin0 * ?i<>*5 -i<95*B
�ny way for students to create work that can be
easily displayed to the class. Examples: chart

paper and markers, whiteboard space and
markers, shared online drawing tool, access to a
document camera.

%;>n-5. @1..5<

#.:>i;.- !;.9*;*ti8n

-repare to distribute the trundle wheels students built in a previous lesson. -repare maps or
printed satellite images of the school grounds, one copy per student.

$t>-.nt �.*;nin0 �8*5<

Let\s map out the �( course.

�	�� �*4. * !;898<*5
�ptional� �� 2inutes
In this activity students return to the context of designing a �( walk-a-thon that was introduced in
an earlier lesson. They use a map or satellite image of the school grounds to decide where the path
of the �( course could be and estimate how many laps it would take to complete � kilometers.
Ideally, one lap should be about �00 meters, because in the next activity, students will use their
trundle wheels to measure the course they have designed.

If possible, each group chooses their own course, to help them take ownership of their work and for
a greater variety of solutions. �lternatively, the whole class can come to an agreement on one
path, to streamline the process if time is limited.

�--;.<<in0

7.$.�.1

7./-.�

�n<t;>,ti8n*5 #8>tin.<

*L/8: !iscussion 0upports

�*>n,1

(eep students in the same groups of 3Y4 from the previous lesson. !istribute maps or printed
satellite images of the school grounds. $ive students 10 minutes of group work time.

•
•

•
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�,,.<< /8; $t>-.nt< @it1 �i<*+i5iti.<

�!tion�an"��6p0#11ion
��nt#0nali8#��6#!3ti4#��3n!tion1� -rovide students with a graphic organiQer
for data collection and organiQing information about methods, lengths of estimations and
revisions between the two measurements of the course.
�3ppo0t1�a!!#11i ilit7�$o0
��an%3a%#���0%ani8ation

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�p#a)in%
�������i1!311ion��3ppo0t1� To help students use mathematical language while
reasoning about their length estimations, invite students to use a sentence frame such as: ]4e
estimate the length of our course is 777 because . . . .� Encourage students to consider what
details are important to share and to think about how they will explain their reasoning using
mathematical language. Invite students to consider and respond to the reasonableness of each
others� estimates.
�#1i%n��0in!ipl#�1�
��3ppo0t�1#n1#�+a)in%

�nti,i9*t.- �i<,8n,.9ti8n<

0tudents may not have a good sense of scale and may be hesitant to estimate the length of their
course. Encourage them to use the path they measured before as a guide. Tell them that whatever
their estimate is, it will be wrong. They will get a chance to measure the course and to revise their
plan.

$t>-.nt %*<4 $t*t.6.nt

5our teacher will give you a map of the school grounds.

1. ,n the map, draw in the path you measured earlier with your trundle wheel and label
its length.

2. Invent another route for a walking course and draw it on your map. Estimate the length
of the course you drew.

3. %ow many laps around your course must someone complete to walk � km�

$t>-.nt #.<98n<.

�nswers vary. 0ample response:
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,ne time around the course is about �00 meters.

� person would have to go around the course 10 times to walk � km.

�,ti?itB $Bnt1.<i<

0tudents check with the teacher about their proposed courses and then move on to the next
activity.

�	�� �.*<>;in0 *n- �in*5iCin0 t1. �8>;<.
�ptional� 	� 2inutes
0tudents measure their proposed �( courses with their trundle wheels. They compare their
measurements with their estimates and make final adjustments to their proposed courses. Then
they draw a finaliQed version of their course on the map (or a second copy of the map) including all
the details necessary to organiQe the race: start and finish locations, walking direction, and number
of laps.

�--;.<<in0

7.$.�.1

7./-.�.3

�n<t;>,ti8n*5 #8>tin.<

$roup -resentations

*L/7:  ompare and  onnect

•
•

•
•

•
•
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�*>n,1

(eep students in the same groups. -rovide access to trundle wheels. Tell students to measure their
proposed race course twice, record their measurements, and then to come back to the classroom
to finish the computations and revisions.

$t>-.nt %*<4 $t*t.6.nt

1. *easure your proposed race course with your trundle wheel at least two times. !ecide
what distance you will report to the class.

2. /evise your course, if needed.

3.  reate a visual display that includes:

� map of your final course

The starting and ending locations

The number of laps needed to walk � km

�ny other information you think would be helpful to the race organiQers

$t>-.nt #.<98n<.

�nswers vary. -ossible solution:

,ne time around the course is actually 62� meters.

4e have to go around the course 8 times to complete the race.

�;. )8> #.*-B /8; �8;.�

The map your teacher gave you didn�t include a scale.  reate one.

$t>-.nt #.<98n<.

�nswers vary. 0ample response: 1 cm represents 12 m or 1 cm to 12 m.

�
�
�
�

•
•
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�,ti?itB $Bnt1.<i<

�sk students to display their maps and explain their proposed race courses.  onsider doing a
gallery walk. Encourage students to discuss any assumptions they made to complete their
calculations as well as any revisions they made to their plan after measuring their proposed course.

�,,.<< /8; �n05i<1 �*n0>*0. �.*;n.;<

�#p0#1#ntin%���on4#01in%
�������o+pa0#�an"��onn#!t� 2se this routine to help students consider
audience when preparing a visual display of their work. �sk students to consider how to
display their proposed race courses so that another student can interpret them. $roups may
wish to add notes or details to their drawings to help communicate their thinking. -rovide 2Y3
minutes of quiet think time for students to read and interpret each other�s displays before they
discuss any assumptions they made to complete their calculations as well as any revisions they
made to their plan after measuring their proposed course.
�#1i%n��0in!ipl#�1�
��3lti4at#�!on4#01ation���a6i+i8#�+#ta�a5a0#n#11
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A comprehensive program for mathematical skills and concepts
as specified in the Core Knowledge Sequence  

(content and skill guidelines for Grades K–8).

Core Knowledge MATHEMATICS™
units at this level include:

Scale Drawings
Introducing Proportional Relationships

Measuring Circles
Proportional Relationships and Percentges

Rational Number Arithmetic
Expressions, Equations, and Inequalities

Angles, Triangles, and Prisms
Probability and Sampling

Putting It All Together
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